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Abstract

We introduce the notion of Dunkl positive definite and strictly pos-
itive definite functions on R?. This done by the use of the properties
of Dunkl translation. We establish the analogue of Bochner’s theorem
in Dunkl setting. The case of radial functions is considered. We give a
sufficient condition for a function to be Dunkl strictly positive definite
on R
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1. Introduction

In classical analysis a complex valued continuous function is said positive def-
inite (resp. strictly positive definite) on R, if for every distinct real numbers
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x1, L, ..., T, and every complex numbers 2y, 2o, ..., 2, not all zero, the inequality

n n
Zszz_kf(:vj —xx) >0 (resp. > 0)
§=1 k=1
hold true. (see [7])

In 1930, the class of positive definite functions is fully characterized by
Bochner’s theorem [1], the function f being positive definite if and only if it
is the Fourier transform of a nonnegative finite Borel measure on the real line
R.

In this work, we introduce the analogue of positive definite function in
Dunkl setting. This done by the use of the properties of the Dunkl transla-
tion. We establish a version of Bochner’s theorem in Dunkl setting. We give
a sufficient condition for a function in A,(R?) to be Dunkl strictly positive
definite.

Our paper is organized as follows: In section 2, we present some prelimi-
naries results and notations that will be useful in the sequel. In section 3, we
give some properties of the Dunkl transform, the Dunkl translation and the
Dunkl convolution. In section 4, we introduce the notion of the Dunkl positive
definite functions in studying their properties, some examples are given. We
prove that if ¢ € A,(R?) is Dunkl positive definite, then the Dunkl transform
of ¢ is nonnegative and ¢ is bounded. The case of radial function is considered.
We state a version of Bochner’s theorem in Dunkl setting. As application, we
are interested with the Dunkl heat kernel , and we get a new equality for the
modified Bessel function. The section 5 is devoted to Dunkl strictly positive
definite functions.

2. Notations and preliminaries

Let R be a fixed root system in R? G the associated finite reflexion group,
and R, a fixed positive subsystem of R, normalized so that < a,a >= 2 for
all @ € Ry, where < z,y > denotes the usual Euclidean inner product.

For a non zero a € R?, let use define the reflexion o, by

<z,0>

a, © € R4
<o, >

O =2 — 2

Let x be a nonnegative multiplicity function o — x, defined on R, with the
property that k, = kg where o, is conjugate to og in GG. The weight function
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h,, est defined by

he(z) = H | <z,a> ", 2 cR% (1)

aER

This is a nonegative homogeneous function of degre v, = Z Ka, Which is
acR
invariant under the reflexion group G.

Let T; denote Dunkl’s differential-difference operator defined in [2] by

‘/E) - f(O'aiL’)

<ao,xr >

Tif(@) = 04 (0) + 3 wall

acR

<a,e; >, 1 <i<d, (2)

where 0; is the ordinary partial derivative with respect to x;, and ey, eo, ..., €4
are the standard unit vectors of R?. It was proved in [2] that 71,75, ..., T; com-
mute. Therefore we can naturally define P(T') for any polynomial P, where
T=(T,Ty,..,Ty).

Let PZ denote the space of homogeneous polynomials of degree n in d—variables.
The operators T}, 1 < i < d map P? to P? . The intertwinig operator V,, is
linear and determined uniquely as

ViPLC Py Vil=1, TVe=V,0, 1<i<d (3)
The Dunkl kernel E, associated with G and & is defined by
Ep(w,y) = Ve (%) (2), z,y € R™ (4)

Proposition 1. (see[8]) Let y € C% Then the function f = FE.(.,y) is the
unique solution of the system

T;f =<ejy> f,for all 1 <i<d, (5)
which is real-analytic in R? and satisfies f(0) = 1.
We collect some further properties of the Dunkl kernel F,
Proposition 2. (see[4],[8]) For z,y € C%, A € C
1. E.(z,y) = FE, (y, x),
2. E.(\x,y) = E, (z, \y)
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3. By (z,y) = Ex (T, 9)
4. |E(—iz,y)| < 1.
5. | B (@, 9) |< el

