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Abstract

In this paper, we first consider a non - selfadjoint differen-tial operator on Hilbert
space Hyp = L2(07 1)@ with Dirichlet-type

boundary conditions in form (Pu)(t) = dt( 26 )

Here, 0 < 8 < 1,t € [0, 1] and the matrix function A(¢) has distinct eigenvalues

p1(t), ..., pe(t) which are different from zero and located in the complex plane in

veiw of @, where @ = {z € C: |arg 2| < ¢, ¢ € (0, m)}. Finally, we investigate
some spec-tral properties of the degenerate non-selfadjoint elliptic differential

operators P acting on Hy. In particular, we will determine the resolvent estimate of

the operator P that satisfies Dirichlet-type boundary conditions in spaces H1 and Hy.

1 Introduction

Here, we need to recall the definition of the weighted Sobolev space. The
symbol H, = W3 4(0,1)° (f-times) denotes the space of vector functions
u(t) = (u1(t),...,u(t)) defined on (0,1) with the finite norm

e = (@ <>|d“<)|cdt+/|u Dl

lu(t)|%, stand for the

Here, 0 < # < 1, and the notations |

dt Cf’

norm in space C!. We use from the notation /)E[g to define the clo-
sure of C§°(0,1)" with respect to the above norm (i.e., 74, is the clo-
sure of C§°(0,1)% in Hy). Cg°(0,1) denotes the space of infinitely dif-
ferentiable functions with compact support in (0,1). If ¢/ = 1, then
H = H,, H="H,;, and ’;[:’}(2[1. To get a feeling for the history of the
subject under study, refer to papers [1-3]. In this paper, we consider the
differential operator (Pu)(t) = — % ( 25(2&)14(15)%—9) . (1.1) be a degen-
erate non- selfadjoint differential operator on Hilbert space H, = L?(0,1)*
with Dirichlet-type boundary conditions. Here, 0 < g < 1, and A(t) €
C%([0,1], End C*) denotes for each t € [0, 1] the matrix function A(t).
Assume that A(t) has /— simple non-zero eigenvalues (%), ..., p(t) in
the complex plane, arranged in different locations in view of ®, C C,

where

P, ={z€C: |argz| < ¢, p€(0,m)}.

'Key words and phrases: resolvent, asymptotic spectrum, distribution of eigenval-

ues, non- selfadoint, m-sectorial operator.
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(i) If pa(t),. .., o (t) lie on the positive real line inside of the sector @,
then it is simple to see that P is self-adjoint. Thus, for every A € @, 4,
the estimate

1P = AD)TH < M, A7,

holds, where

Doy ={2€C: p<|argz| <o, ¢ €(0,7),9 € (0,0)}.

(ii) Let py11(t), - . ., pue(t) lie outside of the sector ®,,. In this paper, we in-
vestigate some spectral properties of the degenerate non-selfadjoint ellip-
tic differential operators P acting on H,. In particular, we will determine
the resolvent estimate of the operator P which satisfies Dirichlet-type

boundary conditions in spaces H, and H. Now, the domain of operator

P is defined as follows:

DP) = {u i W21+ 5 (0% ) < 1)

(see [7]). Here W22 1oe(0, 1) = VV22 1oe(0,1) X -+ X W22 10c(0, 1) (€ — times)
where W3 ;,.(0,1) the space of functions u(t) (0 <t < 1) satisfying the

condition

2 fl-e 1
Z/ W (@) dt <00, Ve € (0,5).
i=0"¢

Here, and in the sequel, the value of the function arg z € (—m, x| and

||P|| denotes the norm of the bounded arbitrary operator P acting on H
or Hg.

2 Results

In this section, we give some theorems that estimate resolvent of an

differential operator on a Hilbert space.
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2.1 Resolvent Estimate of P in H = L(0.1)

Theorem 2.1. Let ®, C C be some closed sector with the vertex at 0,
and set P = ¢, A(t) = p(t) in (1.1) in Section 1. Then, we obtain

(qu)(t) = —4 (ww(t)u(t) dtl(tt)), acting on H = Ly(0,1). Assume that

u(t) € C2[0,1], p(t) € C\d,, vt e [0,1], (2.1)

arg{u(t)n ()} < 5. (V btz € [0, 1)), (2.2)

Then, for sufficiently large numbers in modulus A € ®, 4, the inverse
operator (¢ — A\I)~! exists and is continuous in the space H = L*(0, 1),

and the following estimates hold
I = AD7 < Mo, AT (A€ @y, N> Ca,), (23)

d _ _1
lw? (t) (@A) < MyA72 (A e @py, [N >Co,,), (24)

where the numbers Mg, M‘/I>¢,¢ and Cgg, > 0 are sufficiently large
numbers depending on ®, where &, = {z € C: |arg z| < ¢, ¢ €
(0,7)}.

