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Abstract: Game theory is the study of human conflict and cooperation within a competitive
situation. Many real conflict problems can be modeled as games. Here we have considered a
Multi-Objective Matrix Game model with an additional entropy objective function and fuzzy
goals. The said model can be reduced to a generalized regular Max-Min problem and applying
fuzzy optimization with entropy disturbance approach for smooth and uniform distribution to
solve the said problem. Numerical illustration is included in support of theory.
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1. Introduction

Game theory deals with situation where there are conflicts of interests between persons. This is
game of a strategy that is which strategy a person should adopt for a possible move of other
persons (Player). Here person may be people, companies etc, the game may be chess game or a
game may involve conflict situation in military activities etc. At the end of game there are
payoffs to each player. As a collection of mathematical model of conflict and co-operation, game
theory was established as a systematic theory by Von Neumann and Morgenstern [20] in 1944.
As the name two persons zero sum game, with only two players in which losses of one player is
equal to the gain of another so that the sum of their net gain is zero. A mathematical formulation
of a game is based upon the ‘minimax (maxmin) criteria’ of J. Von Neumann. But
G.B.Dantzing[7] was first to apply simplex method to solve a game problem. Fuzziness in game
problem may occur in goals and payoff. Such types of game were first studied by Campos[4].
Sakawa and Nishizaki[15] , Kumar [ 12]studied single and multi objective matrix games with
fuzzy goals and fuzzy payoff by using max-min principle of game theory. Games with fuzzy
payoff introduced by Aubin[1]. Bector et. al. [2] studied fuzzy mathematical programming and
fuzzy matrix games. To solve fuzzy multiple attributes decision making approach by Chen and
Larbani[6]. Cevikel and Ahlatcioglu[S] used new concept for multiobjective two persons zero
sum games with fuzzy goals and payoff using linear membership functions.
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Fuzziness, a feature of uncertainty, results from the lack of sharp distinction of the
boundary of a set, i.e., an individual is neither definitely a member of the set nor definitely not a
member of it. Fuzziness also arises in logic when a proposition can be treated as neither
definitely true nor definitely false. Fuzzy entropy, a term used to represent the degree of
uncertainty, was first mentioned in 1965 by Zadeh [21]. The first attempt to quantify the
fuzziness was made in 1968 by Zadeh [22], who introduced a probabilistic framework and
defined the entropy of a fuzzy event as weighted Shannon entropy. The maximum-entropy
principle initiated by Jaynes’[9] is a powerful optimization technique of determining the
distribution of random system in the case of partial or incomplete information or data available
about the system. This principle has now been broadened and extended and has found wide
applications in different fields of science and technology ( Kapur [10],[11] ). Tsao et. al. [18]
introduced a linear programming with inequality constraints via entropic perturbation.
Majumder et. al.[14] ,Samanta et. al.( [16], [17] ) applying the entropy function in various multi-
objective mathematical models.

In this paper we deal with fuzzy goals in multi-objective matrix game, assuming that each
player has a fuzzy goal of the payoffs. In section 2, we have discussed the basic concepts of
matrix game, section 3, entropy principle and its application, section 4,5,6 represents fuzzy goals
and membership in Multi-objective game , section 7 ,max-min value equivalent Fuzzy LPP
game, section 8, 9 fuzzy optimization, entropy disturbance approach for smooth and uniform
distribution to solve the said problem. Lastly, a numerical illustration is to compare the results in
two cases (with and without entropy).

2. Game in LPP form

Game theory and LPP are very closely associated. A two person zero sum matrix game is

defined as
MG = {Sp,,Sn,A,V} where (p; pz, .o vr,Pm) and (qq q2 «o v, Q) are the
probabilities with which Players I & II adopt their strategies space Sy, = (I I ......., 1) and
Sn = (Il Il ......., II) respectively, A = (@j))mxnis @ payoff matrix and V is the value of the
game, then expected gain to player I for this game when Player II select strategies II;(j =
1,2, .....,n) one by one and Player I is the gainer, so expects at least V,
Y21 pi=Vv,j=12, . o,nand ¥, pi=1,p; =2 0Vi

For player I: The objective of Player I is to maximize the value of the game v which equivalent
to minimizing % The LPP can be stated as
Minimize Z; = Y%, x;
subject to %1 a;;X; = 1,j = 1,2, .o ooy,

%. , v be the value of the game.