6. Let v(z) =27 + ...+ 22, 2, € C. For 2, w € C¢,

_ll=)? (v(2)+r(w))
2 2

dr =e

Cr /Rd E, (z, 2) E. (z, w) k2 (2) e w (2, w),

where ¢, denotes the Mehta-type costant defined by

In particular, the function

E.(z,y) = VH(‘”) (e<™¥>) | 2,y € RY,

plays the role of €/<%¥> in the ordinary Fourier analysis. Trought this paper,

we fix the values of v and A as
=Y = ko, and A := —_— 7
Y=Y = ) an T+ (7)

Let us recall some classical functional spaces:

e C(R?) the set of continuous functions on R¢ and Cy(R?) its subspace of
continuous functions on R? vanishing at infnity.

e S(R?) the Schwartz space of infnitely differentiable functions on R? which
are rapidly decreasing as their derivatives.

o [P (]Rd, hi) , 1 < p < oo, the space of measurable functions on R? such
that

|uww=(AJﬂ@Wﬁmm);<m.
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3. Harmonic analysis related to the Dunkl op-
erator

In this section, we present some properties of the Dunkl transform, the Dunkl
translation and the Dunkl convolution studied and developed in great detail
in [4,6,10,11].

The Dunkl transform is defined for f € L* (R%, h2) by

D.f(x) = ¢4 g fO)E, (—iz, y) h2(y)dy, =€ R™ (8)

If Kk = 0, then V, = id and the Dunkl transform coincides with the usual
Fourier transform. If d = 1 and G = Zs,, then the Dunkl transform is related
closely to the Hankel transform on the real line.

In fact, in this case,

1

et =i =1 (4 2) ()7 [ ) rsenton) 250 ]

where J, denotes the usual Bessel function of first kind and order .
Theorem 1. (see [10])
1. For f € L' (R% h%), we have D, f € Cy (R?), and
| D Nleo<Il f i -

2. When both f and D, f € L' (R%, h), we have the inversion formula

f(@)=cx | Duf(y)Eeliz, y)hi(y)dy a.e.

Rd

3. The Dunkl transform D, is an isomorphism of the Schwartz class S(R?)
onto it self, and D2 f(z) = f(—=x).

4. The Dunkl transform D, on S(R?) extends uniquely to an isometry of
12 (RY, h2).

5. 1f f, g € L* (R?, h}) then

DLf Wy = [ F5)Deau)h )y

Rd
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Let y € R? be given. The Dunkl translation operator f — 7, f is defined
in L? (R%, h?) by the equation

Dy(ryf)(w) = En(iy, 2)Dif(2), € RY. (9)

The above definition gives 7, f as an L? function.
Let
A.RY ={fe L' (R"h)): Dof € L"(R% h2)}. (10)

Note that A,(R?) is contained in the intersection of L'(R%, k%) and L* and
hence is a subspace of L2(R? h?%). For f € A.(R?) we have

Ty f(x) = /Rd E(iz,y) Ex(~iy, &) Duf (E)hp(€)dE, Yz € RT. (1)

Theorem 2. (see [10]) Assume that f € A.(R?) and g € LY(R? Ah?) is
bounded. Then

L[ nr@eied = [ e rened

2. Tyf<$) =7_.f(~y).
Theorem 3. (see[10]) Let f € A, (R?) be a radial and nonnegative function.
Then T,f >0, T,f € L}, (R?) and

[ mseiads = [ s (12)

The Dunkl convolution operator is defined on L? (R%, h?) by: for f, g €
L? (R?, hi),
Foo) = [ Tw)mg W), (13)
R

where g¥(y) = g(—y).
Note that as 7,¢¥ € L? (R?, h?), the above convolution is well defined. We
can also write the definition as

Fanglo) = [ DD B (i ORI (1)
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Theorem 4. (see [9,10,11])
1. Let f,g € L* (R4 hZ), then

(a) DK(f Xk g) = Dy f.Dxy.
(b) f*ng:g*nf-

2. Let f € L? (Rd,hz) and g € L' N L? (Rd, hi), then f %, g € L? (Rd, hi)
and

1 % g s 2<[l g lleall f [ls2 - (15)

4. Dunkl Positive definite Functions

Definition 1. A continuous function ¢ of L? (Rd, hi) s satd Dunkl positive
definite (resp. stictly Dunkl positive definte) if for every finite distinct real
numbers xi,...,x,, and every compler numbers « ,..., a,, not all zero, the
inequality

Z Zozjoz_kﬂvj (¢) (xx) >0, (resp.>0)

j=1 k=1

holds true. Where 1, denotes the Dunkl translation.

