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Abstract. In this article, we establish the existence and uniqueness results for the positive
solutions to Sturm-Liouville boundary value problems of the nonlinear fractional differential
equation. Our analysis rely on the well known fixed point theorems. An example is given to
illustrate the efficiency of the main theorem.
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1 Introduction

Fractional differential equations have many applications in modeling of physical and chemical
processes. In its turn, mathematical aspects of fractional differential equations and methods of
their solutions were discussed by many authors, see the text books [4,7,9], the survey paper [2]
and papers [1,3,5,6,8,10,12,13,18] and the references therein.

In the literature, D, u(t) + f(t,u(t)) = 0 is known as a single term fractional differential
equation. In certain cases, we find equations containing more than one fractional differential
terms. These equations are called multi-term fractional differential equations. A classical
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example is the so-called Bagley Torvik equation
3
ADgry(x) + BDg, y(x) + Cy(a) = f(=),

where A, B, C are constants and f is a given function. This equation arises from for example the
modelling of motion of a rigid plate immersed in a Newtonian fluid. It was originally proposed
in [16].

This paper is motivated by [11]. E. R. Kaufmann and E. Mboumi studied the following
boundary value problem for the single term fractional differential equations

{ D& u(t) +at) f(u(t) =0, 0<t<l1<a<?2, W
u(0) = 0,4/(1) =0,

by using the properties of the Green’s function of the corresponding BVP, where f : [0, 1] x
[0,400) — [0,00) is continuous, a € L*[0, 1], there exists a constant m > 0 such that a(t) > m
a.e. t € [0,1]. By using the Leggett-Williams fixed point theorem, the Krasnoselskii fixed point
theorem, the authors in [11] proved that BVP(1) has at least one or three positive solutions.

In recent paper [17], the authors studied the existence of positive solutions of the following
boundary value problem of fractional differential equation

D u(t) + f(t,u(t), DS u(t) =0,t € (0,1),1 <a <2,

alim *~*u(t) = blim DG u(t) = fy gt u(t), DG u(t)),

eD§Tt + du(1) = [ hlt,u(t), Dy u(t))dt,

where a,b,c,d > 0 with § = ad + bdl'(«) + acl'(a) > 0, f, g, h defined on (0,1) x [0,00) X R are
nonnegative Caratheodory functions that may be singular at ¢ = 0 and t = 1, f(¢,0,0) Z 0 on
each subinterval of [0, 1].

In paper [19], the authors studied the existence of multiple positive solutions of the following
boundary value problem of fractional differential equation

‘DY u(t) = f(t,u(t),C DF u(t)),t € (0,1),1 < a <2,
u(0) +u/(0) = 0,

u(l) +4 (1) =0

where f[0, 1]x[0, 00) x R — [0, 00) is continuous, “Dj, is the standard caputo fractional derivative
oforder ¥, 1 <a<2and 0 < 8 <a—1.

Motivated by [17,19], in this paper, we discuss the existence and uniqueness of the positive
solutions to the Sturm-Liouville boundary value problems of the nonlinear fractional differential
equation of the form

Dgoult) + f(t,u(t), Dgu(t)) =0, te(0,1),1<a<2

alim 2= u(t) — b lim DS u(t) =0, (2)

¢ DS u(1) 4 du(1) = 0,
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where o € (1,2] and 8 € (o — 1,a), a,b,c,d € [0,00), D§; ( or D€+ ) is the Riemann-Liouville
fractional derivative of order a (or ), and f is defined on (0,1) x [0, 00) X R and is nonnegative.

We obtain the results on the existence and uniqueness of the positive solutions of BVP(2)
by using the fixed point theorems. An example is given to illustrate the efficiency of the main
theorem.

To our knowledge, BVP(2) has not been studied in known papers since f is singular at ¢t = 0
and t =1 and § € (0, «) is supposed. It is easy to see that BVP(2) becomes the BVP of the the
following form

u”(t) + f(t, (), (t)):O, te(0,1),1 <a<?2,
au(t) — bu'(0) =
i (1) + du(1) =

if @ = 2, where f(t,u) is continuous and nonnegative on [0, 1] x [0,00), a >0, b >0, ¢ > 0 and
d > 0 with ab+ ¢d + ab > 0. Such a problem is called Sturm-Liouville BVP [14,15] that comes
from situation involving nonlinear elliptic problems in annular regions, one may see [14]. So our
results generalize the theorems in [14,15,17].

