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Abstract

In this paper, we study the boundedness and asymptotic behavior of fuzzy nonlinear
difference equation of the form
k

" Aizp + Ty
ntl = E —
i Bivn

where A;, B; i € {0,1,---,k}, are the positive fuzzy numbers, p;, i € {0,1,--- ,k} are
positive constants and z;, i € {0,—1,--- ,—k,—k + 1} are positive fuzzy numbers.

Keywords: Fuzzy Difference Equations, Nonlinear, Boundedness, Fuzzy number, a-cuts

1 Introduction

Fuzzy difference equation is a difference equation where constants and the initial val-
ues are fuzzy numbers and its solutions are sequence of fuzzy numbers. Fuzzy difference
equations are important for studying and solving large proportions of problems in many
topics in applied mathematics and it have been appeared in the field of physics, geography,
medicine, biology etc. Fuzzy environment in parameters, variables and initial conditions to
overcome imprecision or uncertainties in place of exact ones, by changing general difference
equations into fuzzy difference equations.

In recent years, the study of existence and uniqueness of solutions and stability solution
of the fractional difference equation are of great interest [1], [2], [3]. Also, the study of fuzzy

difference equations have been gaining interest for many years.
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The boundedness and asymptotic behavior of fuzzy difference equations have been stud-

ied in [6] - [10], [11] and [13].

In this paper, the boundedness and asymptotic behavior of fuzzy nonlinear differ-
ence equation has been studied. It has the form,
k

Ay + xp—;
by = 3 Aitn (1)

where A;, B; are the positive fuzzy numbers, i € {0,1,--- ,k}, p;,i € {0,1,--- ,k} are
positive constants and z;,7 € {0, —1,--- , —k, —k + 1} are positive fuzzy numbers.
Let A be the set, A be the closure of A. If the following conditions are hold, then

A:RT = (0,1] is a fuzzy number.
(i) A is normal,
(ii) A is convex fuzzy set,
(iii) A is upper semi-continuous,
(iv) The support of A, supp A = Use(0,1] = {z : A(z) > 0} is compact.

In section 2, we obtain the existence and boundedness solutions of fuzzy difference

equations. In section 3, we present the stability solutions of fuzzy difference equations.

Lemma 1.1. Let f be continuous function from RT xRt x.. +RT into RT and Ay, A1, ..., Ay

be fuzzy numbers. Then

[f(A(), Al, .. ,Ak)]a = f([Ao]a, f[Al]a, o ,f[Ak]a), o € (0, 1].

2 Solutions of Existence and Boundedness

In this section, we obtain the existence and boundedness solutions of fuzzy difference

equation of (1.1).

Theorem 2.1.  Consider the equation (1.1) where A;, B; are positive fuzzy numbers,
then for any positive fuzzy number  xo,T_1, - ,T_, T_gr1 there exists a unique positive

solution x,, of (1.1) with initial conditions xo, 1, , T, T ki1

Proof. Let (x,) be the sequence of fuzzy numbers satisfying (1.1) with the initial condition

X, T—1," " ,T_k,T_g+1. Let us take the o cuts, o € (0, 1], then

[xn]a = [Ln,aan,a]a [A]a = [Al,om Ar,a]» [B]a = [Bl,om Br,a]- (21)
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It follows we get,
[2i]a = [Li,a,Ri,a], a € (0,1]
[Aila = [Aiar Riral,
[B’i]a = [Bi,l,om Ri,r,a], 1€ {O, 1,..., k‘}

From (1.1), (2.1) and lemma 1.1, we get
[xn-i-l]oc = [Ln—&-l,a, Rn-i—l,a]
i=0

k
[Ai]a[xn}a + [xn—i]oa
[Bila [ﬁzf_i]a
[Ai,l,a] [Ln,om Rn,a] + [Ln—i,om Rn—i,a]
[Bi,l,a] [Lpz Rpi

n—i,a’ n—i,oc]

k
Aixn + Tn—i
Bi.fL'pi :|a

n—i

~
I
o

Il

~
I
o

[Ai,l,oan,om Ai,l,aRn,a] + [Lnfi,ou Rnfi,a]

[Bi,l, alpha] [L}:Li—z‘,a’ Rzi—i,a]

Ai,l,aLn,a + Lnfi,a Ai,l,aRn,a + Rnfi,a

I
.