From definition.1 we can read of the elementary properties of a Dunkl
positive definite function.

Proposition 3. (Properties of Dunkl positive definte functions)

1. A nonnegative finite linear combination of Dunkl positive definite func-
tions is Dunkl positive definite.

2. Let ¢ be a Dunkl positive definite function, then

(a) The function T,o(z) > 0, for all z € R In particular, ¢(0) > 0.

(b) o(—z) = ¢(x), for all x € RY.

Proof. 1. The first property is immediate consequence of the definition 1.

2. The second property follows by choosing n = 1, oy = 1 and x;y = z in
the definition 1.
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3. In the definition 1, let n =2, 1 =0, ay = 1, ap = ¢ and x5 = x, then

©(0)+ | ¢ |? Twp(x) + cp(—x) + Ep(x) > 0.

Setting ¢ = 1 and ¢ = i, respectively, we deduce that p(z) + ¢(—x)
and i(p(—z) — ¢(z) must be reals. This can only be satisfied when

p(—2) = p(x).
|

Corollary 1. Let ¢ € A.(R%) be a Dunkl positive definite function, then
D, () is real.

Proof. For ¢ € A.(R?), we have
Di(p)(x) = cx | Euly, —iz)e(y)hi(y)dy.
Rd

Hence

D.(p)(z) = CK/ E(y, —iz) o(y)hi(y)dy.

Rd

Since E.(x,y) = E(7,7) for 7,y € C?, we obtain

Da()(@) = e / By, i) ()2 (y)dy

Rd

— . [ Bucmin) S

So, by proposition 3, we have

and E.(Az,y) = Ex(z, \y), for any A € C we obtain

Dy()(x) = Dy() ().

We begin by seeking sufficient conditions for a function to be Dunkl positive
definite.
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Theorem 5. Let ¢ € A, (R?) be a nonnegative function, then D, (p) is Dunkl
positive definite.

Proof. For p € A,(R?), we have

Thus,
D e, (Du(9) (1)
j=1 =1
= / 122D e <Eﬁ<—mj,5>E<m,§>>] (=O)hz(€)de
- Lj=1 1=1
TN
:/Rd ZajEH(_ix]’ ] [Zal iy, § ]¢(_§)hi(§)d§
_j*1
2
Za] —iz;, €)| p(=E)hi(€)dE = 0.
Which completes the proof. [ |

Example 1. Fort > 0, the function

1s Dunkl positive definite.
Indeed, put
Cr _l=)?
Gt(ZE) = (4t)’)/+4 At

Thus, Gy is nonnegative function of L' (Rd, hi) . Moreover, (see [9])
Fi(z) = De(Gy)(x). (16)

Since Fy(z) € L' (R4, h2), we conclude by theorem 5.
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Example 2. Consider the modified Bessel function of the second kind of order
« defined by

+o0
K.(x) = / e~ ™ cosh(at)dt, = > 0.
0

Using the integral representation [5,(7.12.24]

x

+oo o2
2K, (ax) = aa/ t e 2 gy
0

by setting a = r, x = 1 and substituting v = 2¢, and using K, = K_,, we
have

+oo 2
K, (r) = 7“_0‘20‘_1/ u e e du, (17)
0

Now, putting

1

—7 e IRd7
a+ 1y R’

P(y) =

with p € N, such that p > g+'y+1.
Since p > 24+ 1, the function ® is in (L' N L?) (R? hZ). From, the integral
representation of the gamma function, for p > 0, we have

I'(p) :/ = te~tdt
0
:s”/ uP e S du.
0

Let s = 1+ || y |3, then we get

d(y) = L/ uP Lo teullvli gy
0
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Thus
D,i@)(w):cﬁ/ D (1) By (1, —itw)h2 ()

/ w=emve= I B (y, —iw)h2 (y)dydu

0
p)/o e {C”/Razeuw'%E“(y’ —iw)hi(y)dy | du
(p)/o

o

uP~te™ D, (Fy () (w)du

| ”\
—_ e~

—

oo d llwli
= — uP T2 e e T duy
['(p)27*2 Jo

Using the relation (17) we obtain

Du(@)(w) = 55 llwlly " Ky sl w ll2). (18)

Since for o > 0, the even function z*K,(z) is positive and belongs to
L]0, +o00[, z2*T1dx), by the inversion formula and theorem 5 we deduce that

d(y) = (1+H;H 75 is a Dunkl positive definite function.