Proof. Here, to establish Theorem 2.1, we will first prove the asser-
tion of Theorem 2.1 together with estimate (2.3). As in Section 1, for the
closed extension of the operator ¢, (for more explanations, see chapter 6

of [7]), we need to extend its domain to the
o !/
D(q) = {v € HNW;},.(0,1) : (ww(t)m/) c H).

Let the operator A now satisfy (2.1) and (2.2), then, there exists a real
v € (=, 7], such that for the complex number e we have || = 1, and

SO

d < Re{e"u(t)}, N < —Re{e"\}, ¢ >0Vte[0,1], A€ D,y
(2.5)
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For v € D(q) we will have

d /1 W ()| (t)]2dt < Re /1 WP v ()2 dt = Re{e”(qu, v)}.
0 0 (2.6)
Here the symbol (,) denotes the inner product in H. Notice that the
equality in (2.6) above obtains by the well-known theorem of the m-
sectorial operators, (For further explanations see the well-known Theo-
rem 2.1, chapter 6 of [7].) By (2.5), we have ¢/|\| < —Re{e"\}, ¢ >
0, VA € ®,,. Multiplying the latter inequality by [y [v(t)> dt =

(v, v) =|v]]* > 0, then
1 .
aM/ymmﬁug—Rqauxmv)
0

By the latter inequality and (2.6), and by considering ¢ = 1/M, it follows
that

AwmwwwﬁhHMKW@ﬁﬁé MRe{e"(g,v) — €7 A(v,v)}
= MRe{e"((q — M)v,v)}
< Mle|[vllli(g = Aol

= Mlv[l[[(qg = AD)v[. (2.7)

1 1
| P @w@Pd+ X [ e@F de< ol lig = A Dol
Since [) w?P(t)|v/(t)[2dt is positive, we will have
1
M@ = [ @ dt < Mol =ADel,  (28)

ie.,

Allloll < Ml[(g = A o]
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The above relation ensures that the operator (¢ — A I) is a one- to-
one operator, which implies that ker(¢q — A I) = 0. Therefore, the
inverse operator (¢ — AI)~! exists, and its continuity follows from the
proof of the estimate (2.3) of Theorem 2.1. To prove (2.3), we set v =
(q—XI)7'f, f € H in (2.8), so that

A [ 1a = DT de< Ml = ADT G =A@ - AD L

Since (¢ — NI)(q—A)7'f =1(f) = f, it follows that

N[ e = AP < Mg AT

Therefore,

Alllta = ADTHAI* < Mg =D AL

By canceling the positive term ||(¢ — AI)~!(f)|| from both sides of the

latter inequality, we will find

Alllta = ADT A< MIf],

and since A # 0, we imply that ||(g — ANX)7*(f)|| < M|A7Yf]. The end
result is

(g =AM < Ma, [N

This completes the proof of the estimate (2.3) from Theorem 2.1.
To prove the estimate (2.4) of Theorem 2.1. As in the first argu-

ments to prove estimate (2.3) above, here, we drop the positive term

Al [v(t)]? dt from
1 1
| e W@+ I [ @) dt < Ml @ = Ao,
0 0
It follows that

[0 oFd < Mol g = 21l
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Set v = (¢ — AI)7'f, f € H in the latter inequality, and as above, by

proceeding with similar calculations, we then obtain:

[ P15 (g AN 0P < M =AD" g ~ A D) a=A1) |

Since (¢ — AI)(g—MN)"'f = f, and

d

[P @15 ta = AN )P < Mg = AL

consequently by (2.3) we have |[(¢ — M)~ f|| < M|f||A|"'. Then,

[0 5= A FOFde < Mg = A1) A < MM 7P

Therefore,

1 d
| w015 0= AN O < Mo, N ST
0 ,

., [lw? () £(g = AD)7U I < Mo AU A2 e,

d _ 1
lw? (t) la—=Al) < Mg AL

Consequently,

d _ 1
I (t) a(q— MDY < Mg, A2

This estimate completes the proof of (2.4); Theorem 2.1 is thereby proved.

