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Abstract

In this paper, a link between general topological space and soft topological space is identi-
fied using the parameterized family of topologies induced by the soft topology. The concept of
quasi soft set is introduced to characterize certain soft topological concepts using the parame-

terized family of topologies induced by the soft topology.

KEYWORDS: Soft sets, Soft topology, Soft T;, Soft regular, Soft normal.

1 Introduction

Molodstov[8] originate soft sets for dealing with uncertainities in many practical problems in
science and Engineering. Maji et.al. [7],[6] studied the theoretical concepts of soft sets and
applied it in decision making problems. Ali et.al. [1] presented algebraic operations for soft
sets. Shabir et.al.[9] studied soft topological spaces. He established the concept of parameter-
ized family of topologies induced by the soft topology. Soft topological spaces are also studied
in [2, 4, 10, 11, 13, 14, 15]. The mappings in soft topological spaces were studied in [5] and it
is applied in Medical expert system. Soft continuous maps were studied in [14]. The concepts of
soft connectedness and soft Hausdroff spaces have been studied in [10]. The aim of this paper is
to characterize some soft topological concepts using the analogous concepts of the parameterized

family of topologies induced by the soft topology. The basic concepts of soft sets and soft topology
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are given in section 2. In section 3, the soft concepts, like soft interior, soft closure, soft continuity
and soft separation axioms are characterized by using the analogous concepts in the parameterized

family of topologies induced by the soft topology.

2 Preliminaries

Throughtout this paper X,Y are universal sets and F,/K are parameter spaces.
Definition 2.1. ([8]) A pair (F, E) is called a soft set over X where F' : E — 2% is a function.

S(X, E) denotes the collection of all soft sets over X with parameter space £/. We denote
(F, E) by F in which case we write F' = {(e, F/(¢)) : e € E}. In some occasions, we use F'(¢) for
F(e).

The following terms are defined in [7], For any two soft sets F* and G in S(X,E), F is a
soft subset of G (in brief FF C G) if F(¢) C G(e) forall e € E and F and G are soft equal if
and only if F(e) = G(e) foralle € E. Thatis F = G if F C G and G C F. The soft null
and soft absolute sets are defined as ® = {(e,¢) : ¢ € E} = {(e,®(¢)) : ¢ € E} = (®, E).
X ={(e,X):e€ E}={(e,X(e)) : e € E} = (X, E). The union of two soft sets " and G
is FUG = (FUG, E) where (FUG)(e) = F(e) UG(e) for all ¢ € E and the intersection
of two soft sets F and G is F NG = (F N G, E) where (F N G)(e) = F(e) N G(e) for all
e € E.If {F, : « € A} is a collection of soft sets in S(X, E) then the arbitrary union and the
arbitrary intersection of soft sets are defined as [ J{F, : & € A} = (U{F. : @ € A}, E) and
MN{F. :a e A} = ({Fa: a € A}, E) where (J{F. : @ € A})(e) = U{Fale) : a € A}
and (({F. : « € A})(e) = {Fu(e) : « € A}, forall e € E. The complement of a soft set
F is denoted by (F) = (F’, E) (relative complement in the sense of Ifran Ali.et.al([1]) where
F': E — 2% is a mapping given by F’(¢) = X — F(e) forall e € E.

It is noteworthy to see that with respect to above complement De Morgan’s laws hold for soft

sets as stated below.

Lemma 2.2. ([14]) Let I be an arbitrary index set and {ﬁ’z ci €1} CS(X,E). Then
(U{E; i eI} =n{(F) :icl}and (N{F,:ieI}) =U{(F) :iecl}

Definition 2.3. ([9]) Let T be a collection of soft subset of X. Then 7 is said to be a soft topology
on X with parameter space E if

(i)®,X €7, (ii) 7 is closed under arbitrary union, and (iii) 7 is closed under finite intersection.
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If 7 is a soft topology on X with a parameter space F then the triplet (X, £/, 7) is called a soft
topological space over X with parameter space E. Identifying (X, E) with X, ()? ,T) is a soft

topological space. The soft open sets and soft closed sets are defined in a usual way.

Lemma 2.4. ([9]) Let (X, E, 7) be a soft space over X. Then the collection 7, = {F(e) : F € 7}
is a topology on X for eache € E.

It is clear that a soft topology on X gives a parameterized collection of topologies on X but

the converse is not true.

