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ABSTRACT. Let X be a locally convex topological vector space
endowed with original topology 7 as well as corresponding weak

topology Tw. Suppose WCC (X) is the collection of all non-

empty weakly compact (7q-compact) convex subsets of X. We
shall introduce a certain weak topology 7w on WCC (X) and
prove an extreme point theorem which is an extension of the
classical Krein-Milman Theorem.

1. INTRODUCTION

Suppose X is a Banach space equipped with the norm topology (denoted by ||-||)
as well as the weak topology (denoted by 7). Let CC(X) ={A C X : Ais a
non-empty compact convex subset of X}, WCC (X) ={A C X : A is a non-empty
weakly compact, convex subset of X} and BCC (X) ={A C X : A is a non-
empty bounded, closed, convex subset of X}. Then (CC (X),h), (WCC (X),h)
and (BCC (X), h) are known as the hyperspaces over the underlying space (X, ||-||).
If X = {z ={z}:2 € X}, then (X,h) is isometrically isomorphic to the under-
lying space (X, |||). Thus every theorem proved on the hyperspaces is a natural
extension of its corresponding counterpart of the underlying space (X, ||-||).

Blaschke [2] proved that every infinite sequence {A,} with A, € K where K
is an h-bounded and h-closed subset of the hyperspace (CC (R™),h) contains a
convergent subsequence {A,, } (i.e., there exists a subsequence {A,,,} C K and 4y €

K such that lim A, b Ag, or h(A,,,Ag) — 0 as i — c0). Blaschke’s Theorem is

11— 00
an extension of the classical Heine-Borel Theorem which states that every closed

and bounded subset K € R"™ is sequentially compact. Many mathematicians have
studied convergence of convex sets on different spaces ([1], [11], [12]).

In 1986, De Blasi and Myjak ([4]) introduced the concept of weak sequential
convergence on the hyperspace WCC (X) . Suppose A,,, A € WCC (X), they define
A, converges to Ay weakly (An R AO) if and only if o4, (z*) — 04, (z*) =
sup{z* (a) | a € Ap} and proved an infinite dimensional version of Blaschke’s
Theorem and other results. The notion of weak topology 7,, has been introduced
and investigated by Hu and company ([3], [7], [8], [9], [10]). They showed that
Browder-Kirk’s fixed point theorem can be extended to the hyperspace WCC (X)
equipped with Hausdorff metric h as well as a certain weak topology 7, and many
other results. We remind the readers that many fundamental results that are valid
on the underlying space X cannot be extended to hyperspace. For example, it is
well-known that every ||-||-closed (originally closed, strongly closed) convex set is
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also 7,,-closed (weakly closed). Also for every compact convex set K C X and z ¢
K, there exists some z* € X* such that d(z* (z),z* (K)):kinlf(d(:c* (z),z* (k))
€

:klnlf({|x* (x) — z* (k)|}=6 > 0. Examples have been given in [7] that these results
€

cannot be extended to hyperspace.

Suppose now X is a locally convex topological vector space and X* its dual space.
Let X be equipped with the original topology 7 as well as the weak topology 7., and
WCC (X)={AC X : Ais a 7-compact convex subset of X} is the corresponding
hyperspace. A topology 7, will be introduced on X and the main result of this
paper is to show that every 7,,-compact, convex subset of WCC' (X) has an extreme
point. This result is an extension of the classical Krein-Milman Theorem.

2. NOTATIONS AND PRELIMINARIES

Let X be a Banach space and X* its topological dual, and BCC (X) is the
collection of all non-empty bounded, closed, convex subsets of X. In general we
have CC (X) & WCC (X) & BCC (X). For reflexive Banach space X, we have
WCC (X) = BCC(X). If X is finite dimensional, then CC (X) = WCC (X) =
BCC (X). To avoid avoid confusion we shall use small letters a, b, ¢, - - , z to denote
elements of the underlying space X, capital letters A, B,--- , Z to denote elements
of the hyperspaces CC (X),WCC (X) and BCC (X) as well as subsets of X e.g.,
A, B C X and A, B € BCC (X). We shall use script letters to denote subsets of
the corresponding hyperspaces, e.g., K C BCC (X),W C BCC (X). For A,B €
BCC(X),let A+ B ={a+b:acAbeB}, N(Ae) ={z € X : d(z,a) =
|z —al]| < e for some a € A} and h(A,B) = inf{e > 0: A C N(B,e),B C

N (4,¢)}, equivalently, h (A, B) = max {sup d(z,B),supd(z, A)} . The metric h
€A zEB

just defined is known as the Hausdorff metric and (BCC (X), h) is known to be a
complete metric space. Since h is induced by the ||-|| of the underlying space X, h
is closely related to the norm (||-]|) as well as * € X*. The following lemmas give
some elementary properties of the Hausdorff h and its relationship with them.

