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ABSTRACT. A new differential operator F,",”;{’(a1) is introduced for functions of the

o0
form f(z) = 2P + Y axz® which are meromorphic in the punctured unit disc U* :=
k=n

{z € C:0 < 2] < 1}. We introduce the class ®;* (a1, a, 8, A, £,1) of meromorphically
functions that generalize and extend many classes previously studied by different authors,
and the main object of this paper is to investigate various important properties and
characteristics for this class. In addition, we proved that a special property is preserved

by some integral operators.

1. INTRODUCTION

Let X, ,,, with n > 1 — p, denote the class of functions of the form

(1.1) f(z):z’p+2akzk, (p,neN={1,2,...}),

which are analytic in the punctured open unit disc U* := U \ {0}, where U := {2z € C :
|z] < 1}.
For a function f € ¥, ,,, given by (1.1) and g € ¥,,,, defined by

g(z) =2+ Zbkzk, z e U7,
k=n
we define the Hadamard (or convolution) product of f and g by

(fxg)(z) =2"+ Zakbkzk, z e U*.
k=n

For the complex parameters o, ..., a4 and by, ..., B, with ; ¢ Z; ={0,—-1,-2,...},

j=1,2,...,s,let consider the generalized hypergeometric function ,Fs(a, ..., P, ..., Bs; 2)

Key words and phrases. Meromorphic functions, Hadamard (convolution) product, generalized hyper-

geometric functions, integral operator.
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defined by (see, for example, [19, p.19))
g - (g 2F

< (B - (Bs)n Ik

7

Fslar, ... a0 P1,...,Bs;2) = z e U,

=
Il

where (0), is the Pochhammer symbol, defined, in terms of the Gamma function T', by

) _Lo+v) | L if v=0,0eC\{0},
v r'(6) 6@+1)...(0+v—1), if veN, eC.

Corresponding to the function hy, (1, ..., aq; B, ..., Bs; 2) defined by

hp,q,s(ala s 7aq;617 s 758)2) =z"P. qu<al) e 7aq;/317 s aﬁs;z)7

we consider a linear operator

HP#LS(O‘l? <oy Qg Bh ce 768) : 2p,n — Zp,n

which is defined by the following Hadamard product:

Hygs(ar,...oaq By, B)f(2) = hpgs(an,....aq; B, ..., Bs;2) % f(2), z € U™

Therefore, for a function f of form (1.1), we have

e}
_ )Ic—i— ay k
Hys(aq, ... a0 B, ..., B)f —zp+E k+p P 2" 2z e Ut
Pa I — (B1)k+p - (5 Jitp (k+p)!

and, for convenience, we write

pr%s(al) = Hp,(LS(ah e ,Oéq; 617 s 7/68)'

Using the Hadamard product, we define the new operator JF;"% (1) as follows:

Definition 1.1. For aq,...,a, € C and f5y,...,0s € C\ Zy, with ¢ < s+ 1 (q,s € Np),
let define the operator F,U0y" (an) « By — Xpn by

o{)g’i(al)f(z) :Hp,q,s(al)f(z)a KAS U*>

Foelitd(on) f(2) =[1 = BOA = )] - Fylu g X% (0n) f(2)
BA — a)

L —1,p,q, / *
(zptt—1 [zp+ 'fz,ma,/iqu(@l)f(z)} , 2 € U7,

_|_
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form € N, wherea, 5, \ € C and ¢ € N.

Remarks 1.1. (i) We have
pqS( ) }~1pqs (]_—m 1pq8(a )) m e N
o, B, XN N l,a,B,\ 1)) )

and for all f € ¥,,, the next formula holds:

(1.2)
D08 {4+ B\ - O‘)(k +p)]" (« O ktp - (Qrtp G k %
Ef?aﬁ’)\ ( Z { (ﬁ1>k+p s (BS)ker (k —i—p)! ©Ee v ’

k=

(a, 3,A€C, £eN and m e Ny).

