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Abstract

In the present paper, new generalizations of certain Ostrowski type
inequalities involving two functions are given via some integral identi-
ties.
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1. Introduction

In [1] , Cerone, Dragomir and Roumeliatis proved the following identity :

b∫
a

h (t) dt =
n−1∑
k=0

[
(b− x)k+1 + (−1)k (x− a)k+1

(k + 1)!

]
h(k) (x)

+ (−1)n

b∫
a

En (x, t) h(n) (t) dt, (1.1)
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for x ∈ [a, b] , where h : [a, b] → R be a mapping such that h(n−1) is absolutely
continuous on [a, b] , En : [a, b]2 → R is given by

En (x, t) =

{
(t−a)n

n!
if t ∈ [a, x]

(t−b)n

n!
if t ∈ (x, b] ,

for x ∈ [a, b] and n ≥ 1 is a natural number .

Let [Pn] be a harmonic sequence of polynomials, that is P ′
n = Pn−1, n ≥

1, P0 = 1. Furthermore, let I ⊂ R be a segment and h : I → R be such that
h(n−1) is Lipschitz function or is a continuous function of bounded variation
on I , for some n ≥ 1 . In [3] , Dedić ,Pečarić and Ujević proved the following
identity :

1

n

[
h (x) +

n−1∑
k=1

(−1)k Pk (x) h(k) (x) +
n−1∑
k=1

H̄k

]
− 1

b− a

b∫
a

h (t) dt

=
(−1)n−1

n (b− a)

b∫
a

Pn−1 (t) e (x, t) dh(n−1) (t) , (1.2)

where

H̄k =
(−1)k (n− k)

b− a

[
Pk (a) h(k−1) (a)− Pk (b) h(k−1) (b)

]
, (1.3)

and

e (x, t) =

{
t− a if t ∈ [a, x]
t− b if t ∈ (x, b] ,

(1.4)

for x ∈ [a, b] . The sums above are defined to be zero for n = 1 .

In the same papers [1] and [3] based on the identities (1.1) and (1.2) the
authors pointed out the inequalities which provide approximation formulae for

the integral
b∫

a

h (t) dt whose errors can be estimated as follows :

∣∣∣∣∣∣
b∫

a

h (t) dt−
n−1∑
k=0

(b− x)k+1 + (−1)k (x− a)k+1

(k + 1)!
h(k) (x)

∣∣∣∣∣∣ ≤ ∥∥h(n)
∥∥
∞ Hn (x) ,

(1.5)
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where h(n) ∈ L∞ [a, b] ,

Hn (x) =

b∫
a

|En (x, t)| dt (1.6)

and ∣∣∣∣∣∣ 1n
[
h (x) +

n−1∑
k=1

(−1)k Pk (x) h(k) (x) +
n−1∑
k=1

H̄k

]
− 1

b− a

b∫
a

h (t) dt

∣∣∣∣∣∣
≤ L

b− a
Dn (x) , (1.7)

where

Dn (x) =
1

n

b∫
a

|Pn−1 (t) e (x, t)| dt, (1.8)

H̄k and e(x, t) are as given in (1.3) and (1.4) and h : [a, b] → R be such that
h(n−1) is L-Lipschitz function for some n ≥ 1 and L ≥ 0 is a constant.

In recent years, a number of authors have written about generalizatins,
extensions and variants of the well known Ostrowski’s inequality ( [ 6, p.468]
), see [1-6 , 9 , 10] and the references cited therein . In this paper we will give
new generalizations of the inequalities (1.5) and (1.7) involving two functions,
as well as some related new inequalities. The analysis used in the proofs is
elementary and based on the use of the integral identities (1.1) and (1.2).

2. Statement of Results

In what follows, R denotes the set of real numbers and [a, b] for a < b be a
given subset of R . First we give the following notations used to simplify the
details of presentations. For a suitable function h : [a, b] → R we set

A [h (x)] = h (x) +
1

b− a

n−1∑
k=1

(b− x)k+1 + (−1)k (x− a)k+1

(k + 1)!
h(k) (x) ,



396 B. G. Pachpatte

B [h (x)] =
1

n

[
h (x) +

n−1∑
k=1

(−1)k Pk (x) h(k) (x) +
n−1∑
k=1

H̄k

]
,

for x ∈ [a, b] and define ‖h‖∞ =
sup

t ∈ [a, b]
|h (t)| < ∞, for h ∈ L∞ [a, b] . .

Our main results are given in the following theorems.

