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Abstract

In this paper we study some applications of the theory of differential
subordination defined on the space of univalent functions which are
defined by linear operators. Also, some examples are given.
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1. Introduction

Let #H (U) be the class of analytic functions in the open unit disc U={z € C : |z] < 1}
and let H [a,n] be the subclass of H (U) consisting of functions of the form:

f(z)=a+a, 2"+ a1’ + .. (a €C; 2 €U).

Also, let A be the subclass of the functions f € H (U) of the form:

f(z)=z+ i apz", (1.1)

n=2
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and set A;= A the class of univalent functions. Let K denotes the class of all
convex functions in 4 which are satisfy the condition

:{feA:Re{l+%}>0 (zeU)}.

For f,g € H(U), we say that f is subordinate to g, or g is superordinate to
f, written as f < g or f(z) < g(z), if there exists a Schwarz function w (z),
which ( by definition ) is analytic in U with w (0) = 0 and |w (2)| <1 (2 €U)
such that f(z2) = g(w(z)) (z €U). Furthermore, if the function g is univalent
in U, then we have the following equivalence:

f(z) <g(2) <= [f(0) = ¢(0) and f(U) C g(U).

Let form € Z = {...,—2,—-1,0,1,2,..} and o > 0,A > 0,/ > —1,a,c € C
be such that Re(c¢ —a) > 0 and Re(a) > —pu, we consider the linear operator
Ja, ¢, i) + A — A was introduced by Raina and Sharma [13], where

. B Lle+p) & /\(n— D\" T'(a+np)
Tnila, ¢, p) f(z) =2+ o——— Tatp) 2:) ( 7 > F(c+nu)anz . (1.2)

It is readily verified from (1.2) that
Tt e p)f () = TR e ) () + s (T e i) () (1)

a—+ p
and
m+1 A m,1 !
T (ase 1)) = (1= ) e 1)+ e (T (s ) (2))

(1.4)
We may point out here that some of the special cases of the operator defined
by (1.2) can be found in [1], [2], [3], [5], [6], [7], [9], [14], [15].

Suppose that ¢ : C* x U — C and let h be univalent in U. If p(z) is analytic
in U and satisfies the following second-order differential subordination

VY (p(2), 20 (2), 2°p"(2)) = h(2) (2 € V), (1.5)

then p(z) is called a solution of the differential subordination (1.5). The uni-
valent function ¢(z) is called a dominant of the solution of the differential
subordination (1.5) or more simply, a dominant if p(z) < ¢(z) for all p(z)
satisfying (1.5). A dominant ¢(z) that satisfies ¢(z) < ¢(z) for all dominants
q(z) of (1.5) is said to be the best dominant of (1.5).
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2. The Main Results

To prove main results, we need the following lemmas:

Lemma 1. (Hallenbeck and Ruscheweyh [4]; see also [10, Theorem 3.1.6,
p.71]). Let h be a convex function in U with h(0) = a,0 # v € C and
Revy > 0. If p(z) € H [a,n] and

plz) + %ﬂ(z) < h(2),

then
p(2) < q(z) < h(z),

where

(z) = /0 h(t)t=tdt.

nzn

The function q is convex and is the best dominant.

Lemma 2. (/11, Lemma 13.5.1, p.875]). Let g be a convex function in U and
let

h(z) = g(z) + nazg'(z) (z € V),

where a > 0 and n a positive integer. If
p(2) = g(0) + ppz" + pup1 2" + (2 € U),
s holomorphic in U, and
p(2) +azp'(z) < h(z) (2 €U),

then
p(z) < g(2)

and this result s sharp.

Lemma 3. (/10, p.7], see also [12]). For real or complex numbers a,b and c
(c#£0,—-1,-2,...), we have
(1)

1
/ 71— )1 — t2) Tt = ) o Fy (a,b;¢;2) 5
0
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(i)

2oF1(a,byci2) = (1—2)7" oF (aac—b;C;L);
Z_

2F1 (1,1;3; : )ZQ(Z_I) {1+M}

(iii)

z—1 z z

Unless otherwise mentioned we assume throughout the paper that m € Z,0 >
—1,A> 0,1 > 0,a,c € C be such that Re(c —a) > 0 and Re(a) > —p.