(i7) For (A —a) =0 or m =0 in (1.2), we have Fgfj’g’j\(al) = H,,s(o).
(i77) It easily verified from (1.2) that for all f € ¥,,, we have
(1.3)
BON—a) 2 [FLli () f(2)] = €FRR (00) f(2) = [0+ B — a)p] Flihi(an) f(2)

and

/

2 [Foli () f(2)] = ar FLalii(on + 1) f(2) = (o + p) Falii (en) f(2), = € U™

We emphasize here some special cases of the operator JF,."{’(a;) previously studied
by different authors:

(i) Fgﬁgi(al) H,,s(a1) (see Liu and Srivastava [15], Raina and Srivastava [18] and
Aouf [3]);

(i) Forg=s+1,a,=1(i=1,...,s+1)and 8 =1(j=1,...,s),a=0and § =1,
we obtain the operator I*(\, £) introduced and studied by El-Ashwah [10]. The operator
I7' (X, £) contains as special cases the multiplier transformation I (see Aouf and Hossen
[4]), I(m,£) (see Cho et al. [8, 9]) and I"™ (see Uralegaddi and Somanatha [20] and [21]);

(7it1) Form =0,g=2,s =1, a7 = a, ays = 1 and 1 = ¢, we have }"@521\(041) L,(a,c)
(a,c > 0) (see Liu and Srivastava [14]);

0,p,2,1

(iv) Form=0,¢=2,s=1, a1 =v+p, ag = p and B = p, we have F, ;'\ (1) =
D=1 (> —p, p € N) (see [1] and [5]);
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(v) Form=0,g=2and s =1, a; = i, ap = 1 and 51 = p+ 1, we have .7-’?5;}\(041) =
F,p (>0, peN) (see [13] and [23]);
(vi) Form =0, ¢ =2,s =1, a7 = A (A >0), aa =1 and f; = n+ p, we have
.7:05;}\(041) = Inip-1.x (n > —p, p € N), where the operator I,,;,-1 was introduced by
Aouf and Xu [6].

Also, by specializing the parameters m, ¢, a, B, A\, p, ¢, s, o (1 =1,...,¢) and 3; =1

(j =1,...,s) we obtain various new operators:
i) For ¢ = 2 and s = 1, a1 =n+p, as =1 and f; = 1, we obtain a new operator
{4+ —a)(k+p) 1" (n+
Fr i) = v 3 | SPAS AR P here > —,
¢ (1)k+p
p,n € N;
(1) For ¢ = 2 and s = 1, a3 = a, as = 1 and ; = ¢, we obtain a new operator

apz®, where a € R, c € R\ Zy;

D21 — P €+5( —a)(k+p)]" (ks
FI @) (2) +Z[ AR e

(1ii) For ¢ = 2 and s = 1, ay = p+ 1, ap = 1 and B = n—i—p, we obtain a new
m A= a)(k+p)]" 0+ Dy
operator F, P3N p 4+ 1) f(2) = 277 + [ ar
B DI = 7 [ (0 + P
nez,n>-—p, pnelN;

2% where

(i) For g =2 and s =1, o = p+J, as = ¢ and ; = a, we obtain a new operator

016 =4 £ [ _ﬁ)(“m} i

R\Zy,d> —p,p,n€N;

apz*, where a, c €

(v) Forg=2and s =1, a; = p+9, ay = 1 and f; = p+J+1, we obtain a new operator

P21 o (4+BN—=a)k+p) " D+ 0)kip
P p40)(2) = - +z[ A" O

p,n € N.

aiz*, where § > —p,

We introduce the class ®)'(ay, a, 8, A, £, ) of the functions f € ¥, ,, which satisfy the

condition

(14)  Red—" fﬁﬁlﬁfz* )/() (p+ L) < -y zeU,
BA —a) szﬁ A (1) f(2) B\ —a)

where

(1.5) a, e CwithA#a, peC'leN, 0<n<p, peN, meN,.
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Remark that for the function that appeared in the brackets in the left-hand side of (1.4),
the point 2y = 0 is a removable singularity, hence this function is regular in the whole
unit disk U.