2.2 Resolvent Estimate of P in H = L5(0,1) in Gen-

eral Case

In this section, we will derive a new general theorem by dropping as-
sumption (2.2) from Theorem 2.1 in Section (2.1).
Theorem 2.2. Let ®, and P be defined as in Theorem 2.1, and let

that except for assumption (2.2) of Theorem 2.1, all other assumptions
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are satisfied: Let the differential operator (qv)(t) = —< (ww (t)u(t)d”(t)),
acting on H = L(0,1). Assume that

u(t) € C?[0,1], u(t) € C\@,, Vtelo,1]. (2.9)

Then, for a sufficiently large number in modulus A € &, the inverse
operator (¢ — AI)~! exists and is continuous in space H = L?*(0,1), and

the following estimate holds:
(g = AD) 7 < Ms, , JAI! (2.10)

where Msy, y, Copqp > 0 are sufficiently large numbers depending on
D, and || > Coy .

Proof. To prove the Theorem 2.2, we need to construct the functions
0ay(t), .- o (t), payt),. .., wp(t) so that each one of the functions
pe(t) g =1,...,p (t € supp @), as the function p(t) in Theorem 2.1
satisfies (2.2). Therefore, let

py @), i) (E), pay(t), - e (t) € C0,1]
satisfy
d o0
520 (1) € C°(0,1), pipy(t) = p(t), Vit € supp p(;)
M(j)(t)EC\(I)W vVt € [0,1], g=1...,p.

_ ™ .
| arg{ () (1) (t2)}] < o Vit supp ), j=1.....p.

In view of Theorem 2.1, and by (2.3) and (2.4) set (g;v)(t) = q(t), we

will have the differential operator

(w00 =~ (0 047 )
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acting on H = Ly(0,1) where
© /
D(q)) = {v €H NW5,0(0,1), («®(Opgy') € H}.

Due to the assertion of Theorem 2.1, for 0 # A € ®,, the inverse operator

(g — M)~! exists and is continuous in space H = L?(0,1) and satisfies

_ _ d _ _1
I(agy — AD) 7 < My AT, [lwP(2) df(%’) — A7 < My|X 3,

t
(0# A€ Qpy). (2.11)
Let us introduce
< 1
=2 o) (am) — M) ey (2.12)
=1

Here ;) is the multiplication operator in H by the function ¢;)(t).

Consequently,
(q=ADTNv=5L+ L+ I3+ 14
where
p
/ —
L =— Z [Wzﬁ(t)/i(SO(J)) ]t( M) (1Y
j=1
p 25 d
I ==Y w¥(t)pu(eg Ve (46 — M) g,
j=1
& 23 d -1 /
Li==) ¢plw (On—(a6) =AD" el
j=1
a 1
Ii==2Y wulam — M) eg.
j=1

As gy (t) = p(t) (Vt € supp @), replace pu(t) by pgy(t) in the sum Is.

Then, in view of >-7_; p(;)(t) = 1, we will have

d
Iy +1, = —ZSO(J dt(%)_)‘l) O );
+ A(Q(j) — M) o]
P
= > e lag — ADlg — M) egv =@
j=1 J=1
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i.e., I3+ I, = v. When considering I; + I, = G(\)v, then

(g — AX)T(Nv =v+ G(N)v. Or equivalently
(4 = AT = 1+ GO, (2.13)

using the fact that ¢(;); € C*°(0,1), and by (2.11), we can estimate I,

I, as follows:

P
11| < MY [(q) — M) o] < MIAHol,

j=1
& d -1 9 -1
LI <MY 5126 = M) pgyvl < MPIA= o],
j=1

Using these estimates, and in view of G/(\) above, we will have
IGN)@)]| < 1]+ |Ta] < MIN o] + M7 A2 [o],
A is a sufficiently large number, implying that [A|™' < ||~z then

IGOV| < My, A2, (2.14)

By this A, we can also have |G(\)|| < 3 < 1, where A € @, . Now, by
this, and using the well-known theorem in operator theory, we conclude
that 14+ G(X) and hence, by (2.13), (¢—AI)T'(\) are invertible. Therefore
((g = A)T(N)) 7! exists, and by (2.13)

(TN) Hg=A)" =T + GO\) ™ (2.15)
Adding +I and —1I to the right side of (2.15) it follows that
(TN) Hg—=A)"'=T + G =1 +1.
Setting F(A\) = (I + G(\))™! — I implies that