Definition 2.5. ([5]) Let X and Y be any two universal sets. The functions p : E — K and
g : X — Y induce the function (g,p) : S(X, E) — S(Y, K) defined as below:
For each F in S(X, E) the image (g, p)(F) is defined as,

U{g(F(e)):eep(k)},  if p'(k)#¢

otherwise.

(9,p
Let G € S(Y,K ) Then the inverse image of G under the soft function (g,p) is the soft set over X
denoted by (g,p) " (G), where (g,p) " (G)(e) = g7 (G(p(e))) forall e € E.

Definition 2.6. ([15]) (g, p) is soft continuous from (X, E,T) to (Y, K, 7) if(g,p)_l(é) € T for

every Gea.

Definition 2.7. [14] A soft set [ is called a soft point if for the element e € F, F (e) # ¢ and
F(¢) = ¢foralle € E — {e}

Definition 2.8. Let (X, E,T) be a soft topological space over X. Then (X, E,T) is said to be

1. soft T,-space [9] x,y € X such that x # y. If there exist soft open sets F and G such that
zeFandy¢ ForyeGandz ¢ G.

2. soft Ty-space [9] x,y € X such that x # y. If there exist soft open sets F and G such that
ve€Fandy ¢ Fandy € Gandx ¢ G.

3. soft Ty-space [9] x,y € X such that x # y. If there exist soft open sets F and G such that
xeﬁ,yeéandﬁﬂé:&l
4. soft regular-space [9] G bea soft closed set in X and x € X such that x ¢ G. If there exist

soft open sets ﬁl and ﬁg such that x € ﬁl, G C ﬁQ and ﬁl N ﬁg _

5. soft normal-space[9] Fand G soft closed sets over X such that FNG = . If there exist
soft open sets ﬁl and ﬁg such that I - ﬁl, G - ﬁg and ﬁl N E — 0.
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3 Characterizations

3.1 Soft interior operator

In this section, soft open and the soft interior operator are characterized by using the

parameterized family of topologies induced by the soft topology.

Proposition 3.1. Let (X, 7, E) be a soft topological space over X. Let F € S(X,E) and ¢ € E.
If F is soft open in (X, 7, E) then F(e) is open in (X,7.). Conversely if G is open in (X, 7.) then
G = F(e) is soft open in (X, 7, E) for some soft open set F in (X, 7, E).

Proof.  Suppose F € 7. Then by using Lemma 2.4, F (e) € T.. Conversely suppose G € 7.
Again by using same Lemma 2.4, G = ﬁ(e) for some F € 7. 0
Proposition 3.2. Let (X, 7, E) be a soft topological space. Let ' € S(X, E). Then (3intF)(e) C

int(F(e))in (X,7.) for every e € E.

Proof. By using definition of the soft interior operator we have,

(5intF) =\J{H : H C F,H € 7}. Thatis (5intF)(e) = \J{H(e) : HC F,H € 7}.

Also int(F(e)) = J{G : G C F(e),G € 7.}. HC F, H € 7. That implies H(¢) C F(e),

H(e) € 7.. Thatis H(e) C int(F(e)). Therefore (SintF)(e) C int(F(e)) in (X,7.) for every
ec k. O

The inclusion in Proposition 3.2 may be proper as shown in the following examples.

Example 3.3. Let X = {z,y,2}, E = {eq, 5,3} and 7 = {®, X, Fy, Fy, F3, F,} where
Fy = {(ex, {2}, (e2, {u}), (e, X)}

Fy = {(er, {y}), (2, {w}), (e5. X)}

Fy = {(er, {z,9}), (2, {2, y}), (e3, X)}

Fy={(e1,0). (e2,), (e3, X))

Then T defines the soft topology on X.

Let F = {(e1,{z,2}), (ea, {z,y}), (es, {})}

Then SintF = @
(SintF)(ey) = ¢y (SintF)(ey) = ¢ (SintF)(es) = ¢.
Now

Teo = {X, 0, {2}, {y} {z, y}}

Te, = {X, 0, {z}. {y}. {z. y}}
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Tey = {X, 0}

Fler) = {z,2}; Flez) = {x,y}; Fles) = {2}

Then int(F(e1)) = {x}; int(F(e)) = {z,y}; int(F(es)) = ¢.

It follows that (3intF)(e;) C int(F(e1)), (3intF)(e2) C int(F(es)),
(SintF)(es) = int(F(e3)).

Example 34. Let X = {x,y,z}, F = {ej,eq,e3} and 7 = {CT), )?, E, ]*NE, ﬁg} where
Fy = {(ex, {a}), (e2, {y}), (e, X)}

Fy = {(e1, {y}), (e2,{x}), (3, )}

Fy = {(ex, {2, 4}), (e2, {z,y}), (e3, X)}

Then T defines the soft topology on X.