(]~
o

S|

[Ln—f—l,ou Rn+1,a] ==

1=0 Bivl7aRfli—1;,Oé ’ Bi7l7aRfli—i,Oé
" Aijjolna+L
il ) _‘7
Luin =y Aitalna t ncie
=0 ialva TL*’L’,CM
Eoa o p " (2.2)
iLaltna + Bn—ia
R +17 — (1 i - )
" “ ; Bl’l7aR€L*’L,a
From preposition 1 in [10], A;q, Bi 1« are left continuous.
That is enough to prove that supp of z,, that is Uae(o,1 [Ln,aRn ] is bounded.
" ApaLoa+ L
LLa _ Z l,a0,a —1,«
i—0 Br,a + Rfl,a
B (2.3)
Rl,a _ Z Ar,aRO,a + Rfl,oz
i—0 Bl,oe + Lfl,a
There exists positive constants My, > 0, N, >0, M; >0, N; >0, M_; > 0,
N_; > 0,My > 0, Ny > 0 such that for all a € (0, 1]
[Ai ) Airal C Uae1)[Aila Airal C ML, Ni]
[Bi,l,cw Bi,r,a] - UaE(O,l] [Bi,l,cw Bi,r,a] - [ij N]] (2 4)

[L 1,0y R—i.a] CUaeo[L—t,as R—ia] C[M_i, N_j]

[Lo,as Ro.a)] C Uae(o,1[Lo,a, Ro,a] C [Mo, No|
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From (2.2) and (2.3), we get

MpMy+ M_; NpNo+ N—i]

Uae(O,I] [LO,OM RO,a] - [ NjN,i ) MjM,Z'

From this equation Uae(0,1][Lo,a, Fo,o) is compact. Proceeding this, we can prove that

Uae(0,1] (Lo, Rn,q] is compact. 0

Theorem 2.2.  Consider fuzzy difference equation of (1.1), where A;, By, i € {0,1,--- /k}
and z;, 1€ {0,—1,--- —k,—k + 1} are positive fuzzy numbers, if for every o € (0,1],
pi-Px; < 1 then every solution of (1.1) is bounded and persists.

Proof. 1f x,, is the unique positive solution of (1.1) with initial values g, z_1,...,2_§, T k41

such that [x,]o = [Ln, Rn]a holds, we consider the system,

S o MpSy + Sn—i
n+l — stzil ) .
T Njngi
Let (Sp,Ty) be a solution of (1.1) with initial condition
Si=M;, Ti=Ni, i=0,-1,...,—k —k+1. (2.6)
From (2.1), (2.3), (2.4) and (2.5), we have
M Sy + S_;
So=—"——<1L
0 N]SEZZ > Lo .
Ry, < NeTot+Tmi o 20
l,aa > MJTBZ — 41
where Ny, My, Mj, N; are defined in (2.1). From (2.1), (2.3), (2.5) and (2.6), we have
MpH + Hy_;
Sy = Lﬂ“ < Log,
N;H7" . '
I 11— (28)
R, < NLEy + Ey_; T
20 < ———pr—— = 12.
¢ MjEf—i
Inductively we can prove that,
Hy<Lna, Roa<E, n=12,... (2.9)
and preposition 2 of [10], we get
k
M;+h
Uae(0,1][L0,as Ro,a) C [z;( ZNZ hP:, h)] (2.10)
1=
where h = maz{1,~, C;}, C; = max{R;,o,cx € (0,1]} i=0,1,---—k,—k+ 1.
Similarly if A;, i =0,...,k are positive real numbers.
1 k
UocE(D,l] [LO,OH RO,OL] C |:w7 6’ Z; AZ:| ’ (211)
1=
where w = min{L; o, wherei =0,1,---—k,—k+1} From (2.10) and (2.11), every positive

solution of (1.1) is bounded and presists. O
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3 Stability solutions of fuzzy difference equations

In this section, we study the asymptotic stability of equilibrium point and obtain the

stability solutions of fuzzy difference equation of (1.1).