The remainder of this paper is as follows: in section 2, we present preliminary results. In
section 3, the main theorems are proved. An example is given in section 4 to illustrate the main
results.

2 Preliminary results

For the convenience of the readers, we present here the necessary definitions from the fractional
calculus theory. These definitions and results can be found in the literatures [3,4,6,7,9].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function
g:(0,00) = R is given by

3090 = 1 (£ — 52 g(s)ds,

provided that the right-hand side exists.
Definition 2.2. The Riemann-Liouville fractional derivative of order v > 0 of a continuous
function ¢ : (0,00) — R is given by

L am o g(s)
Doglt)=—— 2 [ Iy
090 = T dt”/g (t — s)a—n+1 %

where n — 1 < a < n, provided that the right-hand side is point-wise defined on (0, 00).
Lemma 2.1. Letn—1<a <n, u € C°0,00) L (0,00). Then

I8, Dy u(t) = u(t) + Crt* t 4 Cot* 2 4 ..+ Cpt™ ™",

where C; € R, 1 =1,2,...n
Lemma 2.2. Suppose that § = bdI'(a) + ad + acl'(a) # 0. Given a continuous function
h : (0,1) — R satisfying that there exist £ > —1 and [ € (max{—1,5 — «a},0] such that
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|(t)] < t*(1 —t)! for all t € (0,1). Then the unique solution of

D u(t) +h(t) =0,0 <t <1,
alimt_m 27 u(t) — b limy—,0 DS M u(t) =0, (3)
c Dir Yu(1) + du(1) = 0,

is

— /0 LGt $)h(s)ds, (4)
where
R R Speegs Spph s . AT
i B Bl e N R — <8

Proof. We may apply Lemma 2.1 to reduce BVP(3) to an equivalent integral equation

u(t) = — /Ot @;(‘Z);I_lh(s)ds et et 2t e (0,1)

for some ¢; € R, i=1,2. Since lim,_,oI'(s) = 0o, we get

127 (t) = —27° /t wh(s)ds Yeotte
u - 0 F(O{) 1 2

and
D1y /h )ds + 11 ().

It is easy to see from k + [ =2 > 0 that

tz—oz ’fg (tf

s)ds’ <@ fg (t}s():)_l sk(1 - s)lds

<2 sk (1 — s)lds

_ap\at+i—1
— {2—atatk+l fol %wkdw —+0ast—0,

’fg h(s)ds’ < Jusk(1—s)lds — 0 ast — 0.
From the boundary conditions in (3), we get

acy —ber (@) =0,
— s a—1
¢ <_ /()1 h(s)ds + clr(a)) +d <_ /01 (:LI,@.E)h(S)dS +c1 + CQ) =0.

It follows that

1(1—s)at
/ h(s)ds + 22 Wh(s)ds,
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Cco ¢ / h(s / (1 —s)*"th(s)ds.
Therefore, the unique solution of BVP(3) is
B t(t—s)ot ac (1 ad (! (1—s)ot o1
u(t) = —/0 Ty h(eds [5 [ hisys + 5 [ SR

+ [b‘f;a) /01 h(s)ds + béd (1—3)0‘_1h(s)ds} o2

/t (acto‘l + bdt*2(1 — 5)* 1 + bel' (o)t 2
0 1)

B (t—s)* 1 adt* (1 - )t s
o) T or(a) ) hls)d
act®™ 1 c a—2 a a—1 —s a—1 a—2 — s a—1
+/ ( ¢ +b1“(5)t . adt 5(;(@)) | bt (15 ) )h(s)ds
= / G(t,s)

Here G is defined by (5). Note [['(0)| = oo with ﬁ = 0. Furthermore, we have for § # a — 1
that

t s a—p—1
Dhut) = — [ U5 ns
ac (1 ad [1(1—s)>1 I'(a)teP1
+ [5/0 h(s)ds + 5 ) 7F(a) h(s)ds] 7F(a =5
cC(a) [1 1 o — 1)te—B-2
+ {b F; ) /0 h(s)ds—k% (- s)o‘lh(s)ds] Fé(a _1)5_ 5
and for 8 = o — 1 that
ac 1(1—s)at
0+u / h(s)ds + / h(s)ds + & F(a)h(s)ds} I'«).