Let F ={(ex,{x,2}), (€2, {, 2}), (es, X)}

Then SintF = {(e1,{z}), (e2,{y}), (e5, X)}

(SintF)(e)) = {z}; GintF)(es) = {y}; GintF)(es) = X.

Now

T = {X, 0. {z} {y} {z. y}}

Te, = {X, 0, {z}, {y} {z,y}}

Tey = {X, 0}

Fley) = {x, 2} Fled) ={y,z}; Fles) =X

Then int(F(ey)) = {z}; int(F(es)) = {y}; int(F(es)) = X.

It follows that (3intF)(e;) = int(F(e1)), (3intF)(e2) = int(F(es)),
(5intF)(e3) = int(F(es)).

Our aim is to find a suitable condition on 7 to get the equality in Proposition 3.2. For this

we need the following definition.

Definition 3.5. Let A C X and e € E. The soft set Ave is called a quasi soft set if

~ A ) =
() = if a=e

0] otherwise
Then every soft point is a quasi soft set. The converse is not true.

Let QS(7.) = {G. : G € 7.} forevery e € E.

Proposition 3.6. Let (X, 7, E) be a soft topological space with the condition:QS(T.) C T for
every e € E. Then (5intF)(e) = int(F(e)) in (X, 7.).
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Proof. By Proposition 3.2, we have (SintF)(e) C int(F(e)) in (X, 7.). Now we have to prove
the reverse inclusion.

int(F(e)) =U{G: G C F(e),G €T}

Let G € 7., G C F(e). Since QS(7.) C 7, G = G.(e) C F(e). Thatimplies G C F, G € 7. That
is G C (3intF). Therefore int(F(e)) C (3intF)(e). This proves

(SintF)(e) = int(F(e)) in (X, 7). O

Hussain and Ahmad [11] discussed the following properties of soft interior operators in
soft topological spaces. In this section, we characterize these properties of soft interior operator
by using the analogous concepts in the parameterized family of topologies induced by the soft

topology with the condition that 7 always contains QS(7.).

Proposition 3.7. Let (X, T, E) be a soft topological space over X. Let Fand G € S (X, E).
Then

(i) Sint® = ® and 5intX = X
(ii) 3intF C F

(iii) Sint(3int(F)) = SintF

(iv) F C G = 3intF C 5intG
(v) SintF N 3intG = 3int(F N G)

(vi) ZintF UsintG C Sint(F U G)
Proof. Let ® be the soft null set. Then [3int®](e) = int(®(e)) = (P(e)) = (®)(e) by using
Proposition 3.6. Therefore Sint® = ®.
Also let X be the soft absolute set. Then [SintX](e) = int(X(e)) = (X(e)) = (X)(e) by using
Proposition 3.6. Therefore SintX = X. This proves (i).

Let F' € S(X, E). Then [3intF)(e) = int(F(e)) by using Proposition 3.6. Since int(F(e)) C
(F(e)), we have [SintF](e) C (F(e)) = (F)(e). Therefore SintF C F. This proves (ii).

Let F' € S(X, E). Then (Sint (3int (F))) (¢) = int [(Sint (F))(e)] by using Proposition 3.6.
Again by using the same proposition we have, (3int(Sint(F)))(e) = int int (F(e)). That is
equal to int (F(e)). That implies (Sint(Sint(F)))(e) = (Sint F)(e) for all ¢ € E by using

Proposition 3.6. Therefore Sint(3int(F)) = sintF. This proves (iii).
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Let F and G € S(X,E). Then F C G. That implies F(e) C G(e) for every e. That is
int F(e) Cint G(e). That implies [sint ﬁ](e) C [sint é](e) by using Proposition 3.6.

That is 3int F C 3int G. This proves (iv).

Let F and G € S(X, E). Then (3int(F N G))(e) = int[(F N G)(e)] by using Proposition 3.6.
That is equal to int(F(e) N G(e)) = int F(e)Nint G(e). Again by using Proposition 3.6 we have,
int F(e) Nint G(e) = (Sint F)(e) N (Sint G)(e) for all ¢ € E . Therefore SintF N 3intG =
Zint(F N G). This proves (v).