Theorem 1. Let

1+ Az\"
p—— < < . .
h(z) <1+Bz) (JA|<1,|B|<1,0<r<1) (2.1)
If f € A satisfies the differential subordination:
(T @, e, ) f(2)) < h(z) (2 € D), (2.2)
then
(Txe(a, e, n) f(2)) < a(2), (2.3)
where
2F (=1, 55, 14 55 —Az) (B=0)

(2.4)
and the function q(z) is convex and is the best dominant.

Proof. We first observe ([16, p.16]; see also [12, p.132]) that the function
defined by (2.1) is analytic and convex univalent in U, since

(1 8) = 0 e kg

1—7 147
+ >0 (zeU).
1+]A] 1+ |B| — ( )

> —1+4+

Differentiating the recurrence relation (1.5) with respect to z, we get

(T (@ e ) f(2) = (Tia, e ) £(2) + ﬁzg

(%"}(a, c, u)f(z))” (2.5)
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By using (2.5) in view of (2.2), we have

(i) + 1 (Tracns@) <ne = (1) Gen)
(2.6)

Let
p() = (e, F(2)) (2.7

then (2.6) and (2.7) yield the differential subordination

Azp'(2) (14 Az
1+¢ < h(z) = <1+Bz

Applying now Lemma 1, we conclude that

1 ? o 1 P14+ A\
pe) <00 = e [ o = | ( ) s
0

p(2) +

)r (ze€U).

(2p)z % Jo () F

1+¢ 1+4 1 + bt

To evaluate the above integral, we first express the integrand in the form
tlT”—l 1+ At T_ A TtlT“—l ! A—B \"
1+Bt) \B A(l+Bt)) ’

using Lemma 3 and some calculations, we have

q(z) = (%)r 5 (—;)z’ (A 2 B>i (1+Bz)"2F, (@ 1,1+ 1T+£; 15—2&) (B #£0)

i>0

On the other hand, if B = 0, we have

1 z 1,
(1_+£)Z » Jo

which upon integrating similarly as above, we have

1+7 1+7¢
q(z) = 2F | —r, i 1+ + i —Az ). (2.8)
A A
In view of Lemma 1 (for v = 4£ n = 1), we assert that

(T(a, e, 1) f(2))" < a(2) < h(z),
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where ¢(z) is given by (2.4) is convex and the best dominant, which completes
the proof of Theorem 1.

Remark. Puttingr=1,A=2a—-1 (0<a<1)and B=0in (2.8), we get

1+¢ 1+ B (2a —1)(1+¢)
2F1<—1, ) 1+ 3 (1 2a)z)—1+ Y 2,

therefore, ¢(z) given by (2.4) becomes

20 —1—2(a—1)(1+2) 2R (1,1,1+ 5 %)  for B=1,
() =19 |, oAy for B =0
T e A or &5 =0.

Example 1. If m =0,r =1,A > 0,a,c € C,Re(c—a) > 0,Re(a) > —pu, A =1
and B = 0, then from Theorem 1, we deduce the following assertion:

A a,c A a,c ’/
[(1_€+—1>I“ f(z)+€+1z(Iﬂ f) ]| <142 (f(z)eA,zel)

then

147
R —
14+7+ M

where 77 is the Erdelyi-Kober type integral operator [8].

[Zoof(2)]" < 1+ (z € 1),

Theorem 2. Let q be a convex function in U with q(0) =1 and let

h(z) =q(z) + T 1zq'(z) (z€U).
If f € A satisfies the differential subordination:
(T (@, e ) f(2)" < B(2), (2.9)
then /
(Tila, e, @) f(2)) < q(2) (2 €). (2.10)

Proof. Making use of (2.7) in (2.5), then the differential subordination (2.9)
becomes

p(z) + 2p'(2) < h(z) = q(2) +

1+¢



Some Subordination Theorems of Univalent Functions 107

Applying Lemma 2, we have p(z) < ¢(z), which implies that
(i@, m)f(2))" < al2)-
The proof of Theorem 2 is completed.

Example 2. If m =0,A > 0,¢ > 0,a,c € C,Re(c —a) > 0, Re(a) > —p and
q(z) = == in Theorem 2, we obtain the following result:

1+z
A A g1 222
(1= 2T @) + g7 (T f(2) (f%;f (f(z) € A,z € D),

then
z

r 1=
) < 112

(z € U).

