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Abstract

In this paper, we study the boundedness and asymptotic behavior of fuzzy nonlinear

difference equation of the form

xn+1 =
k∑
i=0

Aixn + xn−i
Bix

pi
n−i

,

where Ai, Bi i ∈ {0, 1, · · · , k}, are the positive fuzzy numbers, pi, i ∈ {0, 1, · · · , k} are

positive constants and xi, i ∈ {0,−1, · · · ,−k,−k + 1} are positive fuzzy numbers.

Keywords: Fuzzy Difference Equations, Nonlinear, Boundedness, Fuzzy number, α-cuts

1 Introduction

Fuzzy difference equation is a difference equation where constants and the initial val-

ues are fuzzy numbers and its solutions are sequence of fuzzy numbers. Fuzzy difference

equations are important for studying and solving large proportions of problems in many

topics in applied mathematics and it have been appeared in the field of physics, geography,

medicine, biology etc. Fuzzy environment in parameters, variables and initial conditions to

overcome imprecision or uncertainties in place of exact ones, by changing general difference

equations into fuzzy difference equations.

In recent years, the study of existence and uniqueness of solutions and stability solution

of the fractional difference equation are of great interest [1], [2], [3]. Also, the study of fuzzy

difference equations have been gaining interest for many years.
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The boundedness and asymptotic behavior of fuzzy difference equations have been stud-

ied in [6] - [10], [11] and [13].

In this paper, the boundedness and asymptotic behavior of fuzzy nonlinear differ-

ence equation has been studied. It has the form,

xn+1 =

k∑
i=0

Aixn + xn−i
Bix

pi
n−i

(1.1)

where Ai, Bi are the positive fuzzy numbers, i ∈ {0, 1, · · · , k}, pi, i ∈ {0, 1, · · · , k} are

positive constants and xi, i ∈ {0,−1, · · · ,−k,−k + 1} are positive fuzzy numbers.

Let A be the set, A be the closure of A. If the following conditions are hold, then

A : R+ → (0, 1] is a fuzzy number.

(i) A is normal,

(ii) A is convex fuzzy set,

(iii) A is upper semi-continuous,

(iv) The support of A, supp A = ∪α∈(0,1] = {x : A(x) > 0} is compact.

In section 2, we obtain the existence and boundedness solutions of fuzzy difference

equations. In section 3, we present the stability solutions of fuzzy difference equations.

Lemma 1.1. Let f be continuous function from R+×R+×. . .+R+ into R+ and A0, A1, . . . , Ak

be fuzzy numbers. Then

[f(A0, A1, . . . , Ak)]α = f([A0]α, f [A1]α, . . . , f [Ak]α), α ∈ (0, 1].

2 Solutions of Existence and Boundedness

In this section, we obtain the existence and boundedness solutions of fuzzy difference

equation of (1.1).

Theorem 2.1. Consider the equation (1.1) where Ai, Bi are positive fuzzy numbers,

then for any positive fuzzy number x0, x−1, · · · , x−k, x−k+1 there exists a unique positive

solution xn of (1.1) with initial conditions x0, x−1, · · · , x−k, x−k+1.

Proof. Let (xn) be the sequence of fuzzy numbers satisfying (1.1) with the initial condition

x0, x−1, · · · , x−k, x−k+1. Let us take the α cuts, α ∈ (0, 1], then

[xn]α = [Ln,α, Rn,α], [A]α = [Al,α, Ar,α], [B]α = [Bl,α, Br,α]. (2.1)
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It follows we get,

[xi]α = [Li,α, Ri,α], α ∈ (0, 1]

[Ai]α = [Ai,l,α, Ri,r,α],

[Bi]α = [Bi,l,α, Ri,r,α], i ∈ {0, 1, . . . , k}

From (1.1), (2.1) and lemma 1.1, we get

[xn+1]α = [Ln+1,α, Rn+1,α]

=
[ k∑
i=0

Aixn + xn−i
Bix

pi
n−i

]
α

=

k∑
i=0

[Ai]α[xn]α + [xn−i]α
[Bi]α[xpin−i]α

=
k∑
i=0

[Ai,l,α][Ln,α, Rn,α] + [Ln−i,α, Rn−i,α]

[Bi,l,α][Lpin−i,α, R
pi
n−i,α]

=
k∑
i=0

[Ai,l,αLn,α, Ai,l,αRn,α] + [Ln−i,α, Rn−i,α]