Let F and G € S(X, E). Then (3int(F U G))(e) = int[(F U G)(e)] by using Proposition 3.6.
That is int(F(e) UG(e)) D int F(e) Uint G(e). That s equal to (Sint F')(e) U (Sint G)(e) for all
e € E by using Proposition 3.6. Therefore we have SintF U 3intG D Sint(F N G). This proves
(vi). [

4 Soft closure operator

In this section, soft closed and the soft closure operator are characterized by using the

parameterized family of topologies induced by the soft topology.

Proposition 4.1. Let (X, 7, E) be a soft topological space over X. Let F € S(X, E) and e € E.
If F is soft closed in (X, 7, E) then F(e) is closed in (X,7.). Conversely if G is closed in (X,7.)
then G = F(e) is soft closed in (X, 7, E) for some soft closed set F in (X, 7, E).

Proof. Suppose F is soft closed. Then (F) is soft open. Then by using Lemma 2.4, (F)'(¢)
is open in (X,7.). Thatis X — F(e) is open in (X,7,). That is F(e) is closed in (X,7,) for all
ec k.

Conversely suppose G is closed in (X, 7). Then G’ is open in (X, 7.). Again by using same
Lemma 2.4, G’ = (F)'(e) for some F € 7. Thatis G = F(e) is soft closed in (X, 7, E) for some
soft closed set F' in (X, 7, E). O

Proposition 4.2. Let (X, 7, E) be a soft topological space. Let F € S(X, E). Then (5clF)(e) D

cl(F(e))in (X,T.) for every e € E.

Proof. By using definition of the soft closure operator we have,

(3clF)=(N{H:H D F,(H)Y €7}. Thatis (3¢IF)(e) = {H(e) : H D F,(H) € 7}.

Also cl(F(e)) = ({G : G D F(e),G' € 7.}. H D F, (H) € 7. That implies H(e) D F(e),
(H)(e) € 7.. Thatis H(e) 2 cl(F(e)). Therefore (3cIF)(e) D cl(F(e)) in (X,7.) for every
ec k. ]
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The inclusion in Proposition 4.2 may be proper as shown in the next examples.

Example 4.3. Ler (X, 7, E) be a soft topological space as in Example 3.3.

Let F = {(e1,{z,2}), (es, {z,y}), (e, {})}

Then 3clF = X
(SclF)(e1) = X; (SclF)(es) = X; (SclF)(es) = X.
Now

The closed sets of 7., = { X, ¢,{y, 2}, {z, z},{z}}

The closed sets of 7., = { X, ¢,{y, z}, {z, z},{z}}

The closed sets of 7., = { X, ¢}

Fle) = {x,2}; Flea) = {a,y}; Fles) = {2}

Then cl(F(e1)) = {,2}; cl(F(es)) = X; cl(F(es)) = X.

It follows that (3clF)(e1) 2 cl(F(e1)), (3clF)(e3) = cl(F(e2)),
(3clF)(es) = cl(F(es)).

Example 4.4. Ler (X, 7, E) be a soft topological space as in Example 3.4.
Let F ={(er, {z,2}), (es, {y, 2}), (€3, X)}

Then 5clF = {(e1,{z,2}), (e2, {y, 2}), (e3, X)}

(SclF)(er) = {x, z}; (SclF)(es) = {y, z}; (3clF)(e3) = X.
Now

The closed sets of 7., = { X, ¢,{y, 2}, {z, z},{z}}

The closed sets of 7., = { X, ¢,{y, 2}, {z, z},{z}}

The closed sets of 7., = { X, ¢}

Fle) = {w,z}; Flea) = {y. 2} Fles) = X

Then cl(F(e1)) = {z,2}; c(F(es)) = {y,z}; cl(F(es)) = X.
It follows that (3c¢lF)(e1) = cl(F(e1)), (3c¢lF)(e3) = cl(F(es)),
(SclF)(e5) = cl(F(es)).

Proposition 4.5. Let (X, 7, E) be a soft topological space with the condition:QS(T,) C T for
every e € E. Then (5clF)(e) = cl(F(e)).

Proof. By Proposition 4.2, we have (3¢IF)(¢) D cl(F(e)) in (X, 7.). Now we have to prove the
reverse inclusion.

d(F(e)) =M{G: G2 F(e),G €7}

LetG D ﬁ(e) and G be closed in 7.. Then G = X — A where A € T..
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G=X-AA €7 Ale) = A
Ac €7, X = Aue) = (A)(e).
Define G = (A,)'.