Reciprocally, let u satisfy (4). Then

alim *~%u(t) — b lim D 'u(t) = 0,¢ DS~ u(1) + du(1) = 0,

t—0 t—0

furthermore, we have Dfu(t) = —h(t). The proof is complete.

Lemma 2.3. Suppose that § = bdI'(«) + ad + acl'(a)) > 0. Then

ad + acl'(a) | be+bd + bel'(«)

2—a <
272G, s) < 50 t+ 5

, for all s,t € [0,1],
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and
G(t,s) >0 forall t € (0,1),s € [0, 1].

Proof. One sees from (5) that

2 (t—s)>1 act+bd(1—s)* 1 4-bcl(a adt(1—s)*~1
PG s) = { . (F(c;)) chJan) acit(l—)i)o‘l (bd)(l—ES)“(élF(a)) st
ST T 5 t<s.
{ act-&—bd(l—sz;‘*l-‘rbcf‘(a) + adt(élr—(zé))a’l7 s <t
aTCt + bd;s(a) + adt((glp_(i))a 1 + bd(l—(ss)fx 17 t<s.
act bel'(a)  adt(l —s)*"1  (be+bd)(1 — 5)*1
= 5 5 6T (a) 5
< ad + acl'(a) |~ bc+ bd + bel' ()
- () o '

On the other hand, we have from (5) that

2 5F1(a) 1 2 1 0
act®—1 bel(a)t™>~ adt* 1t (1—s)*~ bdt*—#(1—s)*~
5 + 5 + ST () + 5 ,t <s.

acl(a) [t~ —(t—8)*~+bdT (@) [t* 2 (1—5)* L —(t—5)* " +ad[t* 1 (1—s)* "1 —(t—5)* 1]
o' (a)

= + ;8 < t,

act®—1 bel (o)t 2 adt®=1(1—-s)>~1 bdct®2(1—s)>~1
5 + 5 + 5T (o) + 5 ,t S S.

—[bdT () +ad+acl (a)](t—s)* L +acl ()t +bdl () (1—8)* 1 +adt>* 1 (1—s)>~1
ol (a)

T a—2
+ be (a(g)t s <t

acte—1 bel (o)t 2 adt® =1 (1—s)>~1 bdt*—2(1—s)>~1
5 + 5 + ST (a) + 5 ,t S S.

a—2
ch(aa)t s <,
0,t <s.

G(t,s) =

{ —8(t—8)*" T racl(a)t* = 14+bdT (a)t*~2(1—s)* 1 4adt* =1 (1—s)>~1 + ch(a)t""27S <t

bel' (o)t 2

v

v

> 0.

The proof is completed.

For our construction, we let
Dg+x € C(0,1]

x € C(0,1]

X = there exist the limits lim;_,o t>~%x(t),

and limy_,q t2+'8’aDg+x(t)
For x € X, let

| :max{ sup t27%|z(t)], sup t2+5a|D€+x(t)|}.
0<t<1 0<t<1
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Then X is a Banach space. We seek solutions of BVP(2) that lie in the cone
P={ueX:u(t)>0,0<t<1}.

Suppose that § = bdl'(a) 4+ ad + acl'(«) > 0. Define the operator T': P — P, by

. /01 Glt,5)f (s, u(s))ds

Lemma 2.4. Suppose that 6 = bdl'(a) + ad + acl'(a) > 0 and f : (0,1) x [0,00)x — [0, 00)
satisfies

(i) t— f(t,t%2u, t>t8~2y) is continuous,

(i) (u,v) — f(t,t%2u, t>*8=2y) is continuous,

(iii) for each r > 0 there exist M, > 0, k > —1 and | € (max{—1,5 — a},0] such that
|f(t, t2 2, 2T—)| < MtF(1 — t)! for all t € (0,1) and |ul, |v| < r.

Then T is completely continuous.