X;=20vVi=1.2,........,m where x; =
Similarly, for Player II,

2=y <Vv,i=12,.........,m where }i_;q;=1,q; =20 Vi



Tamsui Oxford Journal of Informational and Mathematical Sciences 31(2) (2017)
Aletheia University 85

The Player II , minimizes the expected loss i.e. maximizing lv The LPP can be formulated as
Maximize Zj; = XL, Vi
subject to Z]p:l ajyj<1i=12,........,m,

yj=0Vj=12,........,n where y; =%~~

A multi-objective game is represented by multiple payoff matrices AX = (al-‘- - and goals to

each objective (each Player has same r objectives) are VX for k= 1,2, ... ... ,T.

3. Maximum Entropy principle

The principle of maximum entropy is a method for assigning values to probability
distributions on the basis of partial information that is, when one has only partial information
about the possible outcomes one should choose the probabilities so as to maximize the
uncertainty about the missing information. By applying the principle of maximum entropy, one
obtains the most random distribution subject to the satisfaction of the given constraints. We
might also say that if there is insufficient information about a distribution, the optimum estimate
is as unbiased as possible, and so choose the most random possible distribution. Consider a
random process which can be described by discrete random variable X with n possible outcomes
(X, X0 oo x, }. Define p,, (i = 1,2,....n.) to be the probability that X has the values x,, i

=1,2,....nthatis P(X =x,) = p,.The probabilities are not known. Some information is available

about the random process in the form of m expectation functions
Zaj(xi)Pi = E(aj) , _] = 1,2,....1’1’1., Z p; = 1.
i=l i1

Our objective is that of finding a probability assignment which avoids bias while agreeing with
whatever information is given. The distribution random process possesses great deal of disorder

or chaos. The measure of disorder / diversification was given by Shannon as En = —Zpilnpi.

i=1
Jaynes[9] Maximum entropy principle casts the problem of determining the discrete probabilities
p; into the form of an optimization problem. Modified form of Maximum entropy principle is

used to generate smooth and uniform distribution of the solution to wider, more general
problems where the available information is not complete.

4. Game with fuzzy goal
A two person zero sum matrix game with fuzzy goal is defined as
FMG = {S,,,S,,A,V,,V_, =}
where S, and S, are strategy spaces for the player I & II respectively and A is the
payoff matrix and V,,V_ are scalars representing the aspiration levels of Player I & II and

symbol =~ represents fuzzy field versions of usual > and <.
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A multi-objective fuzzy goal is represented by fuzzy multiple payoff matrices AX and fuzzy
goals to each objective is VX (or VX), k= 1,2, ... ... , T to the player I (or Player II).

5. Aggregated Fuzzy Goals in Multi-Objective Game (MOG)

Let DX C R be the domain of k™ payoff for Player I & II , then a fuzzy goal G¥, GX and
with respect to k'™ payoff for Player I & II is a fuzzy set on DX characterized by the membership
functions Mgk DX — [0,1] and Mgk DX - [0,1].

A value of membership function for a fuzzy goal can be interpreted as the degree of attainment
of fuzzy goal for the payoff. Therefore when a player has two different payoffs, he prefers the
payoff possessing higher membership function value. That means player I aims to maximize his
degree of attainment.

The Max-Min value with respect to the degree of attainment of an aggregated fuzzy goal to

Player [is Max Min Min{u k(xTAky)}
xeS _yeS k G .
m n ) R (1)
Similarly, for Player IT,
Max Min Min{p k(xTAky)}

yeSn XESm k GII
6. Membership value of MOG and Entropy Objective:

Here the membership function for fuzzy goal Gi‘ for the Player I are given by

0 if x T AKy<vk
T, k. yk
X Avy-V
wo Takyy= )2 2 T e gk (Taky vk
k k_uk +
Gi vk_vk
1 it xTaKy>vk
Similarly, for Player II
1 if xTaky<yk
k T,k
Vo, —-x A
n xTaky)= +k—ky it vK<xTaky<vk
Shi| Vi-VC
0 it xTaKy>vk
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and the membership function for Entropy goal is given by