G(a) = X — A ()

X-—A fora=e fora=e

G
X —0¢ otherwise. X otherwise
O F(«) for every aand G(e) = G D Fle).
Then G 2 F and G is soft closed in (X, 7, E).
Since (3 is soft closed. G D 3cl(F). That is G(e) D 3cl(F)(e). Since this is true for every soft
closed set G D F(e), cl(F(e)) 2 (3clF)(e). This proves (SclF)(e) = cl(F(e)). O

Muhammad Shabir and Munazza Naz [9] discussed the following properties of soft closure
operators in soft topological spaces. In this section, we characterize the properties of soft closure
operator by using the analogous concepts in the parameterized family of topologies induced by the

soft topology with the condition that 7 always contains Q.S (7).

Proposition 4.6. Let (X, 7, E) be a soft topological space over X. Let Fand G € S(X,E).
Then

(i) 5cl® = ® and 5c1X = X
(ii) F C 3clF
(iii) 3cl(Scl(F)) = 3clF

(iv) F C G = 5clF - 3cG
(v) 3clF N35cG 2 3cl(FNG)
(vi) 3clF U3clG = gcl(ﬁ U é)

Proof. Let ® be soft null set. Then [5cl®](e) = cl(®(e)) = (D(e)) = (®)(e) by using Proposi-
tion 4.5. Therefore 3cl® = ®. Also let X be soft absolute set. Then by using Proposition 4.5 we
have, [SclX](e) = cl(X(e)) = (X(e)) = (X)(e). Therefore 5¢IX = X. This proves (i).

Let F € S(X,E). Then [$clF](e) = cl(F(e)) by using Proposition 4.5. Since ¢l(F(e)) D
(F(e)), we have [ScLF](e) D (F(e)) = (F)(e). Therefore SclF' D F'. This proves (ii).
Let F € S(X, E). Then (5cl(3cl(F)))(e
(

using the same proposition we have, (scl(scl

— ¢l [(Scl(F))(e)] by using Proposition 4.5. Again

)
(F)(e) = e (el (F)(e))
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= cl cl (F(e)) = cl (F(e)). That is (3cl(Scl(F)))(e) = (3¢l F)(e) for all e € E by using
Proposition 4.5. Therefore 5cl(Scl(F)) = 3clF. This proves (iii).

Let F and G € S(X, E). Then F C G that implies F(e) C G(e) for every e. That is
cl F(e) C cl G(e). That implies [3cl F](e) C [3cl G](e) by using Proposition 4.5. That is
Scl F C scl G. This proves (iv).

Let Fand G € S(X,E). Then (3¢l (FNG@)) (¢) = ¢l [(FNG)(e)] by using Proposition 4.5.
That is equal to cl(F(e) N G(e)) D ¢l F(e) N el G(e) = (5cl F)(e) N (3¢l G)(e) forall e € E by
using Proposition 4.5. Therefore FintF N 5intG D fs*mt(ﬁ N CNJ) This proves (v).

Let Fand G € S(X,E). Then (3cl (FUQ)) (¢) = ¢l [(FUG)(e)] by using Proposition 4.5.
That is equal to cl(F(e) U G(e)) = cl F(e) Ucl G(e) = (5cl F)(e) U (3¢l G)(e) forall e € E by
using Proposition 4.5. Therefore 5clF U5elG = 3el (ﬁ N é) This proves (vi). [

5 Soft continuity

Zorlutuna, Akdag, Min and Atmaca [14] studied about soft continuous functions in soft topological
spaces. In this section, we characterize this using the analogous concepts in the parameterized
family of topologies induced by the soft topology.

The standard soft topology in R: Let o denote the standard topology in R, the set of real numbers
and £ = {0} be the parameter space. Define 0 = {G:Ge o} where G(0) = G. It is easy to see
that o is a soft topology on R and (R, 7, {0}) is a soft topological space. & is called the standard
soft topology on R.

The next proposition shows that 7 is induced by 7.

Proposition 5.1. For a given parameter space E every topological space (X, T) induces a soft

topological space (X, T, E).

Proof.  Suppose (X, 7) is a topological space. Let O € 7. Let E be a parameter set. Define
O(e) = O for every ¢ € E. Then 7 = {6 : O € 7} is a soft topology over X. For (i)
¢ € T,CTD(e) = ¢ foreverye € Eand X € T, )?(e) — X forevery e € E. (ii) Let 01,05 € 7
then (01 N Os)(e) = Oy(e) N Os(e) = O, N Oy = 01/5/02(6). Therefore O, N O, € 7. (iii) Let
{O; € 7} be a family of soft sets in 7. Let O = {UO; : i € A}. O(e) = {UO;(e) : i € A} =
{UO; i e A} = Oforevery e € E. since O € 7,0 = {UO; : i € A} € 7. Therefore (X, 7, E)

is a soft topological space. [
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Proposition 5.2. If (g, p) is soft continuous from (X,7,FE) to (R,7,{0}) then g is continuous
from (X, 7.) to (R, o), where p(e) = 0 for all e.