Lemma 1. Suppose A, B,C,D € WCC (X) and « € C. Then we have

(i) h(A,{0}) = sup {|lal : a € A},

(ii) h(A+B,C+ D) <h(A,C)+h(B,D),

(ifi) h (A, aB) = |a| h (A, B),

(iv) h([a1, az2], [b1,b2]) = max {|b1 — a1], |ba — az|} for[a1,az], [b1,be] € (CC (R),h).

Lemma 2. Suppose A,B € WCC (X) and z*,y* € X*. Then

Proof. Since z* : (X,7,) — (C,||||) is continuous and linear, it follows that
x* (A),x* (B) are compact, convex subsets of C and (i) is proved.

If A= B, then z* (A) = z* (B) for each * € X*. Suppose A # B, without loss
of generality, we may assume there exists some by € B such that by ¢ A. It follows
then from Hahn-Banach Theorem that there exists some z* € X™* which separates
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bo from A, i.e., there exists * € X* such that sup {Rez* (a) : a € A} < Rexz* (bo) .
That is a contradiction and (ii) is proved.
(iii) and (iv) follow from that

[2* (a) — 2" ()] = [[=" (@ = O)[| < [|z"| - [la — B,
2" (a) —y™ (@)[| < [l2" = y"| - [lall
and the definition of Hausdorff metric. O

Now, it follows from Lemma 2 (i) that z* maps the space WCC (X) into the
space CC (C) or z* : (WCC (X),h) — (CC(C),h). Also, by Lemma 2 (iii) that
¥ (WCC (X),h) — (CC(C),h) is continuous. Note that both the domain and
the range are now hyperspaces endowed with corresponding Hausdorff metric h.
Now, recall that the weak topology 7., on X is defined to be the weakest topology
such that each z* : (X,7,) — (C,|-|) is continuous. Analogously, we may define
the weak topology on WCC (X) as follows:

Definition 1. The weak topology T,, on WCC (X) is defined to be the weak-
est topology on WCC (X) such that each z* : (WCC(X),T,) — (CC(C),h)
is continuous. Thus a typical T,-neighborhood of A € WCC (X) is denoted by
W(A;at, - xk,e) ={BeWCC (X);h(z}(B),zf(A)) <efori=1,2,--- ;ne>
0}.

As mentioned in the introduction, several results have been extended to the
hyperspace WCC (X). In the next section, we shall further extend the notion
of hyperspace and its corresponding topology 7,, where the underlying space X
is a locally convex topological vector space instead of a Banach space and prove
an extreme point theorem which is an extension of the classical Krein-Milman
Theorem.

3. MAIN RESULTS

In this section, X is assumed to be a locally convex topological vector space,
X* its dual space and X is endowed with original topology 7 as well as weak
topology 7. Let WCC (X) = {A C X : A is a non-empty weakly compact, convex
subset of X }. Since each a* is also weakly continuous (i.e. z* : (X, 7,) — (C,|-|) is
continuous and linear), it follows that for each A € WCC (X), z* (A) is a compact
convex subset of the complex plane C. Thus each x* is a mapping from the set
WCC (X) into the metric space (CC (C), h) . Define 7, to be the weakest topology
and WCC (X) such that each z* : (WCC (X),7,) — (CC(C),h) is continuous.
Denote B(z*(A),e) = {B € CC(C) : h(x*(A), B) < e} for € > 0.

Some basic properties of the weak topology 7, are stated in the following lemma.

Lemma 3. (a) The collection {W (A;x3, x5, - ,xk,e):x; € X* fori=1,2,--- ,n,e>
0} is a local base at A € WCC (X)) where
W (A;x], x5, 2, €)

{BeWCC (X);h(z}(B),z}(A)) <e fori=1,2,--- ,n}

% 7

n

Wit e) = (@) (Bl (A), )}

i=1
(b) T, is a Hausdorff topology on WCC (X), i.e., distinct A,B € WCC (X) have
disjoint neighborhoods containing them.
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Proof. (a) Since zf : (WCC (X),T,) — (CC(C),h) is continuous, (B(x}(A),¢)
is open in (CC (C),h), we have (x})~1(B(x;(A),¢e) is open in (WC’C'( ) Tw),
i.e. W(A,.’EZ ) E) ( )71(%(1':("4)’5) S and w (A,iL’T,.’E;, T nv ) belng the
ﬁnlte intersection of open sets is also open.

(b) Let A, B € WCC (X) with A # B. We may assume without loss of generality
that there exists some a € A such that a ¢ B. Since B is a 7,,-compact subset of the
locally convex topological vector space (X, 7,), it follows from the Hahn-Banach

Separation Theorem that there exists some z* € X* such that supRez* (b) <
beB
Rez* (a). Let § = Rex* (a) — supRexz* (b) > 0. We have Rez* (a) — Rez* (b) > 0
beB

for all b € B which in turn implies that
(1) |z* (a) — x™ (b)] > |Rex” (a) — Rex™ (b)| > 4.