Example 3. Let o € L? (Rd, hz) be a continuous function. We consider the
functions v, t >0, defined by

D= o, (Gily), v € R

where a; € C, z; € RY for all 1 < j < N and Gy is the function definite in
examplel.

If < @*gv, v >> 0, then ¢ is Dunkl positive definite.

Indeed, by the definition of the generalized translation operator and equation
(16), we have

_ 2
Dy Z% iy, w)e 2l
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which leads to
Dy (7t *k fY_vt) (w) :| DK(fYt) |2 (w)

2

E(—izj,w) e 2l

‘ 19
= — Z a;a By (—izj,w w) B, (—iz;, w)e 2l (19)

Ck
7,l=1

= D, (Z a0, [T_MG%(.)Q (w).

=1
Since the Dunkl transform is a topological automorphism of the Schwartz space
S(RY), then

N
Yt Xk ’Vvt(’)/) = Z O‘jaﬂ—m]’ [T_CUIGQt(')] (w),
Ji=1

i.e

Yt Kk /Y t Zajaﬂ—l’ Qt wl?‘)) (w)7
7,l=1

where I', is the Dunkl type heat kernel. Thus,

/d () e xe 7 ( y)dy = Z o0, / )T, T (28, 0, y) R (y)dy,
R

J,l 1
= Z Oé]Oél/ 7_17 y) Fn(2t7 Z, y)hi(y)dy
7l=1

By theorem 4.7 in [9], we have

N
lim [ o)y * W W)y = ;a7 To0(2).

t—0 d
R =1

Which completes the proof.
Proposition 4. Let ¢ € A.(R%). If ¢ is Dunkl positive definite function and

feL?(RY h2), then
<@xx [, [ >>0. (20)
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Proof. Since ¢ € A, (R?), and f € L? (R% h2), then o, f € L? (R% h2),
and

o f0) = [ np W
R
Since ¢ is Dunkl positive definite function, then » = ¢, so
o i) = [ @I
R
Thus, for f € L? (R?, h%),

<enchit>= [ [ n@@IeF@m @)

Let f € S(RY), its known that, for € > 0, there exists a closed cube W C R¢,
such that

/ / 74(® ) f (2)hZ(y)dyhZ(z)ds— / / (P ) f ()2 (y)dyhZ(z)dz
Rd JRA
But the double integral over the cubes is the limit of Riemannian sums. Hence,
we can find 71, ..., zx € R? and weights w, ..., wy such that

x| 02 (y)dyh? (@)de = > 7, <=
[ [ s@wswremon Z o T < 5

This means that

/Rd /RdTa: ) f () B2 (y)dyh? (z)dx > ZTI Yo f (z1)w; — €.

7l=1

Letting € tend to zero and using that ¢ is Dunkl positive definite function
shows that (20) is true for all f € L? (R?, h2) . |

Corollary 2. Let ¢ € A.(RY) be a Dunkl positive definite function, we define
A S(RY) — C by

A0 = [ @D ()t o) (21)

If v = [o|? with ¢ € S(RY) and even, then () is nonnegative.

<€
2.
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Proof. Put f = D *(v). Since v is even, then f and D,(f) are even, and

D(f =) = ¥(x).
Thus,

=
2
Il

SY
S
=

7
;!
8
~
N
~~
&
>
KN
S
=N
<
_
>
x N
=
U
S

S~

Y

I
s
—~
=
S—

Y

I

(y) (o % [) (—y)hi(y)dy

~

Y

F(=y) (o [) (9)h2(y)dy

_ / T (e D) Ry
=< ke f, [ >>0.

Il
%\%\%\%\%\%\%\
5
@

&

Proposition 5. Let ¢ € A.(R?). If ¢ is a Dunkl positive definite function,
then

D.p(z) >0, Vo € R%
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Proof. For ¢, f € A.(R?), we have

[ ID.OPODER O = [ DUNEDITEDL O E)de
—2 D(Mﬂ £ () B, —i€)h2 (2)
{ / T Enly, i€)h2( )dy} B2 (€)de

Adwf‘3‘4d< ) By, i€)

(
}xh )dzh(y
:ﬁ/’ @) T resp()h2 () dh (y)dy
Rd JRd
:Ci<a*nf7f>2 0.