Proof.  Suppose (g, p) is soft continuous from (X, 7, E) to (R,7,{0}). That is (g,p) *(G) is
soft open in (X, 7, E) for every soft open set G in (R, 5, {0}). By using Proposition 3.1, that
implies (¢,p)"(G)(e) is open in (X, 7.) for every e whenever G(p(e)) is open in (R, o). That
is g7L(G(p(e))) is open in (X,7.) for every e whenever G(p(e)) is open in (R, o) for every e.
That implies g~ (G(0)) is open in (X, 7.) for every e whenever G(0) is open in (R, o) for every .

Therefore g is continuous from (X, 7.) to (R, o) for every e. O
The following example shows that the converse of the above proposition is not true.

Example 5.3. Let X = R, E = {ej,es}and AC X. 7 = {CT),)N(,E, ﬁg} where I, and F, are
soft sets over X, defined as follows

Fi={(e1, A), (e2, X — A)}

Fy = {(e1, X — A), (ea, A)}. Then (X, 7, E) is a soft topological space over X. It can be easily
seen that

T, = {0, X, A, X — A}

Te, = {0, X, X — A, A}

Define g : X — R by

1 if vreA
g(x) =
0 if ¢ A

if 0eG,1ed

if0¢G1ed
let G be an open setin R. g 1(G) =

X

A

X—-A if 0eG,1¢G
\gb if 06G,1¢G
Therefore g is continuous from (X, 7.) to R.
Now (g,p)"H(G(e)) = 71 (G(p(e))) = g7 (G(0)) = g7(G)
Therefore, (g,p) " (G) = {(e1, X), (2, X)}

or {(e1, A), (e2, A)}

or{(e1, X — A),(e2, X — A)}

or {(617 ¢)7 (627 ¢)}

If we choose a soft open set G in R such that 0 € G ,1 ¢ G then
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(9.9)"H(G) = {(e1, (X — A)), (e, X — A)} is not soft open. Therefore (g,p)*(G) is not soft
open. Therefore (g, p) is not soft continuous.

Proposition 5.4. If (g,p) : S(X,E) — S(Y, K) is soft continuous from (X,7,FE) to (Y,0, K)
then g : X — Y is continuous from (X, 7.) to (Y, 0p)) forall e € E.

Proof.  Suppose (g, p) is soft continuous from (X, 7, F) to (Y, 7, K). Fix e € E. Let V be open
in (Y,0p()). Then V' = G(ple)) € Op(e) Where G € 5. Since (¢,p) "1 (G) is soft open in (X, 7, E)
then by using Proposition 3.1 we have, (g, p)"*(G))(e) is open in 7,. That implies g~(G(p(e)))
is open in 7,. That is g~ *(V/) is open in 7,. Therefore g is continuous from (X, 7.) to (Y, 7)) for

alle € E. O]

The next example shows that the converse of the above proposition is not true.

Example 5.5. Let X = {x), 29,23}, F = {e1,e2} and 7 = {5,55,?1,?2,?3,?4,?5} where
E, ﬁz, ﬁg, E, F; are soft sets over X, defined as follows

F = {(e1,{z2}), (e2,{z1})}

Fy = {(e1, {2, 73}), (€2, {x1,22})}

Fy = {(er, {1, 22}), (62755)}

Fy = {(ex, {z1, 22}), (€2, {21, 5})}

Fs = {(er, {a2}), (e2, {z1, 22})}

T defines a soft topology on X and hence (X, T, E) is a soft topological space over X. It can be
easily seen that

Ter = {0, X, {z2}, {w2, w3}, {21, 22} }

Tey = {0, X {z1}, {21, 22}, {21, w3} }

LetY ={y1,y2,ys}, K ={k1,ko} and o = {:13, Y, é} where

G = {(k1, {y1, 1}), (k2. {1, 1} }

Then (Y, 0, K) is a soft topological space. It can be easily seen that

0 =16, Y, {y1,v2}}

Ok, =10, Y, {y1, 92} }

Defineg: X — Y as

9(z1) = y1;9(x2) = y2; 9(x3) = y3. and p : E — K by

pler) = ki;p(ez) = ko. Therefore Gp(e,) = Oky; Opes) = Ok,

Then g : (X,Te,) = (Y,0per)) and g : (X,7e,) — (Y,0pe,)) are continuous because
9 (1. p2}) = {a1, 22} isopenin7., and.,. But (9.p)"(G) = {(e1, {z1, 22}), (e2, {21, 22})}
is not soft open in T. Therefore (g, p) is not soft continuous from (X, 7, E) to (Y, K, 7).
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6 Soft separation axioms