We note that for the special case A = =/ =1, a=0and ¢ = s+ 1, oy = 1
(i=1,...,s+1)and B85 =1 (j = 1,...,s), the class ®)"(a1, , 3, \, £, n) reduces to the
class B, (B) studied by Aouf and Hossen [4].

In this paper, known results of Bajpai [7], Goel and Sohi [11], Uralegaddi and So-

manatha [20] and Aouf and Hossen [4] are extended.

2. BASIC PROPERTIES OF THE CLASS ®7'(ay, o, 3, A, £, 1)

We begin by recalling the following well-known result (Jack-Miller-Mocanu’s Lemma),

which we shall apply in proving our first inclusion theorems.

Lemma 2.1. [12] Let the nonconstant function w be analytic in U, with w(0) = 0. If

lw(z)| attains its maximum value on the circle |z| =r < 1 at a point zy € U, then
20w’ (20) = pw(z0),

where p is a real number and p > 1.

A generalization of of this lemma was given in [16], and represents one of the most
important investigation tools of the theory of differential subordinations (see also [17, p.
19)).

Unless otherwise mentioned, we assume throughout this paper that all parameters

satisfy the conditions (1.5) of the definition formula (1.4).
Theorem 2.1. If we assume that f(A — a) > 0, then
q)zH_l(Oél? a, ﬁa f, >\7 77) - (I);n(ab a, 67 >\7 g? 77)7 f07’ all. m € NO'

Proof. Considering an arbitrary function f € @g“(al, a, B, A\, 0, n), then

RO ( ( ) -
(2.1) Re{ﬁ@\—@ ]—"m+1’p’q’5(0z1)f(z) P+ —B(A—a) <-n, z€U,

£7a7187A

and we have to show that (2.1) implies the inequality (1.4).



Tamsui Oxford Journal of Informational and Mathematical Sciences 32(2) (2018)
Aletheia University 70

Defining the function w regular in U by

¢ fﬁ?@%mﬁ@)_<%_ ( >:_p+@n—mw@)
BON=a) FR (a0 f(2) B(x—a) 1+ w(z)

then w(0) = 0, and the above relation may be written as

(2.2) , 2 €U,

Free ) f(z) 1+ (14 25200 =) w(z)
.Femapéqu(al)f(Z) N 1 + w(z)

(2.3) , z€ U.

Differentiating (2.3) logarithmically with respect to z and using (1.3), we obtain

( fﬁ??%mﬁ@)_( ( ) B
BO—a) Fr e oy fz) U BO—ay) 1T

2w (2) C1-u()
(1+w(2)) [1 + (1 + 2B, n)) w(z)] L+ w(z)

(2.4)

(p—mn) , z € U.

Now, we will prove that |w(z)| < 1 for z € U. If not, then there exists a point zy € U
such that max {Jw(2)| : |z] < |20} = |w(20)| = 1. According to Lemma 2.1, there exists a
real number p > 1, such that zpw'(z9) = pw(zo), and taking z = 2z in (2.4) we get

: fﬂ?@%%ﬁ@@_(p+_ll_)+n_
B =) FER" (o) (=0) B -a)
u+w%»b+@+”“®@ m)wlz) 1 w)

(p—n)

Since w(zg) = €? for some 6 € [0, 27], from the above relation it follows that

0 TRt (an) f(z0) ( ¢ )
N s B _
e{mk—®f%%@%mvw@ PTB0—ay)

Qﬁ()\ ) 0
1 .
(p —n) Re , Q;f o T 14 (=
(1+€i?) [1 + (1 + (p— n)) 629} ‘
98()\ — B 2+ QB(A—a)(p—n)
B( Oég)(p 77)P' 5 (14+cosf) >0,