(T\) Hg— AP =1 + F(N).
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In view of [[G(A)|| < 3 <1, and (2.14), by applying the geometric series

for F'(\):
+o00
IEN] < ; IGE < G+ [GE NI+ IGFOI + )
< |G +1/2+1/4+..)
< 2Méw7¢|/\|_1/2

ie.,

IEON] < Mg, A

Now, by (2.11) and (2.12),

p
1T = 11D ei(ag) — M) el
j=1
< Mg, (g — M)

< Mg, Mg, N =M2g, |\
ie.,
1T < M2q, [N

By this and (2.15), it follows that

(A= ADH = ITMNIIT + FO
< M2, A1+ Mg, ,|A")

< M2q>%w‘)\’_1 + Ml%,wM2<I>¢,w|)\|_2‘
Since |A| 7% < |A|”", then,

1A= AD)TH < Mo, a1, (72Ca, . e,

This estimate completes the proof of (2.10); Theorem 2.2 is thereby

proved.
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2.3 Asymptotic resolvent of degenerate elliptic dif-

ferential operators in L,(0,1)

Let P and A be as defined in Section 1. Suppose that there exists some
closed sector ®,,, C C, with the origin at zero, free from eigenvalues of
the matrix A(t), (0 <t <1). Consider those eigenvalues p1(t), ..., fu(t)
of the matrix A(t), such that u;(t) € C?[0, 1], and convert the matrix A(¢)

to the form

A(t) = URA®U(t), where U(t), U~ (t) € C*([0,1], End CY)

A(t) = diag{p(t), ..., pe(t)}.

Consider the space Hy = H @ --- @ H ({-times), and so consider in the

space H, the operator 0

B(\) = diag{(q1 — M), ..., (qo — NI)7'}, (2.16)
where the operator ¢; satisfies (¢;v)(t) = —% (w%’(t),uj dz(tt)),

o d d
Do) = (v A W 0.1): (P ) € L (2a)
According to the results obtaining from Section 3, for sufficiently large
absolute values of A € @, ,, the operator B(\) exists and is contin-
uous. Consider the operator T'(\) = UB(A\)U™!, in which (Uu)(t) =
U(t)u(t), (u € Hy). We have

(P=AHT(Nu = o (wQB(t)A(t)(U(t)B(A)Ul(t)u(t))> = T1+T15+15,
where, T7 is equal to the following:

_jt <w2/3(t)A(t)U(t)dtB(A)U‘l(t)U(t))> = — (WP OUBARL) 2 BT u(t))
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a
dt

B\U ) — U'(t)w? (t)AiB(A)U—lu

= —U— (W (t)A(t) pm

= \UB\)U u — U'(t)w?? (t)Ath(A)U_lu +UU u,

d

T, = ——
2 dt

(W OAU'BNU M), T = =AU BAU " u.
Here we use the equality

_d
dt

(w?? (t)A(th()\)V) =V +ABW\)V, V=Ulu

Since w?(t) < M w??(t), and from the above relations , we will have
(P—ADT\) =T+ T + 1Y, where TY = w? (t)ay; AU'B\U,

TP < M2 (N € @y, A= c).

For estimates of the operator T3, the Hardy-type inequality is useful (see
[5]). Thus, for a sufficiently large absolute-value of A € &, ,;, the estimate

|T2|| < M'|A\|~Y/2 is true, and so we have

(P ALY =T+ F(), [FOI<MAF (A€, >0,
(2.18)
According to the assumptions made for A € @, |[A| > ¢, the range
of the operator P — Al coincides with H,. The operator P* and its
domain D(P*) have the same structures as P, D(P). Therefore, for a
sufficiently large absolute value of A\ € S, the range of the operator P*—A\I
coincides with Hy, and consequently, ker(P — Al ) = 0. This equality by
(2.18) proves the existence of the continuous operator (P — AI)~!, which

satisfies

(P—=X)"' =T\ +Y(\) (2.19)

in which the operational-function Y () has the estimate

IV < MIATZ (A€ Byy, |A > ) (2.20)
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Recall that
I'(\) =UB\NU™Y, B(\) = diag{(q — XI)~',..., (¢ — M)~'} (2.21)
By (2.19)-(2.21), we get

N _ d _ 1
1(g;—AD) 7| < M|XT, ||w6(t)£(qg'—>\f) H< MIATE (A€ By, (A >0),

which proves Theorem 2.1.
3 Conclusion
This paper has argumented on the differential operators. In fact by diag-
onalizing matrix of eigenvalues and by utilizing of the first representation
theorem, we obtain a new way in estimating Spectral properties of the
differential operators.
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