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Abstract
In this paper, we generalize two theorems on the uniqueness of non-

linear differential polynomials sharing 1-points, which improves a result
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1. Introduction and main results

Let f and g be two nonconstant meromorphic functions defined in the open
complex plane C. Let k be a positive integer or infinity and a € {oo} U C.
We denote by Ejy(a; f) the set of all a-points of f with multiplicities not
exceeding k, where an a-point is counted according to its multiplicity. If for
some a € {oo} UC, Eyy(a; f) = Ex)(a; g), then we say that f, g share the
value a CM(counting multiplicities).

In [3,5], the problem of uniqueness of meromorphic functions when two lin-
ear differential polynomials share the same 1-points was studied. Also in [3] the
following question was asked: What can be said if two non-linear differential
polynomials generated by two meromorphic functions share 1 CM?

In the meantime some works have been done in this direction (cf.[1,7]). In
2001, Fang and Hong [1] have proved the following result.

Theorem A([1]). Let f and g be two transcendental entire functions and
n(> 11) be an integer. If f*(f —1)f" and ¢"(g — 1)¢’ share 1 CM, then f = g.

In 2005, Indrajit Lahiri and Pulak Sahoo [14] have proved the following
result.

Theorem B([14]). Let f and g be two transcendental entire functions
and n(> 7) be an integer. If Es(1; f*(f — 1)f") = E3(1;9"(9 — 1)¢'), then
f=g.

Theorem C([14]). Let f and g be two transcendental meromorphic func-
tions such that O(oco; f) > 0,0(c0;¢9) > 0,0(c0; f) + O(o0;9) > n%p and
n(> 11) be an integer. If Eg(1; f*(f —1)f') = E5(1:g"(g—1)g), then f = g.

Definition 1.1([4]). For a € CU {oco} we denote by N(r,a; f |= 1) the
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counting functions of simple a-points of f.

For a positive integer m we denote by N(r,a; f |< m)(N(r,a; f |> m)) the
counting function of those a-points of f whose multiplicities are not greater(less)
than m, where each a-point is counted according to its multiplicity.

N(r,a; f |[<m)and N(r,a; f |> m) are defined similarly, where in counting
the a-points of f we ignore the multiplicities.

Also N(r,a; f |< m),N(r,a; f |>m), N(r,a; f |< m) and N(r,a; f |> m)
are defined analogously.

Definition 1.2([cf. [12]]). For a € CU {oc} we put
No(r,a; f) = N(r,a; f) + N(r,a; f [> 2).

In this paper we prove the following theorems which improves Theorem B and
Theorem C.
Theorem 1.1. Let f and g be two transcendental entire functions and n(>
54 2m),m > 1, are integers. If Eg(1; f*(f™ — 1)f") = E3)(1; 9" (9™ — 1)¢'),
then f =g.
Theorem 1.2. Let f and g be two transcendental meromorphic functions
such that ©(oc; f) > 0,0(c0;g) > 0, O(o0; f) + O(o0;9) > niﬂ, and n(>
9+ 2m),m > 1 are integers. If Eg(1; f*(f™ — 1)f') = E3(1;9"(9™ — 1)¢'),
then f =g.

2. Some Lemmas

We denote by h the function

LA

b= J
(f’ f-1

g g-—17
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Lemma 2.1([8,10]). If f and g share 1 CM, then one of the following cases
holds:

OT(r, [)+T(r,9) < 2{Nz(r,0; f) + Na(r,0; g) + Na(r, 00; ) + Na(r, 00; g) } +
S0, f) + S(r,9),

(i) f = g, (i) fg = 1.

Lemma 2.2([14]). If E5)(1; f) = Es5)(1; g), then the conclusion of Lemma 2.1
holds.

Lemma 2.3([14]). Let f and g be two nonconstant meromorphic functions

such that ©(oco; f) + O(o0;9) > where n(> 2) is an integer. Then

Py
[ Haf +b) = ¢g""'(ag + b) implies f = g, where a,b are finite nonzero
constants and n is an integer.

Lemma 2.4. Let f and ¢ be nonconstant meromorphic functions. Then
™ =10fg" (g™ —1)¢' # 1, where n is an integer.

Proof. If possible, let

Let z5 be an 1-point of f with multiplicity p(> 1). Then z; is a pole of g with
multiplicity ¢(> 1), such that

mp+p—1l=n+m+1)g+1

m+p=Mmn+m+1)¢g+2>n+m+3.

: n+m+3
le., p > el

Let zy be a zero of f with multiplicity p(> 1) and it be a pole of g with
multiplicity ¢(> 1). Then

np+p—1l=ng+mg+qg+1

ie,(n+1)(p—q) =mqg+2
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: n+m—1
1.e, P 2 —m

Since a pole of f is either a zero of g(g — 1) or a zero of ¢', we see that

N(r,00; f) < N(r,0;9) + N(r,1; g) + No(r,0; ¢)

m m+ 1 _
< —N(r, 0 T N(r.1: No(r 0 d
—n+m_1 (r7 7g)+n+m+3 (7", 7g)+ 0(7’, ,g)
m m+1 _
< T No(r,0: ¢).
_(n+m—1+n+m+3) (r,9) + No(r, 0;9)

Now by the second fundamental theorem we obtain

T(Taf) SN(T70§f)+N(T71;f)+N(T7OO§f)_NO(T70§fI)+S(T7f)
m m—+1
o L GLED e

—NO(’F,O;fI)—FS(T,f)

IA

N(r,1; f) + N(r,00; )

ie.,

m m—+1 m m—+1
_ _ T < T
n+m-—1 n+m+3) (T’f)_(n+m—1+n+m+3) (r:9) (1)

+NO(T70591) - NO(Ta 0; f,) + S(T7 f)

(1

Similarly, we get

m m—+1 m m—+1

n+m—1 _n+m+3)T(T’g) S(n+m—1+n+m+3)T(T’f) 2)

+ No(r,0; f') = No(r,0; ¢') + S(r, g).