Muhammad Shabir and Munazza Naz [9] studied soft separation axioms. In this section, we
characterize soft separation axioms by using the analogous concepts in the parameterized family
of topologies induced by the soft topology.

Suppose (X, 7, E) is a soft topological space. Then {(X,7.) : e € E} is the parameterized
family of topological spaces induced by the soft topology 7. Let 75 be the soft topology generated

by U.cp Te that is generated by {F(¢): F € 7,e € EY}. This topology is finer than 7, for all e.

Proposition 6.1. Let (X, 7, E) be a soft topological space. If (X, T, E) is a soft Ty-space then
(X, 7E) is a Ty-space.

Proof. Let (X, 7, FE) is a soft Ty-space. Then by using Definition 2.8(i) we have, for z,y € X
with = # vy, there exists soft open sets F and G such that (x € F and y ¢ f) or (y € G and
z € G). Thatis (z € F(e) forall e and y ¢ F(e) for some ¢) or (y € G(e) forall e and = ¢ G(e)
for some ). Therefore there exist e1, e; in E with ((z € F(ey)) and (y ¢ F(e1))) or ((y € G(e2))
and (z ¢ G(es))). Since F(e;) and G(e) are open sets in 75, Then (X, 7) is a Ty-space. O

The converse of the above proposition is not true as proved in the following example.

Example 6.2. Let X = {x1, 29,23}, E = {e1,ex} and T = {&),)Z,I?l,ﬁg,ﬁg,ﬁ4,ﬁ5,ﬁ6,ﬁ7}
where ﬁl, ﬁg, fg, E, E, fﬁ, F: are soft sets over X, defined as follows
F = {(er. {z1}), (e2,0)}

Fz _{ €1, 9), (€2, {x2})}

e1,{x3}), (€2,9)}

1 {21}), (€2, {2})}

e1,{3}), (€2, {x2})}

€1, {r1,3}), (€2,0)}

157 = {(ex, {z1,23}), (€2, {z2})}

Then (X, 7, E) is a soft topological space over X. We have

Ter = {0, X, {mi} {ws}, {wr, 23} }

Tep = {0, X, {2}}

e = {¢, X, {z1}, {za}, {ws}, {w1, 22}, {w2, w3}, {21, 25}

Clearly (X, Tg) is a Ty-space, but (X, 7, E) is not a soft Ty-space.

| |
o

(
{(
{(
{(
{(

Proposition 6.3. Let (X, 7, E) be a soft topological space. If (X, T, E) is a soft Ti-space then
(X, 7g) is a Ty -space.
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Proof. Let (X, 7, E) is a soft T}-space. Then by using Definition 2.8(ii), we have for z,y € X
with = # y, there exists soft open sets F and G such that (z € F and y ¢ ﬁ) and (y € G and
z ¢ G). Thatis (z € F(e) forall eand y ¢ F(e) for some ¢) and (y € G(e) forall e and z ¢ G(e)
for some ). Therefore there exists ey, €5 in E with (z € F(e;) and y ¢ F(ey)) and (y € G(es)

and z ¢ G(es)). Since F(e1) and G(es) are open sets in 75, Then (X, 7) is a T} -space. O
The following example proves that the converse of the above proposition is not true.

Example 6.4. Let X = {x1,29, 23}, E = {e1,ex} and T = {&D,)?, Fy, By, ﬁg} where Fy, Fy, Fy
are soft sets over X, defined as follows

F = {(e1, {a1}), (e2, {zs})}

Fy = {(er, {22}). (e2, {n, 22})}

Fy = {(er, {1, 22}), (627)?)}

Then (X, 7, E) is a soft topological space over X. We have

Tey = {0, X, {x1}, {za}, {1, 22}}

Tey = {0, X, {ws}, {71, 22}}

75 = {0, X {z1} {wa} {ws} {1, w2}, {w2, w5}, {w1, 23} }

Clearly (X, Tg) is a T1-space, but (X, T, E) is not a soft T -space.

