
FAMILIES OF MEROMORPHIC FUNCTIONS INVOLVING A NEW
GENERALIZED DIFFERENTIAL OPERATOR

EKRAM ELSAYED ALI AND TEODOR BULBOACĂ
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Abstract. A new differential operator Fm,p,q,s`,α,β,λ (α1) is introduced for functions of the

form f(z) = z−p +
∞∑
k=n

akz
k which are meromorphic in the punctured unit disc U∗ :=

{z ∈ C : 0 < |z| < 1}. We introduce the class Φmp (α1, α, β, λ, `, η) of meromorphically

functions that generalize and extend many classes previously studied by different authors,

and the main object of this paper is to investigate various important properties and

characteristics for this class. In addition, we proved that a special property is preserved

by some integral operators.

1. Introduction

Let Σp,n, with n ≥ 1− p, denote the class of functions of the form

(1.1) f(z) = z−p +
∞∑
k=n

akz
k, (p, n ∈ N = {1, 2, . . . }) ,

which are analytic in the punctured open unit disc U∗ := U \ {0}, where U := {z ∈ C :

|z| < 1}.

For a function f ∈ Σp,n, given by (1.1) and g ∈ Σp,n defined by

g(z) = z−p +
∞∑
k=n

bkz
k, z ∈ U∗,

we define the Hadamard (or convolution) product of f and g by

(f ∗ g)(z) = z−p +
∞∑
k=n

akbkz
k, z ∈ U∗.

For the complex parameters α1, . . . , αq and β1, . . . , βs, with βj /∈ Z−0 = {0,−1,−2, . . . },

j = 1, 2, . . . , s, let consider the generalized hypergeometric function qFs(α1, . . . , αq; β1, . . . , βs; z)

Key words and phrases. Meromorphic functions, Hadamard (convolution) product, generalized hyper-

geometric functions, integral operator.
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defined by (see, for example, [19, p.19])

qFs(α1, . . . , αq; β1, . . . , βs; z) =
∞∑
k=0

(α1)k . . . (αq)k
(β1)k . . . (βs)k

zk

k!
, z ∈ U,

(q ≤ s+ 1, q, s ∈ N0 := N ∪ {0}) ,

where (θ)ν is the Pochhammer symbol, defined, in terms of the Gamma function Γ, by

(θ)ν :=
Γ(θ + ν)

Γ(θ)
=

 1, if ν = 0, θ ∈ C \ {0},

θ(θ + 1) . . . (θ + ν − 1), if ν ∈ N, θ ∈ C.

Corresponding to the function hp,q,s(α1, . . . , αq; β1, . . . , βs; z) defined by

hp,q,s(α1, . . . , αq; β1, . . . , βs; z) := z−p · qFs(α1, . . . , αq; β1, . . . , βs; z),

we consider a linear operator

Hp,q,s(α1, . . . , αq; β1, . . . , βs) : Σp,n → Σp,n

which is defined by the following Hadamard product:

Hp,q,s(α1, . . . , αq; β1, . . . , βs)f(z) = hp,q,s(α1, . . . , αq; β1, . . . , βs; z) ∗ f(z), z ∈ U∗.

Therefore, for a function f of form (1.1), we have

Hp,q,s(α1, . . . , αq; β1, . . . , βs)f(z) = z−p +
∞∑
k=n

(α1)k+p . . . (αq)k+p
(β1)k+p . . . (βs)k+p

ak
(k + p)!

zk, z ∈ U∗,

and, for convenience, we write

Hp,q,s(α1) := Hp,q,s(α1, . . . , αq; β1, . . . , βs).