Theorem 3.1. Consider the system of difference equations

k
Ciyn + Yn—i
Yn+1 = Z 7Fizpz
=0 n—1
B (3.1)
Eizn + 2Zn—i
1= ) T
where C;, Dy, E;, F; are positive real numbers and the initial values y;, z; 1 =0,1,...,—k, —k+

1 are positive real numbers. Then the following statements are true.

(i) For any uy > C; +i—F; andugs = E; +i—D; 1 =0,1,...,n then (3.1) has no
solution that is eventually in [u, 00) X [ug,00) that is, eventually positive.

(ii) For any l; < C;+1i— F; and ly < E; +1i — D; the conditions C; +i > F;, E; +1i > D;
hold then (2.11)) has no solution that is eventually in [0,11] x [0, 2].

Proof. Assume that there exists a solution (yn, z,)5>_; of (2.11) such that
Yn Su2, zp <uy, n>N (32)

for some u; > C; +1— F; and uo > E; +1 — D;
Let N =0, then (3.2) becomes,

k
Ciyn + Yn—i G 1
Yn+1 = ; -Fiuli = -quzljz Yn + Eullh Yn—i
E g . X (3.3)
. iZn + Zn—i L .
Zpn+1 = iz:; Diu; = DiuQi Zn + Diu2i Zr—i-
Using the results of difference inequalities in [5], then (3.3) becomes,
Yn < Gny 2n < by, Yo = ao,
Z0 =bo, Yy—1 =a-1, z—1 = b,
where (a,,) and (by,) satisfy
C; N 1
apt1 = -q, (g
n+1 Flugl)z n quglol n—1i
c, 1 (3.4)
bpt1 = -b by —i
n+1 qugz n + -qugl n—1i
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and the characteristic equations of this linear homogeneous equations are

Fiuli Fiuli ’
o b Ei _y

B Djuy’ B Djugy’
Then
lim a, =0, lim b,=0
n-c0 n—sc0
for every solutions of (3.3).
Hence lim,, oo ¥ =0, lim, s 2, = 0.
which is contradiction to (3.2).

Assume that there exists a solution (yn, zn)5>_; of (3.1) such that
Yn > lo, 2zp>11, n>N

for some |1 < C;+i1— F; and Iy < E; +1 — D;.

Let N =0, then (3.2) becomes,
k

Ciyn + Yn—i Cz 1
" ; F® Fe" T R
k
FEizn + 2p—i E; 1
Zn+1 = - = ~ 20 + ~ Zn—i-
”* go D;ly DIy Dy

Using the results of difference inequalities in [5], then (3.3) becomes
Yn = Cny 2n = dp, Yo = Co,
20=dy, y-1=c-1, 2.1 =d_1

where (a,,) and (by,) satisfy

c = ic + =5 Cn—i
n+l — F"Ll% n Fll% n—1;
Ci 1

dnt1 = —5-dp + =5-dp—;
n+1 Elgz n + legl n—1;

and the characteristic equations of this linear homogeneous equations are
Ci Ci

B Fiuli B Fiuli
E; E;

B Diu2i B Diu2i

)\2

=0,

22 =0.

Then

lim ¢, =00, lim d, =0
n—o0 n—o0

for every solutions of (3.3).
Hence lim,, oo ¥ = 00 limy, o0 2, = 00.

which is contradiction to (3.2).