[Bi,l, alpha][L
pi
n−i,α, R

pi
n−i,α]

[Ln+1,α, Rn+1,α] =

k∑
i=0

Ai,l,αLn,α + Ln−i,α
Bi,l,αR

pi
n−i,α

,
Ai,l,αRn,α +Rn−i,α

Bi,l,αR
pi
n−i,α

Ln+1,α =
k∑
i=0

Ai,l,αLn,α + Ln−i,α
Bi,l,αR

pi
n−i,α

Rn+1,α =
k∑
i=0

Ai,l,αRn,α +Rn−i,α
Bi,l,αR

pi
n−i,α

(2.2)

From preposition 1 in [10], Ai,l,α, Bi,l,α are left continuous.

That is enough to prove that supp of xn, that is ∪α∈(0,1][Ln,αRn,α] is bounded.

L1,α =

k∑
i=0

Al,αL0,α + L−1,α
Br,α +R−1,α

R1,α =
k∑
i=0

Ar,αR0,α +R−1,α
Bl,α + L−1,α

(2.3)

There exists positive constants ML > 0, NL > 0, Mj > 0, Nj > 0, M−i > 0,

N−i > 0,M0 > 0, N0 > 0 such that for all a ∈ (0, 1]

[Ai,l,α, Ai,r,α] ⊂ ∪α∈(0,1][Ai,l,α, Ai,r,α] ⊂ [ML, NL]

[Bi,l,α, Bi,r,α] ⊂ ∪α∈(0,1][Bi,l,α, Bi,r,α] ⊂ [Mj , Nj ]

[L−l,α, R−i,α] ⊂ ∪α∈(0,1][L−l,α, R−i,α] ⊂ [M−i, N−i]

[L0,α, R0,α] ⊂ ∪α∈(0,1][L0,α, R0,α] ⊂ [M0, N0]

(2.4)
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From (2.2) and (2.3), we get

∪α∈(0,1][L0,α, R0,α] ⊂
[MLM0 +M−i

NjN−i
,
NLN0 +N−i
MjM−i

]
From this equation ∪α∈(0,1][L0,α, R0,α] is compact. Proceeding this, we can prove that

∪α∈(0,1][Ln,α, Rn,α] is compact.

Theorem 2.2. Consider fuzzy difference equation of (1.1), where Ai, Bi, i ∈ {0, 1, · · · , k}

and xi, i ∈ {0,−1, · · · ,−k,−k + 1} are positive fuzzy numbers, if for every α ∈ (0, 1],

pi.pλi < 1 then every solution of (1.1) is bounded and persists.

Proof. If xn is the unique positive solution of (1.1) with initial values x0, x−1, . . . , x−k, x−k+1

such that [xn]α = [Ln, Rn]α holds, we consider the system,

Sn+1 =
MLSn + Sn−i

NjS
pi
n−i

,

Tn+1 =
MLTn + Tn−i

NjT
pi
n−i

.

(2.5)

Let (Sn, Tn) be a solution of (1.1) with initial condition

Si = Mi, Ti = Ni, i = 0,−1, . . . ,−k,−k + 1. (2.6)

From (2.1), (2.3), (2.4) and (2.5), we have

S0 =
MLS0 + S−i

NjS
pi
−i

≤ L1,α,

R1,α ≤
NLT0 + T−i
MjT

pi
−i

= T1

(2.7)

where NL,ML,Mj , Nj are defined in (2.1). From (2.1), (2.3), (2.5) and (2.6), we have

S2 =
MLH1 +H1−i

NjH
pi
1−i

≤ L2,α,

R2,α ≤
NLE1 + E1−i
MjE

pi
1−i

= T2.

(2.8)

Inductively we can prove that,

Hn ≤ Ln,α, Rn,α ≤ En, n = 1, 2, . . . (2.9)

and preposition 2 of [10], we get

∪α∈(0,1][L0,α, R0,α] ⊂
[ k∑
i=0

(
Mi + h

Ni
hpi , h)

]
(2.10)

where h = max{1, γ, Ci}, Ci = max{Ri, α, α ∈ (0, 1]} i = 0, 1, · · · − k,−k + 1.

Similarly if Ai, i = 0, . . . , k are positive real numbers.