Since ¢ is Dunkl positive definite then D, is real. Since the last inequality
holds for an arbtitrary function f € A (R?), we conclude. [ |

Corollary 3. Let ¢ € A.(R?). If ¢ is a Dunkl positive definite function, then
@ 18 bounded and

lo(x)] < 9(0), Vo€ R

Proof. In definition 1, let n = 2,04 = |p(x)], a0 = —¢(x), 21 = 0 and z9 = z,
we have

p(0)lp(@)]* = p(=2)|e(@)|e(2) — p(@)]e(@)le(@) + o) Prop(z) > 0.

Since ¢(—z) = ¢(x), we obtain

[o(@)[* [0(0) — 2l (2)] + Tup(2)] > 0

l.e

(©(0) + Teip(x)). (22)
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Furthermore, by the definition of Dunkl translation, and since ¢ is Dunkl
positive definite function, we have

Top(x) = |Tep(z)| = ‘/ | B (i, €)|" D (€) h2 () de
2

|Dep©)|r(€)de (23)
= [ Dactemzioe
= ¢(0).

The relations (22) and (23) lead to
o(2)] < ©(0).
[

Corollary 4. Let 1, @2 € A(R?). If 1, 0o are Dunkl positive definite func-
tions, then the convolution product o1 *, 2 1S also.

Proof. For @1, 03 € A.(R?), we have

P1 %, P2 € Ll (Rd7 hz) )

and
Dy (91 %1 92) = Dyipr.Dypy € L (Rd; hi) .

Now, for every complex numbers «q, ... a,, and for every distinct real numbers
T, ..., Tp, We have

Z Z O‘J'EITUBJ (901 *k 992) (xl)

j=1 I=1

S L (1, €) B i ) D (5] RRE)
7j=1 I=1

2

Dy (1) (§) Dic (02) () hi (€)dg

n

E a;Ey (ixj, &

.

>0

b



Dunkl positive definite functions 17

where the last inequality follows from Proposition 5. [

Proposition 6. Let ¢ € A.(RY) be a radial and Dunkl positive definite
function. If f € A.(R?) is a positive radial function, then the product oD, f
15 a Dunkl positive definite function.

Proof. Since o, f € A.(R?), and radials we have
¢D,f € Ac(RY),

and radial function. Thus,

n n n 2
> > gt (pDuf) (@) = / |22 asBeling, €)] Di (9Def) (€)h2(6)dé
j=1 [=1 j=1
n 2
- / S oy Ey(iy, €)] Dyg e FER(O)E.
j=1

Moreover, by the definition of Dunkl convolution, we can write
Dypr () = | Dep(t)m f ()2 (t)dt. (24)
R4
From proposition 5 and theorem 3.4 in [10], we have
Dy xu f(2) > 0.
Which completes the proof. [ |

Corollary 5. Let ¢, 00 € AL(RY) are radials. If 1,02 are Dunkl positive
definite functions, then the product p1ps is also.

Proof. Let ¢ = Dy, then D, = o, and since ¢, is radial, we have v is
radial. So, by proposition 5, we have

¥ > 0.

By proposition 6, we conclude. |

In the following we state a version of Bochner’s theorem in Dunkl setting and
we establish a necessary and sufficient condition for a function to be a Dunkl
positive definite.
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Theorem 6. (Bochner) Let ¢ € A.(R%). Then, ¢ is Dunkl positive definite,
if and only if, there exist a nonnegative function v € A.(R?) such that

Y= DHI/)' (25>

Proof. Since ¢ is Dunkl positive definite function, we have o(—x) = (), and
D, is even real function (see corollary 1). By the inversion formula we have

p(z) = Dip(z), Vo € R
Let
77/)(:13) = DKQD(:E)'
By proposition 5, we deduce that v is nonnegative function of A, (R?).

Inversely, since 1 is nonnegative function and belong to A, (R?), by theorem
5 we deduce that ¢ = D, is Dunkl positive definite function. ]

4.1 Applications

Proposition 7. Let ¢ € A.(R?) be a radial function. If ¢ is Dunkl positive
definite function, then there exist a nonnegative radial function ¢ € A,(R?)
such that

1. 7y >0,

2. T € L' (R h2),
and

I 78 (sl ¢ [[1e= 9 (0).