Proof. We divide the proof into three steps.

Step 1. 7T is continuous.

Let {yn}>2 be a sequence such that y, — yo in X. Then

r=sup ||yl < 0.
n=u,1,4,---

So there exist M, > 0, k > —1 and [ € (max{—1, 8 — a}, 0] such that
£ (6, yn(8), DGy yn ()] = (142724 g (), 42722707 Dy (1)) < MEF(1 1))t € (0, 1),
Then for ¢ € (0,1), we have
27| (Tyn) (1) — (Tyo)(1)]
[ 2G5 v, Dl — [ 270G, 5, u0(s), D os))ds

0

IA

[ 20615 0n5), Do) — s, 30(s), D) s

< (ad;rczif)‘(a)t_i_ bc+bd+ch )/ £ (5, yn(s 0+yn( $)) — f(s,y0(s), D€+y0 (s))|ds
ad + acl'(« be + bd ch
< ( ;Lr(a)( 42 5 )/ £ (5. m(5), D'eyn(s)) = £(5,90(5), Dy’ (5)) s
ad + acl(«) bc+bd+ch( N /1
< 2, () ) ) s
and

12582 D8, (T ) (t) — D, (Tyo) (2)]

t _ 3 a—(B—1
< oo | @F(O}_m| F (5 yn(s), DE,yn(s)) = F(s.0(s), D yo(s))lds
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+[% [ 1551, D n5) = T30 (5), Dol s

“f “;(2;”|f<s,yn< ), D yn(s)) —f(s,yo<s>,D§+yo<s>>|ds] F(Z(‘ﬁ);)
. [b(f@ | 1752 un(5), DE v un(5)) — F(s,w0(s). DL yo(s))]ds
2 [ )5 D)) = £(ss0(5) Do) lis]| A
< 2M,*HB /Ot %sk(l — s)lds
oM, [‘?/01 R(1 — s)lds +—/ o de]F(E(f)B)
< QMR /0 1 (1}22i+;)61w dw
oM, [‘?/01 K1 — ) ds+%d (_FS’(Z};HS%] F(z(f)ﬁ)
sout, [P [Tk — s+ 50 [T syesttha) m
<o PO IR o, [B 1k )+ PR
oM, {bcré(o‘)B(H Lk+1)+ %dB(aJrl,kJr 1)} m

By the assumptions imposed on f and dominated convergence theorem, one sees that

sup #279|(Ty,)(8) — (Tyo)(£)] 0, sup 2972 DZ, (Ty,)(t) — DL (Tyo) (£)] — 0, = o
te(0,1) t€(0,1)

Then we have ||T'y, — Ty|| — 0 as n — oo. So T is continuous.

Step 2. T maps bounded sets into bounded sets in X.

It suffices to show that for each » > 0, there exists a positive number L > 0 such that for
each x € M ={y € X : ||ly|| <r}, we have ||Ty|| < L. By the assumption, there exist M, > 0,
k> —1and ! € (max{—1, 8 — a},0] such that

£ (6, y(8), Doy y(8)] = (&, 1722 y(e), 27227 DEy(6))] < Myt*(1 =)' ¢ € (0,1).

By the definition of T', we get
1
BT = [ G (su(5), D uls))ds

ad+ acl'(a)) ~ be+bd + ch(a)> Loy .
Mr< 3T () + 5 /0 s"(1—s)'ds
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ad + acl'(a) ~ bc+ bd + bcI‘(oz))
< M, B 1 1)=11.
< r( 5T(a) - 5 (I+1,k+1) 1:[

Similarly we get that

707 gL (Ty) (1)

—a ! (t — S)a_ﬂ_l
< e [ s u(s), DRyl

% [ 156,00, DG wls)) s

%d e st Dol

[M D[ 1500 D5 wts)) s

5 [ a0 s o Delas] S
<M, (a;(la__ﬁ’ﬁl)‘;ﬂ) + M, [5 B(l+1, k+1)+‘?B(O‘;(la];+ )} Féff%
M, F’CF( Vg 41, k+1)+bjB(a—|—l k+1)} M+ IT