∪α∈(0,1][L0,α, R0,α] ⊂
[
w,

1

w
,

k∑
i=0

Ai

]
, (2.11)

where w = min{Li,α, wherei = 0, 1, · · ·−k,−k+1} From (2.10) and (2.11), every positive

solution of (1.1) is bounded and presists.
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3 Stability solutions of fuzzy difference equations

In this section, we study the asymptotic stability of equilibrium point and obtain the

stability solutions of fuzzy difference equation of (1.1).

Theorem 3.1. Consider the system of difference equations

yn+1 =
k∑
i=0

Ciyn + yn−i
Fiz

pi
n−i

zn+1 =
k∑
i=0

Eizn + zn−i
Diy

pi
n−i

(3.1)

where Ci, Di, Ei, Fi are positive real numbers and the initial values yi, zi i = 0, 1, . . . ,−k,−k+

1 are positive real numbers. Then the following statements are true.

(i) For any u1 > Ci + i − Fi and u2 = Ei + i − Di i = 0, 1, . . . , n then (3.1) has no

solution that is eventually in [u,∞)× [u2,∞) that is, eventually positive.

(ii) For any l1 < Ci + i − Fi and l2 < Ei + i −Di the conditions Ci + i > Fi, Ei + i > Di

hold then (2.11)) has no solution that is eventually in [0, l1]× [0, l2].

Proof. Assume that there exists a solution (yn, zn)∞n=−1 of (2.11) such that

yn ≤ u2, zn ≤ u1, n ≥ N (3.2)

for some u1 > Ci + i− Fi and u2 > Ei + i−Di

Let N = 0, then (3.2) becomes,

yn+1 =
k∑
i=0

Ciyn + yn−i
Fiu

pi
1

=
Ci
Fiu

pi
1

yn +
1

Fiu
pi
1

yn−i

zn+1 =

k∑
i=0

Eizn + zn−i
Diu

pi
2

=
Ei

Diu
pi
2

zn +
1

Diu
pi
2

zn−i.

(3.3)

Using the results of difference inequalities in [5], then (3.3) becomes,

yn ≤ an, zn ≤ bn, y0 = a0,

z0 = b0, y−1 = a−1, z−1 = b−1,

where (an) and (bn) satisfy

an+1 =
Ci
Fiu

pi
1

an +
1

Fiu
pi
1

an−i,

bn+1 =
Ci
Fiu

pi
2

bn +
1

Fiu
pi
2

bn−i,

(3.4)
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and the characteristic equations of this linear homogeneous equations are

λ2 − Ci
Fiu

pi
1

λ− Ci
Fiu

pi
1

= 0,

λ2 − Ei
Diu

pi
2

λ− Ei
Diu

pi
2

= 0.

Then

lim
n→∞

an = 0, lim
n→∞

bn = 0

for every solutions of (3.3).

Hence limn→∞ yn = 0, limn→∞ zn = 0.

which is contradiction to (3.2).

Assume that there exists a solution (yn, zn)∞n=−1 of (3.1) such that

yn ≥ l2, zn ≥ l1, n ≥ N (3.5)

for some l1 < Ci + i− Fi and l2 < Ei + i−Di.

Let N = 0, then (3.2) becomes,

yn+1 =
k∑
i=0

Ciyn + yn−i
Fil

pi
1

=
Ci
Fil

pi
1

yn +
1

Fil
pi
1

yn−i,

zn+1 =
k∑
i=0

Eizn + zn−i
Dil

pi
2

=
Ei
Dil

pi
2

zn +
1

Dil
pi
2

zn−i.

(3.6)

Using the results of difference inequalities in [5], then (3.3) becomes

yn ≥ cn, zn ≥ dn, y0 = c0,

z0 = d0, y−1 = c−1, z−1 = d−1

where (an) and (bn) satisfy

cn+1 =
Ci
Fil

pi
1

cn +
1

Fil
pi
1

cn−i,

dn+1 =
Ci
Fil

pi
2

dn +
1

Fil
pi
2

dn−i,

(3.7)

and the characteristic equations of this linear homogeneous equations are

λ2 − Ci
Fiu

pi
1

λ− Ci
Fiu

pi
1

= 0,

λ2 − Ei
Diu

pi
2

λ− Ei
Diu

pi
2

= 0.

Then

lim
n→∞

cn =∞, lim
n→∞

dn =∞

for every solutions of (3.3).

Hence limn→∞ yn =∞ limn→∞ zn =∞.

which is contradiction to (3.2).
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Remark 3.2. If the conditions Ci + i > Fi, Ei + i > Di hold, then

(i) The equilibrium (0,0) is asymptotically stable.