Using the Hadamard product, we define the new operator Fm,p,q,s`,α,β,λ (α1) as follows:

Definition 1.1. For α1, . . . , αq ∈ C and β1, . . . , βs ∈ C \ Z−0 , with q ≤ s + 1 (q, s ∈ N0),

let define the operator Fm,p,q,s`,α,β,λ (α1) : Σp,n → Σp,n by

F0,p,q,s
`,α,β,λ(α1)f(z) =Hp,q,s(α1)f(z), z ∈ U∗,

Fm,p,q,s`,α,β,λ (α1)f(z) =[1− β(λ− α)] · Fm−1,p,q,s`,α,β,λ (α1)f(z)

+
β(λ− α)

`zp+`−1
[
zp+` · Fm−1,p,q,s`,α,β,λ (α1)f(z)

]′
, z ∈ U∗,
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 for m ∈ N, where α, β, λ ∈ C and ` ∈ N.

Remarks 1.1. (i) We have

Fm,p,q,s`,α,β,λ (α1) = F1,p,q,s
`,α,β,λ

(
Fm−1,p,q,s`,α,β,λ (α1)

)
, m ∈ N,

and for all f ∈ Σp,n the next formula holds:

Fm,p,q,s`,α,β,λ (α1)f(z) = z−p +
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(α1)k+p . . . (αq)k+p
(β1)k+p . . . (βs)k+p

ak
(k + p)!

zk, z ∈ U∗,

(1.2)

(α, β, λ ∈ C, ` ∈ N and m ∈ N0) .

(ii) For β(λ− α) = 0 or m = 0 in (1.2), we have F0,p,q,s
`,α,β,λ(α1) = Hp,q,s(α1).

(iii) It easily verified from (1.2) that for all f ∈ Σp,n we have

(1.3)

β(λ− α) z
[
Fm,p,q,s`,α,β,λ (α1)f(z)

]′
= `Fm+1,p,q,s

`,α,β,λ (α1)f(z)− [`+ β(λ− α)p] Fm,p,q,s`,α,β,λ (α1)f(z)

and

z
[
Fm,p,q,s`,α,β,λ (α1)f(z)

]′
= α1Fm,p,q,s`,α,β,λ (α1 + 1)f(z)− (α1 + p)Fm,p,q,s`,α,β,λ (α1)f(z), z ∈ U∗.

We emphasize here some special cases of the operator Fm,p,q,s`,α,β,λ (α1) previously studied

by different authors:

(i) F0,p,q,s
`,α,β,λ(α1) = Hp,q,s(α1) (see Liu and Srivastava [15], Raina and Srivastava [18] and

Aouf [3]);

(ii) For q = s+ 1, αi = 1 (i = 1, . . . , s+ 1) and βj = 1 (j = 1, . . . , s), α = 0 and β = 1,

we obtain the operator Imp (λ, `) introduced and studied by El-Ashwah [10]. The operator

Imp (λ, `) contains as special cases the multiplier transformation Imp (see Aouf and Hossen

[4]), I(m, `) (see Cho et al. [8, 9]) and Im (see Uralegaddi and Somanatha [20] and [21]);

(iii) For m = 0, q = 2, s = 1, α1 = a, α2 = 1 and β1 = c, we have F0,p,2,1
`,α,β,λ(α1) = Lp(a, c)

(a, c > 0) (see Liu and Srivastava [14]);

(iv) For m = 0, q = 2, s = 1, α1 = ν + p, α2 = p and β1 = p, we have F0,p,2,1
`,α,β,λ(α1) =

Dν+p−1 (ν > −p, p ∈ N) (see [1] and [5]);
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(v) For m = 0, q = 2 and s = 1, α1 = µ, α2 = 1 and β1 = µ+ 1, we have F0,p,2,1
`,α,β,λ(α1) =

Fµ,p (µ > 0, p ∈ N) (see [13] and [23]);

(vi) For m = 0, q = 2, s = 1, α1 = λ (λ > 0), α2 = 1 and β1 = n + p, we have

F0,p,2,1
`,α,β,λ(α1) = In+p−1,λ (n > −p, p ∈ N), where the operator In+p−1,λ was introduced by

Aouf and Xu [6].