It follows that

1Tyl < max{] [, ][}

for each y € {y € X : ||y|| < r}. Then T maps bounded sets into bounded sets in X.
Step 3. Let M = {y € X : |Jy|| < r}. Prove that both =T M is equicontinuous on [0, 1]
and t>+9 _O‘Dg+ T M is equicontinuous on each subinterval [a,b] C (0, 1], equiconvergent at ¢ = 0.
Let t1,t2 € [0,1] with t; < tp and y € M = {y € X : ||y|]| < r}. By the assumption, there
exist M, >0, k> —1, 1 > (max{—1, 5 — «, 0] such that

£ (6 y(8), Dy y(D)] = (&, 172 y(0), 122207 DYy (1)) < Mot*(1 = 1)! ¢ € (0,1).
One sees, for s € [0,¢1], from (5) that

ty(tg —5)*t =17 (t1 — 5)*!
()
ac[ty —ta]  ad[t; — t2](1 — s)*~ !
R (5;(a) '

t27OG(ty, 8) — ta “Gte,s) =

For s € [t1,t2], we have

. s _aclty —to] | ad[t; —ta)(1— s)*TE 157 (ty — 5)
270G (ty, 5) — 137Gty s) = 5 + 5T(a) + () .
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For s € [t1, 1], we have

aclt; —ta]  ad[t; —t2](1 — s)* !
0 * o)

tIOG(ty,8) — t3“G(t,s) =

Then
617 (Ty) (t1) — 15 (Ty)(t2)|
1 1
| oG5 1951, DY y())ds = [ 670G 2,9 (5,5(5). DG y(s))ds

0

< [ 187G 5) — BTGl 9)1(5,u(s), D y(s))ds
+ [ 187G, 5) — G, 9) (5,409, D))
+ [ G 08) — G027, D)
< M /1 127ty — ) r(_a?_a(tl —s)afls,c(1 s
LM : ((gc+ad(;1:(s;a 1 F(1a)> €1 — s)'ds
+/01 <W+MT [tl_;]((;) ) >sk(1—5)ld5.

As t; — to, the right-hand side of the above inequality tends to zero. Therefore, t*=*TM is

equicontinuous.
Note that e* — f* < (e—f)* foralle > f > 0 and A € (0, 1]. For each subinterval [a, b] C (0, 1]
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and t1,te € [a,b] withh ¢; < ta, similarly, we have
0T DE (Ty)(t) — 577~ DY, (Ty) (t2)]

t2+6 a ptp (t1—s)*= A1

o s)a—h-1
< 0~ I(a—B) f(svy(s)aDg+y(S))d t2+ﬁ f(;‘/2 %
[ _s a—1
[ 3 1£ (s, ws), D)) lds + %2 [ U522 F (s, y(s), DL y(s))lds]
<[ — e o e Myt (1 — s)lds + 4770 [ L k(1

L2 |(tz—S)“’ﬁF’(l—(tl)—S)WBA|Mrsk(l —s)lds

ac B(a+l,k+1) L)t —ts]
+ [0, B + 1,k + 1) + 24 Blotbhtl) g ] Kl
< ’t%"rﬂ—a — t%"‘ﬁ—a‘ max{aa B+k+1 b~ B+k+l}]3(ai7+lﬁl;+l)MT
fgl (tTS)aiﬁI:(lo;(gl)is)aiBilSk(l —s)lds,B<a—1
+M,p*HB=e L0, B=a—1,
_g)a—B-1_ _o)a—pB—1
f(?)h (ti—s) F(a—(,?) s) Sk(tl _ S)lds,,@ Sa—1
“C B(aH k+1) T()[t1—to]
e 2+6- B Lk+1
< ’t1+ﬁ a t2+5 a‘ max{a®" B+k+l b~ ,8+k+l}(ai7+ﬁ)+)Mr

1 ,w)a B+1—-1

T(a=F) wkdw

+M b2+5 amax{aa B+k+1 ba 6+k+l}ft1

(ta — tl)afﬁflﬁ 01 sF(1—s)lds,B<a—1

+ M, b2 L0, B=a-1,

t1 (t1—s)* A1
0  T(a—p)

s)e B—1
sk(ty — s)lds — tl (Gl () )