Proposition 6.5. Let (X, 7, E) be a soft topological space. If (X, T, E) is a soft Ty-space then

(X, T.) is a Ty-space for every e.

Proof. Let (X, T, F) is a soft Ty-space. Then by using Definition 2.8(iii), we have for z,y € X
with x # y, there exists soft open sets F and G such that 7 € F, Yy € Gand F NG = . That is
z € F(e),y € G(e) and F(e) N G(e) = ¢ forall e € E. Since F(e) and G(e) are open sets in 7,
then (X, 7.) is a T>-space. N

Proposition 6.6. Let (X, T, F) be a soft topological space. If (X, T, E) is soft regular then (X, T,)

is regular for every e.

Proof. Let (X, T, E) is soft regular. Then by using Definition 2.8(iv), we have for x € X, G is
soft closed in X with z # CN}’, there exists soft open sets ﬁl and ﬁg such that 7 € F 1 G - ﬁg and
F,NF,=®. Thatisz € F(e), Gle) C Fy(e) and Fy(e) N Fy(e) = ¢ forall e € E. Since Fy(e)

and Fy(e) are open sets in 7, then (X, 7.) is regular. O

The converses of the above 2 propositions are not true as shown in the following example.
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Example 6.7. Let X = {x1, 29,23}, E = {e1,ex} and 7 = {5,;(, Fy, Fy, Fy, Fy, Fs, ]?6} where
E, E, ﬁg, E, E,, fgg are soft sets over X, defined as follows

Fy = {(er, {a1}), (e2, {z2})}

A{w2}), (e, {ws})}

= {(ex

(
Fy = {(e1, {z1,22}), (€2, {2, 73})}

(€1, {w1, w3}), (€2, {w1, 2})}
ﬁ6 = {(e1, {z2, x3}), (€2, {z1, 23}) }
Then (X, T, E) is a soft topological space over X. We have
Ter = {0, X {mi} {wa}, {ws} {1, w2}, {wr, w5}, {wa, 25} )
Teo = {0, X w1} {ma}, {ws} {1, w2}, {w1, w5}, {w2, 23} }

For zi,x5in X, ﬁ’5, E; and X are the only soft open sets with | € ﬁ5, T3 € ﬁG, T1,x3 € X. Since
FsNFs = Fy =+ ®. Therefore (X, T, E) is not soft Ts. Now x| ¢ (ﬁ(j)/ — F\. Fy and X are the
only soft open sets with 1 € ﬁ5 and z; € X. Since ]55 NF =F #* . Therefore (X, T, E) is not
soft regular. Clearly (X, T,) is Ty and regular but (X, T, E) is not soft Ty and not soft regular.

Proposition 6.8. Ler (X, T, E) be a soft topological space. If (X, T, E) is soft normal then (X, T,)

is normal for every e.

Proof. Let (X, T, E) is soft normal. Then by using Definition 2.8(v), we have F and G are soft
closed sets over X with ' N G = ® there exists soft open sets U and V such that F - U , G C 1%
and U NV = . Thatis F(e) C U(e), G(e) C V(e) and U(e) N V(e) = ¢. Since F(e) and G(e)
are closed sets over X with F(e) N G(e) = ¢ and U(e) and V (e) are open sets in (X, 7,), then

(X, T.) is normal for every e € F. O

The next example shows that the converse of the above proposition is not true.

~ o~ ~— o~~~ ~ —~—

Example 6.9. Let X = {x1, 20,23}, F = {e1,eat and T = { ©, X, Fy, Fy, F3, Fy, F5, Fs} are
soft sets over X, defined as follows F; = {(e1, {z1, 22}), (2, X)},

Fy = {(e1, {1, 73}), (e2, X)},

Fy = {(e1, {21}), (e, X)},

Fy = (e1, {2, z3}), (627)?)}

Fs = {(e1,{w2}), (e2, X)}

Fo = {(en {aa}). (en X)} and



Tamsui Oxford Journal of Informational and Mathematical Sciences 32(2) (2018)
Aletheia University 25

Te, = {0, X, {a} {ma}, {ws} {2, ws} {21, w2}, {w1, w3} }

Tey = {0, X}

For (’F’;)' and (E)’ are soft closed sets in X such that (E)’ N (/Fv4)’ = ® but there do not exist soft
open set F and G in X such that (F3)' C F and (F,) C G and F N G = ®. Therefore (X, 7, E)

is not soft normal. Clearly (X, T.) is normal but (X, 7, E) is not soft normal.
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