Also, by specializing the parameters m, `, α, β, λ, p, q, s, αi (i = 1, . . . , q) and βj = 1

(j = 1, . . . , s) we obtain various new operators:

(i) For q = 2 and s = 1, α1 = n + p, α2 = 1 and β1 = 1, we obtain a new operator

Fm,p,2,1`,α,β,λ (n + p)f(z) = z−p +
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(n+ p)k+p

(1)k+p
akz

k, where n > −p,

p, n ∈ N;

(ii) For q = 2 and s = 1, α1 = a, α2 = 1 and β1 = c, we obtain a new operator

Fm,p,2,1`,α,β,λ (a)f(z) = z−p +
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(a)k+p
(c)k+p

akz
k, where a ∈ R, c ∈ R \Z−0 ;

(iii) For q = 2 and s = 1, α1 = p + 1, α2 = 1 and β1 = n + p, we obtain a new

operator Fm,p,2,1`,α,β,λ (p + 1)f(z) = z−p +
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(p+ 1)k+p
(n+ p)k+p

akz
k, where

n ∈ Z, n > −p, p, n ∈ N;

(iv) For q = 2 and s = 1, α1 = p + δ, α2 = c and β1 = a, we obtain a new operator

Fm,p,2,1`,α,β,λ (p+δ)f(z) = z−p+
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(p+ δ)k+p(c)k+p

(a)k−p(1)k+p
akz

k, where a, c ∈

R \ Z−0 , δ > −p, p, n ∈ N;

(v) For q = 2 and s = 1, α1 = p+δ, α2 = 1 and β1 = p+δ+1, we obtain a new operator

Fm,p,2,1α,β,λ (p+δ)f(z) = z−p+
∞∑
k=n

[
`+ β(λ− α)(k + p)

`

]m
(p+ δ)k+p

(p+ δ + 1)k+p
akz

k, where δ > −p,

p, n ∈ N.

We introduce the class Φm
p (α1, α, β, λ, `, η) of the functions f ∈ Σp,n which satisfy the

condition

(1.4) Re

{
`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)f(z)

Fm,p,q,s`,α,β,λ (α1)f(z)
−
(
p+

`

β(λ− α)

)}
< −η, z ∈ U,

where

(1.5) α, λ ∈ C with λ 6= α, β ∈ C∗ ` ∈ N, 0 ≤ η < p, p ∈ N, m ∈ N0.
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Remark that for the function that appeared in the brackets in the left-hand side of (1.4),

the point z0 = 0 is a removable singularity, hence this function is regular in the whole

unit disk U.

We note that for the special case λ = β = ` = 1, α = 0 and q = s + 1, αi = 1

(i = 1, . . . , s + 1) and βj = 1 (j = 1, . . . , s), the class Φm
p (α1, α, β, λ, `, η) reduces to the

class Bn(β) studied by Aouf and Hossen [4].

In this paper, known results of Bajpai [7], Goel and Sohi [11], Uralegaddi and So-

manatha [20] and Aouf and Hossen [4] are extended.

2. Basic properties of the class Φm
p (α1, α, β, λ, `, η)

We begin by recalling the following well-known result (Jack-Miller-Mocanu’s Lemma),

which we shall apply in proving our first inclusion theorems.

Lemma 2.1. [12] Let the nonconstant function w be analytic in U, with w(0) = 0. If

|w(z)| attains its maximum value on the circle |z| = r < 1 at a point z0 ∈ U, then

z0w
′(z0) = ρw(z0),

where ρ is a real number and ρ ≥ 1.

A generalization of of this lemma was given in [16], and represents one of the most

important investigation tools of the theory of differential subordinations (see also [17, p.

19]).

Unless otherwise mentioned, we assume throughout this paper that all parameters

satisfy the conditions (1.5) of the definition formula (1.4).