1+ eif|

+ (1 + 25(>‘ a) (p _ n)) 61‘0
for all 6 € [0,27], whenever S(A — «) > 0. This inequality contradicts our assumption
given by (2.1), and therefore we have |w(z)| < 1 for all z € U. Finally, from (2.2) we
conclude that f € ®'(ay, a, 8, A\, £, 7). O
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For a number ¢ > 0, let recall the well-known integral operator F,, : ¥,, — X

defined by

p,n p,n

z
C

(2.5) F.,(f)z) =— /tC+P—1f(t) dt, z € U*.

zCctp
0

Remark that the operator F,, was investigated by many authors, for example, [2], [22],

[23], etc. Moreover, for all f € X, the operator can be written in the convolution product

form
> c
F, = P, . wh P, = 2P — 2k e U,
»(f) »* f,  where »(2) z +;c+p+kz z

and we could easily check that it satisfy the following differentiation relationships:

(2.6)
2 (FRI () Fopl(1)(2)) = e (aa) (2) — (e 4 ) Ftii(an) Foy()(2), 2 € U,
(27) (PRI N ) = o P (@) Pl (2

14 m,p,q,S
— — iy Fe ; "
(04 5y ) P @ EE). 2 € U
Theorem 2.2. If f € ®7'(aq,«, B, A, £, n), then F.p(f) € O (au, a, B, N, £, m), that is
Fc,p (q);n(alyaaﬂa )‘7€7 77)) - é;n(ahavﬁa )\7€7 77)

Proof. For an arbitrary f € X, ,, since the right-hand sides of (2.6) and (2.7) coincide,

we get

(
BA—a)

) P @ Fp( D), 2 € U

TR ) [(2) = — = Fi i @) Fog(£)(2)+

C _——_—_—
( BA —a)
From this last relation, it follows that the assumption f € @zl(al, a, B, A, ¢,n) given by

(1.4) is equivalent to

¢ FUEERO (an) Fep(£)(2) +< o )
BO=a) FJ IR (1) Fe p(£)(2) B(A-a) ( 14 )
—\pt+tz——= )¢ <

Lo, B,A
(2'8) Re 1 + (5()\ CY) 1> -Fentxpﬁq;(al)Fcp( )(2)
FT RO (1) Fep(£)(2)
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and we have to prove that (2.8) implies the inequality

¢ ‘Fma+§’§7q7s(al)FC,p(f)(Z) /
" {W —a) FRR () (D) (“ m)} <nzel

Defining the function w regular in U by

(2.9)
( fﬁﬁi“mﬂﬂwﬁmﬂ_<p+ ¢ >:_p+@n—Mw@)
B —a) FEN () Fep(f)(2) BA—a) 1+ w(z)

then w(0) = 0, and the definition relation (2.9) may be written as

, z €U,

o e E,()e) L (1 2R - e
B R (NG T+ ()

, z e U.

Differentiating (2.10) logarithmically with respect to z and using (2.7), we obtain

Frasa ™ () Fep(f)(2)  Fragh® (a1) Fep(f)(2)

F%T;,7§7q’s(al)Fc,p(f)(Z) ]:Z;?B?/\ (O‘I)Fc,p(f)('z)

2O () — ) 2w(2)

(1 +w(2) |1+ (1+ 252 p - n)) w(z)]

Using the above relation, the function that appeared in the left-hand side of (2.8) may

, z € U.

be written in the form
¢ FrapX (e )Fcp(f)(z)+< L )
PO—a) 758" (1) e (£)(2) o) (¢ _
1+( BO—0) _1> Frarg (@) Fep () Proo—ay) T

1,p,q,
Fr TR (o) Fep () (2)

0 FRR () Fy(f)(2) ¢
BA =) Fli(on)Fep(f)(2) (“ B(A - a))
20=0) () — )z (2) 1

o ' - T ) Fep (1)G)
1 [1 (1 Zﬁ(A ) ) } <,8(>\ o) ) FrPE (o) Fo(
(14+w(z)) 1+ (1+ (p—n))wz)| 1+ (F5c—1 FEE ) B (1)

_|_

which, by using (2.9) and (2.10), reduces to

¢ TR () Fep(f)(2) 4 (C e )
BO=a) F I GR T (1) Fe.p(f)(2) B—a) 14
= —\p+ 55— | tn=
()\ a) . Fyilp's (an) Fep(f)(2) ﬁ(,\ — a)
1+ -1 2
Fira g N (a1) Fep(f)(2)
1-— 2(p — !