0 if En <En_
En — En
En) = ——  if En <En<En
M, (En) En, —En_ B N
1 if En > En

Where En_ ,En, represents minimum and maximum value of Entropy goal favorable for the
players and VX and VX are the kth payoffs for which degree of attainment of player I are 1
and 0. The values of V¥ and VX can be obtain [2]as follows:

vE = MinMinx T AKy)= M.inM.in(ag)

Xy ]
Vk = MaxMax(xTAky)= MaxMax(a!?)
+ X 'y 1 ] Y

where i € (1,2,.....,m) = I,is the pure strategy for player I andj € (1,2,.....,n) =], is the
pure strategies for player II.

7. Max-Min Value Game Problem Equivalent Fuzzy LPP Game

The Max Min problem (i) for Player I can be transformed to

k
Max Min Mm{ ATy - y }
xeS,, yeS, k Vi-V!
= Max Min Mln{zmlz 1~lkx y. +ck}
xeS, yeS, k J= ]

akxl+ck}

n
= Max Min Mll’lz 1{ i=1%;

y.
xeS,,, k yeS, j
= Max MinMin) " 1a X, oK
xeS,, k jeJ

aK k

_ . ~k _ 1 kK_ V-
= Max Mlnuk(x) ................................. (iii) where a.. =————and ¢c* =
xeSm k Y VE—VIE V_‘k_ —Vlf

Let Min) ", 5 X, + Ck =My (x) and further let Minp K (x) =p, the Max Min problem for player
jeJ k

I reduces to the LPP form whichever described in section 9.
Equivalent Fuzzy Linear Programming of the above problem is

Find x eR™
such that Zi“;lahxi > vJ]i (k=121
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srabx SvKk=12.0)

maky 3k =
lelamxi Z v (k=121
> X, :l,x. >0 (i=1,2,...,.m)

where Zm a}j

tolerance vli —vk.

k

ij X is essentially greater than or equal to VE with

X; > vk means that Zm a:

Similarly, for Player II,(from(ii))

Vk _ TAk

Max Min Min{— "2}

yeS, xeS, k Vi-V!
= Max Min Mm{zmlzJ lvljx y. +ck}

yeS, xeS, k 7]
= Max Min Min {Zml{ZJ 1V1Jy +ck}

yeS, k xeS, J i
= Max MinMin2_;_ la y oK

yeS, k iel

a%(. Vk

= Max Minv, (¥)-oooones (v) where ak =Y . and ¢K ="+
yeSrl k U vi-vy VE—VIE

Let Min ZJ ,a y + ck =y (y) and further let vak (y)=v, the Max Min problem for player
iel k
IT reduces to the LPP form whichever described in section 9.

Equivalent Fuzzy Linear Programming of the above problem is

Find Y € R"

k

Such that ¥}, a‘;jyj <y (k=121

ZT:laI;JYj g vk ’(k = 172,"r)

Zhiany; <y (k=1,2,.1)

Ty =1y 20 (j=12,0m)

where Zn a}j yJ k means that Zn a}j Yj is essentially less than or equal to Vli with

tolerance VE — vk.
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8. Fuzzy MOG with Entropy Objective
For Player I, adding another constraint in (iv) for Entropy objectives, which is

Zin:l1xi1n x; >En

where Zin_llxiln xiEEn 4 means that Zirr_llxiln X;  is essentially greater than or equal to En+ with

tolerance En e En .

Similarly for Player II, adding another constraint in (vi) for Entropy objectives, which is

where Z?:l Yi In ijEn , means that Z?:ly ] Iny i is essentially greater than or equal to

En with tolerance En —En .
+ + -

9. Fuzzy Decision making method in MOG with Entropy Objective
For Player I, the entropy based MOG(adding an additional Shannon’s entropy objective
function) in(iv)and From (iv) which is equivalent to
MaxXimiZe L e (vii)

subject to zinil aﬁxi ka +u(v§ —Vlf ,(k=12,..,r)

zirr:llaikzxizvljﬂv‘(VE—Vlj) ,(k=12,...,1)

zinr:llaililxi ZVIE"‘IJ(VE—VIE) ,(k=12,..,1)