Theorem 2.1. If we assume that β(λ− α) > 0, then

Φm+1
p (α1, α, β, `, λ, η) ⊂ Φm

p (α1, α, β, λ, `, η), for all m ∈ N0.

Proof. Considering an arbitrary function f ∈ Φm+1
p (α1, α, β, λ, `, η), then

(2.1) Re

{
`

β(λ− α)

Fm+2,p,q,s
`,α,β,λ (α1)f(z)

Fm+1,p,q,s
`,α,β,λ (α1)f(z)

−
(
p+

`

β(λ− α)

)}
< −η, z ∈ U,

and we have to show that (2.1) implies the inequality (1.4).
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Defining the function w regular in U by

(2.2)
`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)f(z)

Fm,p,q,s`,α,β,λ (α1)f(z)
−
(
p+

`

β(λ− α)

)
= −p+ (2η − p)w(z)

1 + w(z)
, z ∈ U,

then w(0) = 0, and the above relation may be written as

(2.3)
Fm+1,p,q,s
`,α,β,λ (α1)f(z)

Fm,p,q,s`,α,β,λ (α1)f(z)
=

1 +
(

1 + 2β(λ−α)
`

(p− η)
)
w(z)

1 + w(z)
, z ∈ U.

Differentiating (2.3) logarithmically with respect to z and using (1.3), we obtain

`

β(λ− α)

Fm+2,p,q,s
`,α,β,λ (α1)f(z)

Fm+1,p,q,s
`,α,β,λ (α1)f(z)

−
(
p+

`

β(λ− α)

)
+ η =(2.4)

(p− η)

 2β(λ−α)
`

zw′(z)

(1 + w(z))
[
1 +

(
1 + 2β(λ−α)

`
(p− η)

)
w(z)

] − 1− w(z)

1 + w(z)

 , z ∈ U.

Now, we will prove that |w(z)| < 1 for z ∈ U. If not, then there exists a point z0 ∈ U

such that max {|w(z)| : |z| ≤ |z0|} = |w(z0)| = 1. According to Lemma 2.1, there exists a

real number ρ ≥ 1, such that z0w
′(z0) = ρw(z0), and taking z = z0 in (2.4) we get

`

β(λ− α)

Fm+2,p,q,s
`,α,β,λ (α1)f(z0)

Fm+1,p,q,s
`,α,β,λ (α1)f(z0)

−
(
p+

`

β(λ− α)

)
+ η =

(p− η)

 2β(λ−α)
`

ρw(z0)

(1 + w(z0))
[
1 +

(
1 + 2β(λ−α)

`
(p− η)

)
w(z0)

] − 1− w(z0)

1 + w(z0)

 .

Since w(z0) = eiθ for some θ ∈ [0, 2π], from the above relation it follows that

Re

{
`

β(λ− α)

Fm+2,p,q,s
`,α,β,λ (α1)f(z0)

Fm+1,p,q,s
`,α,β,λ (α1)f(z0)

−
(
p+

`

β(λ− α)

)
+ η

}
=

(p− η) Re

 2β(λ−α)
`

ρeiθ

(1 + eiθ)
[
1 +

(
1 + 2β(λ−α)

`
(p− η)

)
eiθ
] − 1− eiθ

1 + eiθ

 =

2β(λ− α)(p− η)ρ

`
·

2 + 2β(λ−α)(p−η)
`

|1 + eiθ|2
∣∣∣1 +

(
1 + 2β(λ−α)

`
(p− η)

)
eiθ
∣∣∣2 · (1 + cos θ) ≥ 0,

for all θ ∈ [0, 2π], whenever β(λ − α) > 0. This inequality contradicts our assumption

given by (2.1), and therefore we have |w(z)| < 1 for all z ∈ U. Finally, from (2.2) we

conclude that f ∈ Φm
p (α1, α, β, λ, `, η). �
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For a number c > 0, let recall the well-known integral operator Fc,p : Σp,n → Σp,n

defined by

(2.5) Fc,p(f)(z) =
c

zc+p

z∫
0

tc+p−1f(t) dt, z ∈ U∗.