(ii) Then (3.1) has a unique equilibrium (Ci + i− Fi, Ei + i−Di).

If the equation (2.1) hold, there exists the unique equilibrium x of (1.1), then we have,

Lα =
k∑
i=0

Ai,l,αLα + Lα
Bi,r,α +Rα

,

Rα =

k∑
i=0

Ai,r,αLα + Lα
Bi,l,α +Rα

.

Then it follows, we get

Lα =
k∑
i=0

Ai,l,α + i−Bi,r,α,

Rα =
k∑
i=0

Ai,r,α + i−Bi,l,α.

Let x be positive equilibrium point if and only if Al,α = Ar,α and Bl,α = Br,α, where A and

B are positive fuzzy numbers. Therefore

Lα = Rα = A+ i−B (3.8)

Theorem 3.3. Let us consider the equation (1.1), and the condition B < A + i, i =

0, 1, . . . , k hold, then the unique equilibrium x of (1.1) is stable, where A and B are positive

fuzzy numbers.

Proof. Assume that x is a positive equilibrium of equation (1.1) and ε be a positive real

number such that

D(x−i, x) ≤ δ < ε, i = 0, . . . , k. (3.9)

From (3.9) we get

|L−i,α − Lα| ≤ δ,

|R−i,α −Rα| ≤ δ, i = 0, 1, . . . , k, α ∈ (0, 1]
(3.10)

Lα =

k∑
i=0

(
Ai,l,α + i−Bi,r,α

)
Rα =

k∑
i=0

(
Ai,r,α + i−Bi,l,α

) (3.11)
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From (2.2), (3.9) and (3.10), we have

Li,α − Lα =
AiL0,α + L−i,α
Bi +R−i,α

≤ Ai(Lα + δ) + i(Lα + δ)

Bi +R−i,α − δ

=
(Lα + δ)(Ai + 1)− Lα(Bi +R−i,α)

Bi +R−i,α − δ

=
(Lα + δ)(Ai + 1)− Lα(Bi +Ai + i−Bi − δ)

Bi +R−i,α − δ

=
(Lα + δ)(Ai + 1)− Lα(Ai + i)− Lαδ

Bi +R−i,α − δ

= δ
Ai + Lα + 1

Bi +Rα − δ

Li,α − Lα ≤ δ
Ai + Lα + 1

Bi +Rα − δ
(3.12)

Li,α − Lα =
Ai,L0,α + L−i,α
Bi +R−i,α − δ

≥ Ai(Lα − δ) + i(Lα − δ)
Bi +R−i,α + δ

= −δ Ai + Lα + 1

Bi +Rα + δ

Li,α − Lα ≥ −δ
Ai + Lα + 1

Bi +Rα + δ
. (3.13)

From (3.11) and (3.12), we get

|Li,α − Lα| ≤ δ < ε. (3.14)

From (2.2), (3.9) and (3.10), we have

Li,α − Lα =
AiL0,α +R−i,α
Bi + L−i,α

≤ Ai(Rα + δ) + i(Rα + δ)

Bi + L−i,α − δ

=
(Rα + δ)(Ai + 1)−Rα(Bi +R−i,α)

Bi + L−i,α − δ

=
(Rα + δ)(Ai + 1)−Rα(Bi +Ai + i−Bi − δ)

Bi + L−i,α − δ

=
(Rα + δ)(Ai + 1)−Rα(Ai + i)−Rαδ

Bi + L−i,α − δ

= δ
Ai +Rα + 1

Bi + Lα − δ
.

That is,

Li,α − Lα ≤ δ
Ai +Rα + 1

Bi + Lα − δ
(3.15)
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Ri,α −Rα =
Ai,R0,α +R−i,α
Bi + L−i,α − δ

≥ Ai(Rα − δ) + i(Rα − δ)
Bi + L−i,α + δ

= −δAi +Rα + 1

Bi + Lα + δ

Ri,α −Rα ≥ −δ
Ai + Lα + 1

Bi + Lα + δ
. (3.16)

From (3.15) and (3.16), we get

|Ri,α −Rα| ≤ δ < ε (3.17)

From (3.14) and (3.17), we have

|Ln,α −Rα| < ε

|Rn,α −Rα| < ε α ∈ (0, 1], n = 0, 1, . . . ,
(3.18)

Hence D(xn, x) < ε, n ≥ 0.

This completes the proof of the theorem.
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