Suppose 0 < € < 4 is chosen, we have |z* (a) — z* (b)| > € for all b € B. Claim
that W(A; z*, §)NW(B; z*, %) = (). Otherwise, there exists some D € W(A;z*, 5)N
W(B;z*, §) and we have h(z*(D),z*(A)) < 5, h(z*(D),z*(B)) < §. Consequently

x*(A) C N( *(D),5),z*(D) C N( *(B), ) Hence for the given a € A, there exists
some d € D such that |z* (a) - ( )| < 5, and for the d € D, there exists some

x*
b € B such that |2* (d) — z* (b)| < § thh in turn implies that
2" (a) — 2" (b)] < |27 (@) — 2" (d)[ + |27 (d) — 2" (b)| <& < 4.
That is a contradiction to the inequality (1) and the proof is complete. O

Suppose A, B € WCC (X). Then A, B are weakly compact, convex subsets of
X. Since addition and scalar multiplication are continuous operations on (X, 7,),
we have A + B, aA are weakly compact, convex subsets of X, i.e., A+ B,aA €
WCC (X). Thus we may define, algebraic line segments, convex sets, extremal
subsets and extreme points on the hyperspace WCC (X) analogous to their coun-
terparts on the underlying space X.

Definition 2. (a) [A,B] = {a¢d+(1—a)B: A, B WCC(X),0 < a <1} is
called the closed line segment joining A and B.

(b) A subset K CcWCC(X) is said to be convex if and only if Ay, Aa,--- Ay €
K implies Z%A € IC where a; > 0, Zal =1.

(c) A mappz'ng T: WCC(X) — WCC (X) is said to be affine if and only if
T(aA+ (1 —a)B)=aT(A)+ (1 —a)T(B) where 0 < a < 1.

(d) Suppose K1,K2 C (WCC (X),Ty) are closed (Ty-closed), conver subsets.
Then Ky is said to be an extremal subset of Ko if and only if A, B € Ko and
aA+ (1 —a)B e Ky for some 0 < a < 1 implies that A, B € K;.

(e) Suppose K is a Ty-closed, conver subset of WCC (X). Then P is said to
be an extreme point of K if and only if A BeK,0<a<1l,aA+(1—a)B=P
implies A= B = P.

We state the following lemmas whose proofs are similar as in the underlying
space X.

Lemma 4. Suppose K is a T,,-closed, convex subset of the hyperspace (WCC (X)), Ty)-
Then
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(a) If P € K, then P is an extreme point of K if and only if {P} is an extremal
subset of K.

(b) If K1 C Ko C K3 are Ty,-closed, convex subsets, K1 is an extremal subset of
Ko, and Ko is an extremal subset of K3, then Ky is an extremal subset of Ks.

The next lemma is essential in the proof of our main theorem.

Lemma 5. (a) Suppose [ay, as], [b1,bs] € (CC (RY) ,h). Then h([a1,a2], [b1,b2]) =
max{|b; — a1|, |b2 — az|}, and the mapping T : (CC (R') ,h) — (R, ||) defined by
T([a1,a2]) = as is a continuous (in fact, nonexpansive), affine mapping.

(b) Suppose X ={Z={x}:2€ X} C WCC (X). Then the mapping T : X —
X C WCC (X) defined by Tx = T is an isomorphic homeomorphism of (X, Ty)
onto (X, Ty,).

Proof. (a) That h([a1,as2],[b1,b2]) = max{|b; — ai|, |b2 — a2|} follows immediately
from the definition of Hausdorff metric. Next, [a, as] 4 [b1, b2] = [a1 + b1, a2 + ba],
a a1, as] = [aay, aas] implies
T(alar, az] + (1 — a) [by, b2])
= T([aar,aaz] +[(1 — a)by, (1 — a)bs])
= T([aa; + (1 — @)by, cas + (1 — a)bs])
aas + (1 — a)by
aT([a1, az]) + (1 — a)T([b1, b2])
where 0 < o < 1. Consequently 7T is affine. Finally
T([ax, az]) = T([br, ba])|
= lag — by
< max{|a; — b1|, |az — ba| = h([a1,as],[b1,b2])

showing that T' is nonexpansive.