T+w(z) | (I+w() e+ (c+2p—n) )]
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Like in the proof of the previous theorem, we will show that |w(z)| < 1 for z € U.
Contrary, there exists a point zy € U such that max {|w(z)| : |z| < |20]} = |w(20)| = 1,
and form Lemma 2.1 there exists a real number p > 1, such that zqw’(zg) = pw(zp). Thus,

using the fact that w(zy) = e for some 0 € [0, 27], and taking z = 2y in (2.11) we get

¢ Hﬁ%“mmmqu+<
BO—a) FrF L9 (1) Fop(f)(20)

2o ) -

Re 1+ ( (A= a) 1) f?apﬁq/\s( 1) Fe,p(f)(20) /8()\ — o
Fr R (o) Fep () (20)
1—e” 2(p — n)pe”
Re §—(p— =+ : L
{ (p 77)1 + 67’9 (1 + 67’9) [C + (C + 2(]7 - n)) 6“9]
2(p —m)p 2 4 2o

5 (14 cos) >0
c 1+

(1 + 2(pc—n)> it

for all & € [0,27]. Since this inequality contradicts the assumption (2.8), it follows that

lw(z)|] <1 for all z € U, and from (2.9) we get our conclusion. O

Remarks 2.1. (i) Forg=s+1, 0, =1(i=1,...,s+1),8,=1(=1,...,s), a =0,
A=pB=l=p=c=ar=1and m =n =0, we note that Theorem 2.2 extends a results
of Bajpai [7, Theorem 1];

(i) Forg=s+1,a,=1(G=1,....,s+1),8,=1(=1,....8), a=0,A=0F=_(=
p=a; =1 and m = n = 0, we note that Theorem 2.2 extends a results of Goel and Sohi

[11, Corollary 1].

Theorem 2.3. If we suppose that ¢ =
only if Fupf € @5 (an, a, 8,0, €,1).

B(/\g—_ 5 > 0 then f € &(as,0,8,1,6,m) o and

Proof. Differentiating the definition relation (2.5), we get

2 (F.pf(2)) + (c+p)E.,f(2) = cf(2), z € U,

therefore

(212) =z (Fabbi(en) C7;,,f(;z))/ +(c+p) Fluds () Fepf(2) = cF2 (an) f(2), 2 € U™
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Using (1.3), the relation (2.12) becomes

¢ . ¢ )
BN — a)%ﬁ,f,q, () Fepf(2) + (C - 5(}\—> T (1) Fopf(2) =

—a)

cFrbt(an) f(2), z € U,

and according to the assumption ¢ = —— it follows that

B —a)
(213) Fiihos () Fepf (2) = FLtiii(an) f(2), 2 € UF, m € Ny,

la

From (2.13) we deduce that
(T3 (o) f(2) (+_ ( )_
B —a) Frrmlenfz) "M B0 —w))
( FRRR () Fepf(z)
)

X"

BA = a) Farih®(an) Fop f (2

777

and our conclusion follows immediately.

Conflict of Interests. The authors declare that there is no conflict of interests regarding

the publication of this paper.

REFERENCES

[1] M. K. Aouf, New certeria for multivalent meromorphic starlike functions of order alpha, Proc. Japan

Acad. Ser. A Math. Sci., 69 (1993), no. 3, 66-70.
[2] M. K. Aouf, Certain classes of meromorphic multivalent functions with positive coefficients, Math.

Comput. Model., 47(2008), no. 3-4, 328-340.