(1-

Adding (1) and (2) we get

2m 2(m+1)
n+m-—1 n+m+3

(1

AT (r, [)+T(r,9)} < S(r, f) +5(r, 9).

which is a contradiction because

m m—+1

1— _
n+m-—1 n+m+3

> 0.
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This proves the lemma.

Lemma 2.5([9]). Let f be a nonconstant meromorphic function and P(f) =
ap +arf +asf?+ ...+ a,f", where ag,ay,...,a, are constants and a,, # 0.
Then T'(r, P(f)) = nT(r, f) + O(1).

Lemma 2.6([11]). Let f be a nonconstant meromorphic function. Then
N(r,0; ) < EN(r,00; f) + N(r,0; f) + S(r, f).

Lemma 2.7. Let f and g be two nonconstant meromorphic functions and
F=filo - A yand G =g -1
integer. Then F' = G’ implies F' = G.

m 1

), where n(>5—m) is an
Proof. If F! = ' then F = G + ¢, where ¢ is a constant. If possible, let
¢ # 0. Then by the second fundamental theorem and Lemma 2.5 we get

(n+m+1)T(r,f) < N(r,o0; F) + N(r,0; F) + N(r,¢; F) + S(r, f)
n+m+1

= N(r,00:f) + N(r, 0 f) + N(r, ———=—3 /)
N, 05) + N, 0 ) 45, )

<3T(r, f)+2T(r,g)+ S(r, f).

ie.,

(n+m—2)T(r, f) <2T(r,g) + S(r, f).

Similarly, we get
(n+m—2)T(r,g) <2T(r, f) + S(r, 9).
This shows that

n4+m—DOTr )+ n+m—4T(r,g) <S(r, f)+ S(r,9),
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which is a contradiction.
Therefore c =0 and so F' = (.

This proves the Lemma.

3. Proof of Theorems

Proof of Theorem 1.2. Let F and G be defined as in Lemma 2.7. Now in

view of the first fundamental theorem and Lemma 2.5 we get

T(r,F)=T(r,—)+ O(1)

= N(r, %) + m(r, %) +0(1)

F) b m(r, ) i, 75)
=T(r,F")+ N(r,0; F) — N(r,0; F") + S(r, F)
n+m+1 ..
“ar1 )
—TLN(T,O;f)—N(T,l;fm)—N(T,O;fl)—FS(T,f)
n+m+1 .
T

_N(T71;fm)_N(T70§fl)+S(T7f)'

< N(Taf)

=T(r,F')+ (n+1)N(r,0, f) + N(r,

=T(r,F')+ N(r,0; f) + N(r,

If possible, suppose that

T(T, F,) +T(T7 G,) < 2{N2(T7 Oa F,) +N2(T70; GI) + NQ(TJOO;FI) ( )
3
+ No(r,00;G")} + S(r, F') + S(r, G").
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Then we get by Lemma 2.6,
n+m+1
Tavr )

n+m-+1
—Nﬁmfﬁ—Nﬁ&ﬁ+Nﬁ&w+Nﬁ—;:rﬂﬂ)

T(r,F)+T(r,G) <T(r,F")+T(r,G)+ N(r,0; f) + N(r

—N(T,l;gm)—N(T,O;gl)—f—S(hf)—i-S(T,g)

< 2Ny(r, 0; F) + 2N (r, 0; G') + 2No(r, 00; F')
n+m+1
n+1

= N(r, 1 f™) = N(r,0; ') + N(r, 05 g) + N(r,

+ 2Ny (r, 00; G') + N(r,0; f) + N(r, ™)

n+m+1
—3g")
n+1

— N(r,1;9™) = N(r,0;¢') + S(r, f) + S(r, 9)

< AT (r, f) + 2mT (r, f) + 2T(r, f) + 2N (r, 00; f) 4 4T (r, g)

+2mT(r, g) + 2N(r, 00, g) + 2T(r, g) + 3N (r, 00; f) + 3N(r, o0; 9)

+S(r, f)+ S(r,9)

< (6 +2m)T(r, f) + (6 + 2m)T(r, g) + 5N (r, o0; f)

+5N(r,00;9) + S(r, f) + S(r, 9).

So by Lemma 2.5 we obtain
(n—4—2m)T(r,f)+ (n—4—2m)T(r,g) <5N(r,00; f) + 5N(r,o0; g)

+S(r, f) + S(r, 9).

(4)

Let us choose ¢ such that
0<e<n—9—2m+min{O(c, f),0(c0,g)}.
Then from (4) we get

(n—9—2m~+0(occ; f)—e)T(r, f)+(n—9—2m~+0O(occ; g)—€)T'(r,g) < S(r, f)+S(r,9),
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which is a contradiction.

Therefore inequality (3) does not hold.

Since Fs)(1; F') = F5)(1;G') by Lemmas 2.2,2.3,2.4 and 2.7 we get f = g.
This proves the theorem.

Proof of Theorem 1.1.

If (3) holds, then from (4) we get
(n—4—=2m)T(r,f)+(n—4—2m)T(r,g) < S(r, f)+ S(r,g9)

which is a contradiction.

Therefore inequality (3) does not hold.

Since

Esy(1; F') = E3)(1;G"), by Lemmas 2.2,2.3,2.4 and 2.7 we get f = g.

This proves the theorem.
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