Theorem 3. Let q be a convex function in U with q(0) =1 and let
h(z) = q(2) +2¢'(2) (2 €U).
If f € A satisfies the differential subordination:

(T(a, e, p) f(2)) < h(2), (2.11)
then .
‘7”(“’(;’“ ) L) Gew. (2.12)
Proof. Let .
jx,e(aaZ/ﬁ)f(Z) —0(2). (2.13)
Differentiating with respect to z, we have
[T (a,e, ) f(2)] = 0(2) + 20/ (2), (2.14)

By using (2.11), we obtain the differential subordination relation
0(z) + 20'(2) < h(z) = q(2) + 2¢'(2).

Using Lemma 2, we deduce that 0(z) < ¢(z), which implies that

Tila, ¢, p) f(2)

. =< q(2).
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The proof of Theorem 3 is completed.

Example 3. If m = 0,a = c € C, and ¢(z) = ifi in Theorem 3, we obtain
the following result:
1—2z—22
D < —— = (f(z) e A,z e ),
O =< () )
then ) 1
z -z
< eU).
z 1+2 ( )

Theorem 4. Let h(z) is given by (2.1). If f € A satisfies the differential
subordination:

(T(a e, n) f(2)) < h(z) (2 €U), (2.15)
then
jA,e(aCM)f(Z) < b(2),
where

o) = (%V; Cri (A2BY' (14 B2)72F(i, 1,2, 22%) (B #£0),
2F (—1,1,2,—Az) (B =0)

and the function ¢(z) is the best dominant.

Proof. Using (2.14), the differential subordination (2.15) becomes
1+ Az)r

0(2) + 20'(z) < h(z) = (1 "y

and applying Lemma 1, we have

1 [* /14 At\"
o) <o) =2 [ (1) o

which upon integration gives (2.16), and hence it follows that

(T5(a, e, ) £(2))

z

=< ¢(2).
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The proof of Theorem 4 is completed.

Theorem 5. Let h be a convex function in U with h(0) = 1. If f € A satisfies
the differential subordination:

(Fy(a e ) f(2) < h(z), (2.17)
then . .
jx,e(aajﬂ)f(z) < o(z) = %/0 h(t)dt.

and ¢ is convexr and is the best dominant.
Proof. Using (2.14) in (2.17), we have
p(2) + 2p'(2) < h(2).

From Lemma 1, we obtain

ma<w@=1£%@w,

z

and using (2.13), we conclude the result:

Ti(a, e, 1) f(2) 1/%h@yu

z z

This completes the proof of Theorem 5.

Example 4. If m = { = 0,a = ¢ € C and h(z) = L’é in Theorem 5, we
obtain the following result:

1—2

JEN =<

(f(z) e A,z€U),

then
f(2) - 2log (14 2) — =
z z
Theorem 6. Let h(z) is given by (2.1). If [ € A satisfies the differential
subordination.:

(z € U).

(Tr(a+1e, 1) f(2) < h(z) (2 €U), (2.18)
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then
(T(a, e, 1) f(2)) < q(2), (2.19)
where
q(z) = &) ; *(457) (L + B2) 2R (i’ L1+ 1f§z) (B #0),
DR (-r, S 1+ 8- A o)
(2.20)

and the function q(z) is conver and is the best dominant.

Proof. Differentiating the recurrence relation (1.4) with respect to z, we get

(Fla+ Lem)f () = (Fhla e m) f2)) + L2 (T, e f(2)

a+ pu
(2.21)
By using (2.21) in view of (2.18), we have
(i) + L (Traen@) <ne = (1) Gen)
(2.22)
Let /
p(z) = (Tila, e, p) f(2)) (2.23)

then (2.22) and (2.23) yield the differential subordination

1+ Az
1+ Bz

p(2) + —H oy (2) < h(z) = ( ) (2 € ).

a—+p

Now, applying Lemma 1, we conclude that

1 d 1 D1 AL\ wte
< =—— | h@)t" di= t " dt,
o) <o) = e [ 000 e (1=5)

a+p <

S (LA AT (ANT SR A-B Y
1+Bt) \B A1+ Bt)) "’

using Lemma 3 and some calculations, we have

0 (S () oo e oo

>0

where
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On the other hand, if B = 0, we have

atp

1 ? i
q(z) = —W/ (14 At)"t dt,
0

(32

which upon integrating similarly as above, we have

q(z) = 2F, <—7’,a+'u,1+ a+'u;—Az>.
p 7

In view of Lemma 1 (for v = “JFT“, n = 1), we assert that

(T(a, e, 1) f(2))" < a(2) < h(z),

111

(2.24)

where ¢(z) is given by (2.20) is convex and the best dominant, which completes

the proof of Theorem 6.