Zinilxiln x; >En_ +u(En —En_)
i=1

> X =1, X. M <Lu=20 (1=1.2,..,m)
Similarly, for the Player II, (Using (vi))

Maximize Ve, (viii)
- ko ok k_ K B
subject to Z?=1a1jyj SVE+I-v)(vi-vE) L (k=12,...1)
k k k k
?zlazj)’j <vZ+(-v)(vi-v2) ,(k=1.2,...1)
k k k _k
Elzlamjy]' <vZ+(I-v)(vi-v2) (k=12...1)

Z?:lyj In ijEn_+v(En+—En_)

2y, =L v<ly;,v=20 (j=12,..n)
10. Numerical Example
Let us consider a Multi-Objective matrix game as follows:
Even through there are several manufacturers of motor cycles, two companies with brand
names HERO and HONDA, control their market in INDIA. Both companies make changes in
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model for aiming to enhance the sales and market share of the motor cycle in a targeted market.
For this situation, the demand of the motor cycle in the targeted market is basically fixed, the
sales and market share of HERO company increase , following the decrease the sales and market
share of HONDA company, but the sales is not certain to be proportional to the market share.
The two companies are consider three strategies to increase the sales and market share are as
follows:

x, = Publicity/ Advertisenent; x, —>Reduce/ Minorincrease theprice;
x, = Modelchangesforbetterhandling/ looking

Let HERO company be Player I, taking strategy (X, X», Xx3) and HONDA company be Player II,
taking the strategy (y1. y2, y3) . For these strategies, the payoff matrices A', A? of targeted sales
quantity k; (million) and market share k, (Percentage) are separately as follows:

150 343 520 22 38 40
A'=|246 460 175|, A>=|29 25 31|
80 144 128 14 12 24
Herev! =80, vl =520 and v2 =12, v2 =40, v! =80, En_ =09259259, En_=0 with

1

tolerances V1 —v =460, V2 2
+ - +

—v~ =28 and En+ —En_ =0.9259259.
So from(vii),(For Player I)
Maximize p
subject to 150x;+246x,+80x3>80+460u, 343x;+460x2+144x3>80+460,
520x1+175x2+128x3>80+460u, 22x1+29%X,+14x3>12+28p
38x1+25%x2+12x3>12+28, 40x;+31x2+24x3>12+28
X1 In X1+X2 In X2+x3 In x3>0.9259259u
X1+X2+x3=1, X1, X2, X3,u>0, u<I.

Table-10.1: Optimal solutions of MOG without Entropy and with Entropy(Player I)

* * *
Model U X, x5 X,

MOG (without Entropy) 0.3272700 | 0.1609977 0.8390023 0

MOG (with Entropy) 0.2934541 | 0.2788071 0.6956169 | 0.0255760
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We see the above table (10.1) that MOG(without Entropy) model has one variable )c3 with

zero value whereas there are all non-zero values (smooth and uniform solution) of x, , x,, x, in
MOG(with Entropy) Model. Here entropy is acted as a measure of dispersal / diversification of

game strategies with small changes of aspiration level of 12" . If a Company wishes to nearly

uniform distribute his strategies in various targeted markets, the MOG with Entropy will be more
realistic for him.

Similar results and explanation are obtained in the table 10.2 ,for Player II by using (viii):

Table-10.2: Optimal solutions of MOG without Entropy and with Entropy (Player II)

Model v ) X, X, x3'
MOG (without Entropy) | 0.4405005 | 0.6664964 0.3335036 0
MOG (with Entropy) 0.4356052 | 0.6421903 0.3187611 0.03904868

11. Conclusion

In this paper we have discussed Entropy based multi-objective matrix game with fuzzy
goals. Using Max-Min Fuzzy membership value approach, the said Game equivalent to Fuzzy
LPP game and applying fuzzy optimization, entropy disturbance approach for smooth and
uniform distribution to solve the said problem. The MOG with Entropy will be more realistic for
him, if a Player wishes to nearly uniform distribute his strategies in various targeted markets. A
numerical illustration is to compare the results in two cases (MOG model with and without
entropy).
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