41

7 F(s,y(s), Dy, y(s)ds|

I'(a)|t1—t2]
RICE))

— s)lds

Bty — 8)lds, B> a—1
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+[SEMB(+ 1,k +1) + YEEEE pp | Kb

< ‘t%w—a _ 2+B O“max{aa Bkt pa— B+k+l} i+lﬁ/;+1)M

(1,w)a—5+l—1

+Mrb2+ﬁ—o¢ max{aa—,é’-i-k—i-l’ ba—ﬂ+k+l} fél e — wrdw
2

(to —t)* P11 B+ 1,k+1),8<a—1

I(a=p)
FM el 0 f=a—,
—B+k+l ettt k4l L—q)oti=F-1
t‘f‘ p fo T)wkdw a A 0t2 %wkdw,ﬁ >a—1

+ (LM B+ 1,k +1) 4 YEEHAED | LIl

As t1 — t9, the right-hand side of the above inequality tends to zero. Therefore, t2+5_o‘Dg+TM
is equicontinuous on [a, b].

(128D (Ty)(t) — [252L [ h(s)ds + B 3 (1 = 5)* h(s)ds| macgs|
a B—1

< t2+5 af() 13{‘875)|f(37y(8)aDg+y(3))’d8

% Jo 1 (s y(s), DY y(s))lds + 4 fi U2

(5, (5), DY y(s)))ds] s

91kl Bla—B+Lk+1) ac B(a+l k+1)] T(a)t
< Mt BlacBbitl) |y, [JB(ZH k+1)+ i ]W(a_ﬂ)

— 0 uniformly as t — 0.

Therefore, t2+5*0‘Dg+ T M is equiconvergent at t = 0.
The Arzela-Ascoli theorem implies that T'(M) is relatively compact. Thus, the operator
T : P — P is completely continuous.

3 Main Results

In this section, we prove the main results.

Theorem 3.1. Suppose that § = bdl'(«) + ad + acl'(a) > 0, and f: (0,1) x [0,00) X R —
[0, 00) satisfies

(i) t— f(t,t%2u, t>t8~2y) is continuous,

(ii) (u,v) = f(t,t*2u, t>T8~2) is continuous,

(iii) for each r > 0 there exist M, > 0, £ > —1 and [ € (max{—1, 5 — a},0] such that
|f(t, 1020, 2T~ | < MtF(1 —t)! for all t € (0,1) and |ul, [v| < 7.
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(iv) there exist numbers ki, ko > —1 and [l1,ls > max{—1,8 — a], My, My > 0 such that f
satisfies f(¢,0,0) # 0 for t € (0,1) and

| (8, 9 20y, 1P 20)) — F(4, 9 20y, 1P 200)| < MytF (1 — 1)1 jug —ug| + Mot*2 (1 — )2 |v) — vy,

holds for all ¢ € (0,1),u1,us € [0,00) and vy,vy € R.
Then BVP(2) has a unique positive solution if

M <1, (6)
where

M= max{“d+bc+bd§;§£§“>+bcf<a> [MiB(ly + 1, k1 + 1) + MyB(ly + 1, kg + 1)],

[MiB(a — B+ L1, k1 + 1) + MaB(a — B+ lg, ko + 1) 42— DM B 41y k) + 1)

acF(a)Ml+|a—ﬁ—($1\F(a—1)F(a)bcM1 B( acl(a) Ma+adl (o) M2 B

+ l1+1,k‘1+1)—|— 5 (l2+1,k2+1)

+|a—,8—1|F(a)F(a—ll)sbcMz—l-bdl"(a—l)Mg B(l2 1kt 1)} F(al_/g) } '

Proof. We shall prove that under the assumptions supposed, 1" is a contraction operator.
Indeed, by the definition of G(t, s) for u,v € P, from Lemma 2.3, we have the estimate

£27(Tu)(t) — (Tv)(1)]
1
/0 TGt 5)|f (s, u(s), Dgsu(s)) = f(s,0(s), Dy v(s))|ds
ad + acl(a) | be+ bd + bel'()
< (rw o)

IN

1
/ [MysF (1= 5)™ 52 u(s) — v(s)| + Mas™ (1 = 5)25*7=| D u(s) — Dy v(s)]|| ds
0
ad + bc + bd + acl'(a) + bel' ()
- ol ()
Ml|u — v]|.