Example 5. f me Z,{ > -1,A>0r=1L,a=c=1,u> —-1,A =1 and

B =0, then from Theorem 6, we deduce the following assertion:

/

K z
L+p

(1= T () +

then

/ 1+
(T f(2)] <1+ HQ’LZ (€ U).

Theorem 7. Let ¢ be a convex function in U with q(0) =1 and let

h(z) = q(=) + - ﬁ L (2) (€ )

If f € A satisfies the differential subordination:

(T(a+1,e,1)f(2) < h(2),

then
(Tila, e, ) f(2)) < q(z) (2 €D).

(TUf(2)| <1+2 (f(z) e A,z€U)

(2.25)

(2.26)

Proof. Making use of (2.23) in (2.21), then the differential subordination

(2.25) becomes
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Pe) b () < h) = () + e (2)

Applying Lemma 2, we have p(z) < ¢(z), which implies that
(Tl e f(2) < a(2).
The proof is completed of Theorem 7.

Example 6. If m e Z, (> —-1,A>0,a=c=1,u4> —1and ¢(z) = }Jr;i, then
from Theorem 7, we obtain the following result:
A R %
/’L m ILL m ! 1+/1/
1———)IT0f(2)+ ——=2 (T f(= < —t— 2)eA,zeU
(L= PTG + T (TG | < 2 () )
then

Tn s ()] < ;—j (z € U).

Theorem 8. Let ¢ be a convex function in U with ¢(0) = 1 and let
h(z) =q(2)+ 2¢'(z) (2 €U).

If f € A satisfies the differential subordination:

(T(a, e, p) f(2)) < h(z), (2.27)
then .
j”(“’cz’“ G ) e, (2.28)
Proof. Let .
j,\,e(%jﬂ)f(z) — 0(2). (2.29)
Differentiating with respect to z, we have
[T (ay e, 1) f(2)] = 0(2) + 20/ (2), (2.30)

By using (2.27), we obtain the differential subordination relation

6(z) + 20/(=) < h(z) = q(2) + 2q'(2).
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Using Lemma 2, we deduce that 0(z) < ¢(z), which implies that

T(a, e, pw) f(2)

z

= q(2).

The proof of Theorem 8 is completed.

Example 7. If m € Z,{ > —1,A > 0,a =c =1, and ¢(z) = }jrj, then from
Theorem 8, we obtain the following result:
1—2z— 22

[(j)f"ef(z))} = (1+2)

(f(z) e A,z€U),

then

T f(2) - 1—2

z 1+ 2

(z€U).

Theorem 9. Let h(z) is given by (2.1). If f € A satisfies the differential
subordination:

(Tr(a e, n) f(2)) < h(z) (2 €U), (2.31)
then
jA,e(aCM)f(Z) < b(2),
where
P Gl 5oL (ASBY (1 4 B2) 2R (3,1,2, 125) (B #0),
2F1(—;,_1, 2, —Az) (B =0),
(2.32)

and the function ¢(z) is the best dominant.
Proof. Using (2.30), the differential subordination (2.31) becomes

1+ Az\"
1+Bz) '’

0(2) +20'(z) < h(z) = (

and applying Lemma 1, we have

1 [#/1+ At\"
b) < ola) =1 [ (113’;) i,
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which upon integration gives (2.32), and hence it follows that

(T(a, e, p)f(2))

z

=< ¢(2).
The proof of Theorem 9 is completed.

Theorem 10. Let h be a convezr function in U with h(0) = 1, If f € A
satisfies the differential subordination:

(T(a, e, m) f(2))" < h(2), (2.33)
then
Jx,e(a,zu)f(Z) < o(z) = %/0 hir,

and ¢ is convex and is the best dominant.
Proof. Using (2.30) in (2.33), we have
p(2) + 2p'(2) < h(2).

From Lemma 1, we obtain

ma<wazlﬁ3mw,

z

and using (2.29), we conclude the result:

T(a, e, p) f(2) <oz 1/Z h(t)dt.
0

z z

This completes the proof of Theorem 10.

Example 8. If m € Z,{ > —1,A > 0,a = ¢ = 1, and h(z) = ;—j, then
Theorem 10, yields the following result:

()] =

(f(z) e A,z €U),

then

T f(2) . 2log (14 2) — =

. . (ze€U).
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