Proof. Bochner’s theorem asserts that there exist a nonegative function v such
that

= Dy
Since ¢ is radial, then 1 = D, ¢ is radial, nonnegative and belongs to A, (R?).
Using theorem 3.4 in [10], we get
(i) v >0, 7,0 € L' (R AY).
() || 7w e=l o [l1x= ©(0).
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[ |
Corollary 6. Fort >0 and x € R?, we have
Lu(t,,y) > 0, Vy € R?
Dult,z,y) € L' (R hi(y))
and
[ Tt phmdy = 1. (26)
Rd

Where U (t, x,y) is the Dunkl type heat kernel defined by

c _ \Ix\|2+|\y||2> ( T y >
I.(t,z,y) = e ( o E|l— — .
b5 9) = Vot Vi

Proof. Fort > 0, the function ¢(z) = e~"#1* = F,() is Dunkl positive definite
function (see example 1), radial and belongs to A, (R%). Moreover,

[SIEW

C _lz)?

U(w) = Dali)(a) = —pe™5,

Then

Lt 2,y) = (V) (y) = 7(Drp) (y)-
By the last proposition I', (¢, z,y) is nonnegative, belongs to L' (R% h2) , and
we have

/Rd it )b (y)dy = /R )W)k w)dy
=/, U (y)hy (y)dy

= [ Duo(y)hl(y)dy
Rd

=¢(0)=1.
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Corollary 7. Forp > v+ ‘Q—i + 1, let K, be the modified Bessel of the second
kind and order o, then

Lo (et s, g ) ©ri)as

L'(p)

c 2P 1

PV
= [ e Ky D) =

Proof. Let p > v+ %41, be an integer. Put ¢(y) = (1+Hy|| a7 then ¢ is Dunkl
positive definite function (see example 2), we have

Cy

U(A) = Dilp)(A) = T(p)2— IAP2 Ko (A )

By the last proposition we have

[ mena = [ vwiod
= | Dup(y)hiz(y)dy

=p(0) =1

5. Strictly Dunkl Positive Definite Functions

Lemma 1. Let U C R? is open. Suppose that z1, ...z, € R%, are pairwise

distinct and that o« = (o, ..., o) € C™. Ionz] (izj,w) =0, forallw € U,
then o = 0.

Proof. Suppose that

Zaj (izj,w) =0, Yw € U.
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Since z — E,(y, z) is analytic on C, by analytic continuation, we get
Zoz] (izj,w) =0, Vw € R%

Let f be a C"™ function with compactly supported, we know that

D, (T:vf) (/\) = EH(_ix7 )‘)an()‘)
Then

Z a;Ey (izj,w) = D, (Z ijTij> (A) =0.

Since for all j € {1,...,n}, 7, is C™ function with compactly supported,
then we get

> e f(A) =0, VA€ R (27)

If the support of f is conatained in the ball around zero with radius
€ < Iriélil‘ | ¢ || = || 2 || |, we have (see [10] proposition 3.13), 7, f is sup-
j

ported in {z, || z [|< e+ || z; ||}
Thus
Ta:jf(wk) =0, Vk #] Tij($j) # 0, Vi, k € {1,,71}

Using (27), we obtain

oy, f(o;) =0, Vje{l,..,n}.
We coclude. [ |

Theorem 7. Let ¢ € A.(R?), be a nonidentically zero and Dunkl positive
definite function. Then ¢ is Dunkl strictly positive definite.

Proof. Let ¢ € A.(R?) be nonidentically zero and Dunkl positive definite
function. Suppose that there exist distinct reals points z1, ..., z,, and complex
numbers «y, ..., o, not all zero, such that

Z Z ajﬁluj(p(xl) =0.

j=1 I=1
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By (11), we get

2

)| Dap(€)h2()de = 0.

E a; B (—ixy, €

Since ¢ is Dunkl positive definite and belongs to A, (R?), we have D,y is
nonnegative continuous function. Then

2

)| Dep(€) =0, V€ € RY

—1x,§

Since D, is nonidentically zero, then there exist an open U C R¢ such that

Dyp(§) #0, Ve U.
Thus

—izj, & ‘ =0,v¢el.

Using, lemma 1, we get
a; =0, Vje{l,...n}.

We conclude. [ |

Example 4. The functions p(z) = e 1"t >0, and 1 (z) = s P2
v+ %l + 1 are Dunkl strictly positive definite functions.
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