[MlB(ll + 1,k + 1) + MQB(ZQ +1,ky + 1)]|]u — UH

IN

Similarly we get

1259~ D7, (Tu)(t) — Dy, (Tv)(t)]

t — s a—pB-1
< e “m)_ﬁ)ws uls) Dfls) (), Dfy ol

[aC/ |f(s,u( 0+u(s)) f(S,U(S),DngU(S)Nds

ad w o uls). D uls)) — rangs| L@t
5 )y Ty s uls) Dgyu(s) = fls,v(s), Dgv(Dlds| fo g
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[bcr / (s, u(s), DSy u(s)) — f(s,0(s), DF v(s))|ds

+% i (1—s)o‘_1|f(s,u(8),D§+U(5)) —f(s,v(s)ngw(s))lds} ‘F(E(i;i)l),

< 2Hh-a /Ot %[Mlskl(l — )1+ Mas™ (1 — s)2]ds]Ju — ||

4 ‘;C/ [Mys" (1 — s)b 4 Mas*2(1 — 5)"2]ds|[u — ]|
? 0 O;(Sa))al[Mlskl(l — s)"" 4+ Mps™(1 — 5)2]ds||u — vl!] F(z(oi)tﬁ)

+ [bcr(s@ /01[M13k1(1 — 5) + Mys*2(1 — s)"]ds||u — v

+% 01(1 — )" [MysM (1= s)"' + Mys™ (1 — s)"2]ds||u — ’UH} m

< [MiB(a— B+ ki + 1)+ MaB(a— Bt Io, by + 1)

oMb = Mg g gy 1)

+acF(a)M1 +la—p —61|F(a - 1)F(a)bcM1B(l1 F 1k 4+ 1)

+acF( )Mz-gadr( o) M B(12+1 ko +1)

o= B - 1r(@)T(o - 2)50M2 FdN e = DMag g 4 kg 4 1) H
< Mlju—vl|.

Therefor, we get that
[ Tu—T|[ < Mlu—vl|.

Hence the contraction map principle implies that T'b has a fixed point z € P. Since T : P — P
and f(¢,0,0) #Z 0 for t € (0,1), then z is positive. So BVP(2) has an unique positive solution.
The proof is completed.

4 An example

In this section, we give an example to illustrate the main theorem.
Example 4.1. LetA > 0. Consider the following BVP

DEu(t) + 51— 1) 4 (A 1 Bthu(t) + Di3 |Di u(t )\) —0, te(0,1,1<a<2,

. 1 . 3 _ (7)
hmt_>0 t2u(t) —limy o Dy, u(t) =0,

D2, u(1) + u(1) = 0.
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where A, B, D > 0.
Corresponding to BVP(2), we find that o = %, B=3%,a=b=c=d=1 and

f(tz,y) =t75(1— )75 (A+ Btz + Diily|) .
One sees that 6 =14 2I'(3/2) > 0, f(¢,0,0) # 0 for ¢t € (0,1], f(t,u) satisfies
F(£, 8320y, 270 20)) — f(t,13 2us, , 131 20y)]
< t‘é(l — t)_é[B]ul — ug| + DJvy — va|],t € (0,1),u1,us € [0,00),v1,v2 € R.

Let My = B,Ms = D and k1 = ky = —é and [} = [ = —%. Hence Theorem 3.1 implies that
BVP(7) has a unique positive solution if

M = max {%[BB(W& 7/8) + DB(7/8,7/8)],

[BB(1/8,7/8) + DB(1/8,7/8) + By 4 B(11/8,7/8)

1+20(3/2
I(3/2)+20(1/2)T(3/2) I(3/2)+T(3/2) (8)
+B 1+21°(3/2) B(7/87 7/8) +DWB(7/8’ 7/8)

+

3T(3/2)0(1/2)+1(1/2)
D2 79T (/2) B(7/8,7/8)] F(11/4)} < 1.

Since (8) holds for sufficiently small B and D. It is easy to see that BVP(7) has a unique positive
solution for sufficiently small B and D.
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