(b) Obviously, T : X — X is one to one and onto. Also T'(x +y) = x+y =
{z+y} ={z} +{y} =7+ 7 =T(z) + T(y) and T(ax) = ax = {az} = afz} =
o = oT (x) showing that T is linear.

y € w(z;xy, -+ ,xf, €) implies that |z} (y) — zf(z)| <efori=1,2,---,n, which
in turn implies that h(zf(9),z;(T)) = h(z} (Ty),z}(Tz) < € for i = 1,2,--- ,n.
Hence Ty =5 € W (T; 23, - -+ , x5, ¢). Similarly 7 € W (T; 2%, - - - , 2, ¢) implies y €

w(x;af, - ,xk,e). Consequently T'(w (z; x5, - ,x},€)) = W(T =Tx;25, -, 25, ¢€)

rno 1 no

and the proof is complete. O

Our main theorem is an extension of the classical Krein-Milman’s Extreme Point
Theorem to the hyperspace (WCC (X),7Ty,).

Theorem 1. Suppose X is a locally convex topological vector space equipped with
original topology T as well as weak topology T, and (WCC (X),T,) is the corre-
sponding hyperspace. Suppose K is a T, -compact, convex subset of ( WCC (X)), Ty).
Then K has an extreme point in K.

Proof. Let € denote the collection of all non-empty, 7,,-closed, convex subsets of .
Q # 0 since K € Q. Define a partial order in Q by inverse inclusion, i.e., Ko < Ky
if and only if Ky C Ka. If {IC;}ier € Q is a totally ordered subset, we shall show

109
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that Ko = () K; is an upper bound of {IC;}ier. Each K; is 7,,-compact, convex
iel
and {K;};er has finite intersection implies that Ky is a non-empty 7,,-compact,
convex set. Suppose we have A,B € K,0 < a < 1 and aA + (1 — a)B € K.
Since KoC K; for each i, we have aA + (1 — «)B € K; which in turn implies that
A, B € K; because K; is an extremal subset of K. Thus A, B € Ky showing that
Ko is an extremal subset of I and consequently Ky is an upper bound of {/;}ier.
It follows now from Zorn’s Lemma that 2 has a maximal element, denoted by
Koo We claim that K is a singleton. Otherwise, there exists Ag, By € Ko with
Ay # By, without loss of generality, assume there exists some by € By such that
by ¢ Ap. By Hahn-Banach Separation Theorem, there exists some x* € X* such
that sup Rez* (a) < Rex* (by). Let Rex* (Ag) = [a1,a2], Rex* (By) = [b1,bs] €
a€Ap
CC(R), we have ag = sup Rex* (a) < Rez* (by) < by. Define G : (CC(R),h) —
ac€Agp

(R, |-]) by G([a1,az2]) = ag. It follows from Lemma 5 (a) that G is a nonexpansive
(hence continuous) affine mapping.

Next, let F: (WCC(X),7T,) — (R,|:|) be defined by F(A) = G(Rex* (4)). F :
(Koos Tw) — (R, ]-]) is continuous implies F attains its maximum on K., i.e., there
exists boo € R and By, € Ko such that F(Bo) = boo = sup F(A) = max F(A).

AEK oo AeK
Since ag < by < boo, Ag & F71(bso). Claim that F~1(by,) is an extremal subset of
Koo For that purpose, welet D, E € Koo, 0 < a < 1 with aD+(1—a)E € F~1(by).
Thus F(aD + (1 — «)E) = bo, which implies that oF(D) + (1 — @)F(E) = bs. Also
D, FE € K implies that F(D),F(E) < by and consequently, aF(D)+(1—a)F(E) <
beo. Hence F(D),F(E) = by, that implies D, E € F~1(bs,). Otherwise, we would
have aF(D)+(1—a)F(E) < bso, contradicting that alF(D)+(1—«a)F(E) = bso. Now
that F~1(bs) C Koo, and F71(by) is an extremal subset of Ko, implies F~1(by,) C
Keo. But Ay ¢ F~!(bs) implies F~!(boy) & Koo contradicting that Ko is a maximal
element. Hence K is a singleton, say Ko, = {P} proving that P is an extreme
point of K and the proof is complete. O

The following corollary is the classical Krein-Milman extreme point theorem.

Corollary 1. Let K be a non-empty compact, convex subset of a locally convex
topological vector space X. Then K has an extreme point in K.

Proof. Let X a locally convex topological vector space endowed with original topol-
ogy T as well as weak topology 7., and (WCC (X),7,,) is the corresponding hy-
perspace. K is 7-compact implies K is 7,-compact. It follows from Lemma 5 (b)
that K = {7 = {z} : © € K} is a T,,-compact, convex subset of (WCC (X),7,)
and hence has an extreme point P = {p} by Theorem 1. Consequently p is an
extreme point of K and the proof is complete. ([

Remark 1. (a) Since Krein-Milman Theorem has numerous important applications
in various branches of mathematics, we hope further investigation on the hyperspace
(WCC (X),Ty) will lead to some useful applications.

(b) The study of convex sets has always been interesting and useful. However, the
traditional method has relied heavily on support fucntionals. With the Ty, -topology
defined on WCC (X)), we hope it will provide an altermative way to study convex
sets.
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