[3] M. K. Aouf, Certain subclasses of meromorphically multivalent functions associated with generalized

hypergeometric function, Comput. Math. Appl., 55 (2008), 494-509.

[4] M. K. Aouf and H. M. Hossen, New certeria for meromorphic p -valent starlike functions, Tsukuba

J. Math., 17 (1993), no. 2, 481-486.

[5] M. K. Aouf and H. M. Srivastava, A new criterion for meromorphically p-valent convex functions of

order alpha, Math. Sci. Res. Hot-Line, 1 (1997), no. 8, 7-12.

[6] M. K. Aouf and N. E. Xu, Some inclusion relationships and integral-preserving properties of certain

subclasses of p-valent meromorphic functions, Comput. Math. Appl., 61 (2011), no. 3, 642-650.
[7] S. K. Bajpai, A note on a class of meromorphic univalent functions, Rev. Roum. Math. Pures Appl.,

2 (1977), 295-297.



Tamsui Oxford Journal of Informational and Mathematical Sciences 32(2) (2018)
Aletheia University 75

8]

N. E. Cho, O. S. Kwon, and H. M Srivastava, Inclusion and argument properties for certain subclasses
of meromorphic functions associated with a family of multiplier transformations, J. Math. Anal.
Appl., 300 (2004), no. 2, 505-520.

N. E. Cho, O. S. Known, and H. M. Srivastava, Inclusion relationships for certain subclasses of
meromorphic functions associated with a family of multiplier transformations, Integral Transforms
Spec. Funct., 16 (2005), no. 8, 647-659.

R. M. El-Ashwah, A note on certain meromorphic p-valent functions, Appl. Math. Lett., 22 (2009),
1756-1759.

R. M. Goel and N. S. Sohi, On a class of meromorphic functions, Glas. Mat., 17 (1982), 19-28.

I. S. Jack, Functions starlike and convex of order «, J. London Math. Soc., (2) 3 (1971), 469-474.
V. Kumar and S. L. Shukla, Certain integrals for classes of p -valent meromorphic functions, Bull.
Aust. Math. Soc., 25 (1982), 85-97.

J.-L. Liu and H. M. Srivastava, A linear operator and associated with the generalized hypergeometric
function, J. Math. Anal. Appl., 259 (2000), 566-581.

J.-L. Liu and H. M. Srivastava, Classes of meromorphically multivalent functions associated with
the generalized hypergeometric function, Math. Comput. Model., 39 (2004), no. 1, 21-34.

S. S. Miller and P. T. Mocanu, Second order differential inequalities in the complex plane, J. Math.
Anal. Appl., 65 (1978), 289-305.

S. S. Miller and P. T. Mocanu, Differential Subordination. Theory and Applications, Series on
Monographs and Textbooks in Pure and Applied Mathematics, Vol. 225, Marcel Dekker Inc., New
York and Basel, 2000.

R. K. Raina and H. M. Srivastava, A new class of meromorphiclly multivalent functions with appli-
cations to generalized hypergeometric functions, Math. Comput. Model., 43 (2006), 350-356.

H. M. Srivastava and P. W. Karlsson, Multiple Gausian Hypergeometric Series, Halsted Press, Ellis
Horwood Limited, Chichester, John Wiley and Sons, New York, Chichester, Brisbane and London,
1985.

B. A. Uralegaddi and C. Somanatha, New criteria for meromorphic starlike univalent functions, Bull.
Aust. Math. Soc., 43 (1991), 137-140.

B. A. Uralegaddi and C. Somanatha, Certain differential operators for meromorphic functions, Hous-
ton J. Math., 17 (1991), no. 2, 279-284.

B. A. Uralegaddi and C. Somanatha, Certain classes of meromorphic multivalent functions, Tamkang
J. Math., 23 (1992), 223-231.

D.-G. Yang, On a class of meromorphic starlike multivalent functions, Bull. Inst. Math. Acad. Sinica,

24 (2) (1996), 151-157.



	空白頁面