Remark that the operator Fc,p was investigated by many authors, for example, [2], [22],

[23], etc. Moreover, for all f ∈ Σc,p the operator can be written in the convolution product

form

Fc,p(f) = Φc,p ∗ f, where Φc,p(z) := z−p +
∞∑
k=n

c

c+ p+ k
zk, z ∈ U∗,

and we could easily check that it satisfy the following differentiation relationships:

z
(
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

)′
= cFm,p,q,s`,α,β,λ (α1)f(z)− (c+ p)Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z), z ∈ U∗,

(2.6)

z
(
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

)′
=

`

β(λ− α)
Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)(2.7)

−
(
p+

`

β(λ− α)

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z), z ∈ U∗.

Theorem 2.2. If f ∈ Φm
p (α1, α, β, λ, `, η), then Fc,p(f) ∈ Φm

p (α1, α, β, λ, `, η), that is

Fc,p
(
Φm
p (α1, α, β, λ, `, η)

)
⊂ Φm

p (α1, α, β, λ, `, η).

Proof. For an arbitrary f ∈ Σp,n, since the right-hand sides of (2.6) and (2.7) coincide,

we get

cFm,p,q,s`,α,β,λ (α1)f(z) =
`

β(λ− α)
Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)+(

c− `

β(λ− α)

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z), z ∈ U∗.

From this last relation, it follows that the assumption f ∈ Φm
p (α1, α, β, λ, `, η) given by

(1.4) is equivalent to

(2.8) Re


`

β(λ−α)
Fm+2,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

+
(
c− `

β(λ−α)

)
1 +

(
β(λ−α)

`
c− 1

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

−
(
p+

`

β(λ− α)

) < −η,
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and we have to prove that (2.8) implies the inequality

Re

{
`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)
−
(
p+

`

β(λ− α)

)}
< −η, z ∈ U.

Defining the function w regular in U by

(2.9)

`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)
−
(
p+

`

β(λ− α)

)
= −p+ (2η − p)w(z)

1 + w(z)
, z ∈ U,

then w(0) = 0, and the definition relation (2.9) may be written as

(2.10)
Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)
=

1 +
(

1 + 2β(λ−α)
`

(p− η)
)
w(z)

1 + w(z)
, z ∈ U.

Differentiating (2.10) logarithmically with respect to z and using (2.7), we obtain

Fm+2,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

−
Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)
=

2β(λ−α)
`

(p− η)zw′(z)

(1 + w(z))
[
1 +

(
1 + 2β(λ−α)

`
(p− η)

)
w(z)

] , z ∈ U.

Using the above relation, the function that appeared in the left-hand side of (2.8) may

be written in the form

`
β(λ−α)

Fm+2,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

+
(
c− `

β(λ−α)

)
1 +

(
β(λ−α)

`
c− 1

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

−
(
p+

`

β(λ− α)

)
=

`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)
−
(
p+

`

β(λ− α)

)

+
2β(λ−α)

`
(p− η)zw′(z)

(1 + w(z))
[
1 +

(
1 + 2β(λ−α)

`
(p− η)

)
w(z)

] · 1

1 +
(
β(λ−α)

`
c− 1

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

,

which, by using (2.9) and (2.10), reduces to

`
β(λ−α)

Fm+2,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

+
(
c− `

β(λ−α)

)
1 +

(
β(λ−α)

`
c− 1

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z)

−
(
p+

`

β(λ− α)

)
+ η =

−(p− η)
1− w(z)

1 + w(z)
+

2(p− η)zw′(z)

(1 + w(z)) [c+ (c+ 2(p− η))w(z)]
, z ∈ U.(2.11)
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Like in the proof of the previous theorem, we will show that |w(z)| < 1 for z ∈ U.