33

(3.6)

(3.7)
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Remark 3.2. If the conditions C; +1 > F;, FE; +1 > D; hold, then
(i) The equilibrium (0,0) is asymptotically stable.
(ii) Then (3.1) has a unique equilibrium (C; + i — F;, E; + 1 — D;).

If the equation (2.1) hold, there exists the unique equilibrium Z of (1.1), then we have,

k
L. — Z Ai,l,aLa + La
“ . Bz ra + Ra ’
=0 o
k
Ai T aLa + La
R — 9l
“ Z Bi,l,a + Ra

~
Il
o

Then it follows, we get

k
La = Z Ai,l,a +i— Bi,r,ou
=0

k
Ra = Z Ai,r,a +i— Bi,l,a-
=0

Let = be positive equilibrium point if and only if A; , = A, and B; o = B, o, where A and

B are positive fuzzy numbers. Therefore

Lo=R,=A+i-B (3.8)

Theorem 3.3. Let us consider the equation (1.1), and the condition B < A+1i, i =
0,1,...,k hold, then the unique equilibrium T of (1.1) is stable, where A and B are positive

fuzzy numbers.

Proof. Assume that T is a positive equilibrium of equation (1.1) and € be a positive real

number such that

D(z ;%) <6 <ei=0,....k (3.9)
From (3.9) we get

‘L—i,a - La’ S 6;
(3.10)

|R—i7oc_Ra’S5; izovla"‘7k7 046(0,1]

Lo = (Ai,l,a +1i— Bi,r,a)

(3.11)

<.
> |l M?r
(e}

oy
8
|

(Ai,r,a +i— Bi,l,a)

ﬁ
Il
o
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From (2.2), (3.9) and (3.10), we have

AiLO,a + Lfi,a
S
< Ailla +0) +i(La +90)
- Bi+R_;jo—6
(La =+ 5)(14@ + 1) - La(Bi + Rfi,a)
Bi+R_jon—9

(La +5)(Az +1)— La(Bi +A;+i—B; — (5)
Bi+R_jo—9
- (Lo +90)(A; +1) — Lo(A; + 1) — Lod
Bi+R_jo—9
B 5Ai + Lo+1
Bi+Ry,—9

Airga+L_in
Lio = La = Bi+R_;o—9
S Ai(Lo —0) +i(La — 9)
- Bi+R_jo+96
. A+ Ly +1
"~ Bi+Ra+96
A+ Ly +1

Lig— Ly > 07—
ne “~ "Bi+Ry+6

(3.12)

(3.13)

From (3.11) and (3.12), we get
|Lio — Lol <0 <e. (3.14)

From (2.2), (3.9) and (3.10), we have

AiLo,a + R_i,a
R A
 Ai(Ro +0) + i(Ro +9)
- Bi+L_;o—9
(Ra + 6)(A; + 1) — Ra(B; + R_; )
B, + L—i,a -4

 (Ra +0)(A; +1) — Ra(Bi + Ai +i — Bi —5)
BiTLLfi,a*&
 (Ra 4 8)(Ai + 1) — Ra(Ai +1) — Rad
Bi"‘L—i,a_(S
_5Ai+Ra+1
Bi+Ly—6

That is,
A;j+ Ry + 1
Liog— Lo <96 it Hat

—_— 3.15
) o — Bz+La—6 ( )
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Ai,Ro,a + R—i,oc
Ri,a — Ry = B; + Lfi,a _5
Ai(Ra B 5) + i(Ra - 6)
- Bi+L_jo+96
T "B+ Lo+90
Ai + La + 1
B ey )

From (3.15) and (3.16), we get
|Rin — Ro| <6 <e
From (3.14) and (3.17), we have

|Lpa — Ra| <€
|Rn,0¢_Ro¢|<5 046(0,1], n:0,1,...,

Hence D(z,,T) <€, n>0.

This completes the proof of the theorem.
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