Contrary, there exists a point z0 ∈ U such that max {|w(z)| : |z| ≤ |z0|} = |w(z0)| = 1,

and form Lemma 2.1 there exists a real number ρ ≥ 1, such that z0w
′(z0) = ρw(z0). Thus,

using the fact that w(z0) = eiθ for some θ ∈ [0, 2π], and taking z = z0 in (2.11) we get

Re


`

β(λ−α)
Fm+2,p,q,s
`,α,β,λ (α1)Fc,p(f)(z0)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z0)

+
(
c− `

β(λ−α)

)
1 +

(
β(λ−α)

`
c− 1

)
Fm,p,q,s`,α,β,λ (α1)Fc,p(f)(z0)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,p(f)(z0)

−
(
p+

`

β(λ− α)

)
+ η

 =

Re

{
−(p− η)

1− eiθ

1 + eiθ
+

2(p− η)ρeiθ

(1 + eiθ) [c+ (c+ 2(p− η)) eiθ]

}
=

2(p− η)ρ

c
·

2 + 2(p−η)
c

|1 + eiθ|2
∣∣∣1 +

(
1 + 2(p−η)

c

)
eiθ
∣∣∣2 · (1 + cos θ) ≥ 0,

for all θ ∈ [0, 2π]. Since this inequality contradicts the assumption (2.8), it follows that

|w(z)| < 1 for all z ∈ U, and from (2.9) we get our conclusion. �

Remarks 2.1. (i) For q = s + 1, αi = 1 (i = 1, . . . , s + 1), βj = 1 (j = 1, . . . , s), α = 0,

λ = β = ` = p = c = ak = 1 and m = η = 0, we note that Theorem 2.2 extends a results

of Bajpai [7, Theorem 1];

(ii) For q = s + 1, αi = 1 (i = 1, . . . , s + 1), βj = 1 (j = 1, . . . , s), α = 0, λ = β = ` =

p = ak = 1 and m = η = 0, we note that Theorem 2.2 extends a results of Goel and Sohi

[11, Corollary 1].

Theorem 2.3. If we suppose that c =
`

β(λ− α)
> 0, then f ∈ Φm

p (α1, α, β, λ, `, η) if and

only if Fc,pf ∈ Φm+1
p (α1, α, β, λ, `, η).

Proof. Differentiating the definition relation (2.5), we get

z (Fc,pf(z))′ + (c+ p)Fc,pf(z) = cf(z), z ∈ U∗,

therefore

(2.12) z
(
Fm,p,q,s`,α,β,λ (α1)Fc,pf(z)

)′
+ (c+p)Fm,p,q,s`,α,β,λ (α1)Fc,pf(z) = cFm,p,q,s`,α,β,λ (α1)f(z), z ∈ U∗.
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Using (1.3), the relation (2.12) becomes

`

β(λ− α)
Fm+1,p,q,s
`,α,β,λ (α1)Fc,pf(z) +

(
c− `

β(λ− α)

)
Fm,p,q,s`,α,β,λ (α1)Fc,pf(z) =

cFm,p,q,s`,α,β,λ (α1)f(z), z ∈ U∗,

and according to the assumption c =
`

β(λ− α)
, it follows that

(2.13) Fm+1,p,q,s
`,α,β,λ (α1)Fc,pf(z) = Fm,p,q,s`,α,β,λ (α1)f(z), z ∈ U∗, m ∈ N0.

From (2.13) we deduce that

`

β(λ− α)

Fm+1,p,q,s
`,α,β,λ (α1)f(z)

Fm,p,q,s`,α,β,λ (α1)f(z)
−
(
p+

`

β(λ− α)

)
=

`

β(λ− α)

Fm+2,p,q,s
`,α,β,λ (α1)Fc,pf(z)

Fm+1,p,q,s
`,α,β,λ (α1)Fc,pf(z)

−
(
p+

`

β(λ− α)

)
, z ∈ U,

and our conclusion follows immediately. �
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