Theorem 1. Let f, g : [a, b] → R be functions such that f (n−1), g(n−1) are
absolutely continuous on [a, b] and f (n), g(n) ∈ L∞ [a, b] . Then∣∣∣∣∣∣g (x) A [f (x)] + f (x) A [g (x)]− 1

b− a

g (x)

b∫
a

f (t) dt + f (x)

b∫
a

g (t) dt

∣∣∣∣∣∣
≤ 1

b− a

[
|g (x)|

∥∥f (n)
∥∥
∞ + |f (x)|

∥∥g(n)
∥∥
∞

]
Hn (x) , (2.1)

and ∣∣∣∣∣∣A [f (x)] A [g (x)]− 1

b− a

A [g (x)]

b∫
a

f (t) dt + A [f (x)]

b∫
a

g (t) dt


+

1

(b− a)2

 b∫
a

f (t) dt

  b∫
a

f (t) dt

∣∣∣∣∣∣
≤ 1

(b− a)2

∥∥f (n)
∥∥
∞

∥∥g(n)
∥∥
∞ H2

n (x) , (2.2)

for all x ∈ [a, b] , where Hn (x) is given by (1.6).

Remark 1. We note that in [1] the authors have evaluated the integral in
(1.6) and obtained

Hn (x) =
1

(n + 1)!

[
(x− a)n+1 + (b− x)n+1] , (2.3)

for x ∈ [a, b] . If we take g(x) = 1 and hence g(n) (x) = 0 for n ≥ 1 , in the
inequality (2.1), then we recapture the inequality established in (1.5), that is,
the inequality in [1], when Hn (x) is given by (2.3). One can also obtain bounds
on the right hand sides in the inequalities in (2.1) and (2.2) when f (n), g(n)

belongs to Lp [a, b] or L1 [a, b] .



New Generalizations of Certain Ostrowski Type Inequalities 397

Theorem 2. Let (Pn) be a harmonic sequence of polynomials and f, g :
[a, b] → R be functions such that f (n−1), g(n−1) are respectively L-Lipschitz and
M-Lipschitz functions for some n ≥ 1 i.e.∣∣f (n−1) (x)− f (n−1) (y)

∣∣ ≤ L |x− y| ,

∣∣g(n−1) (x)− g(n−1) (y)
∣∣ ≤ M |x− y| ,

for x, y ∈ [a, b] , where L, M are nonnegative constants. Then∣∣∣∣∣∣g (x) B [f (x)] + f (x) B [g (x)]− 1

b− a

g (x)

b∫
a

f (t) dt + f (x)

b∫
a

g (t) dt

∣∣∣∣∣∣
≤ 1

b− a
[L |g (x)|+ M |f (x)|] Dn (x) , (2.4)

and ∣∣∣∣∣∣B [f (x)] B [g (x)]− 1

b− a

B [g (x)]

b∫
a

f (t) dt + B [f (x)]

b∫
a

g (t) dt


+

1

(b− a)2

 b∫
a

f (t) dt

  b∫
a

g (t) dt

∣∣∣∣∣∣
≤ LM

(b− a)2D2
n (x) , (2.5)

for all x ∈ [a, b] , where Dn (x) is given by (1.8).

Remark 2. By taking g(x) = 1 and hence g(n−1) (x) = 0 for n ≥ 2 in
(2.4) and by simple calculation, it is easy to observe that the inequality (2.4)
reduces to the inequality (1.7) given in [3]. We note that, one can also obtain
inequalities similar to that of (2.4) and (2.5) for the functions f, g : [a, b] → R
such that f (n−1), g(n−1) are continuous functions of bounded variations for some
n ≥ 1 ( see [3,Theorem 2]). We believe that the inequalities established in (2.2)
and (2.5) are new to the literature.
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3. Proofs of Theorems 1 and 2

From the hypotheses of Theorem 1, we have the following identities (see [1,5])
:

A [f (x)]− 1

b− a

b∫
a

f (t) dt =
(−1)n+1

b− a

b∫
a

En (x, t) f (n) (t) dt, (3.1)

A [g (x)]− 1

b− a

b∫
a

g (t) dt =
(−1)n+1

b− a

b∫
a

En (x, t) g(n) (t) dt. (3.2)

Multiplying (3.1) and (3.2) by g(x) and f(x) respectively and adding the
resulting identities we have

g (x) A [f (x)] + f (x) A [g (x)]− 1
b−a

[
g (x)

b∫
a

f (t) dt + f (x)
b∫

a

g (t) dt

]
= (−1)n+1

b−a

[
g (x)

b∫
a

En (x, t) f (n) (t) dt+g (x)
b∫

a

En (x, t) f (n) (t) dt

]
. (3.3)

From (3.3) and by using the properties of modulus we have∣∣∣∣g (x) A [f (x)] + f (x) A [g (x)]− 1
b−a

[
g (x)

b∫
a

f (t) dt + f (x)
b∫

a

g (t) dt

]∣∣∣∣
≤ 1

b−a

[
|g (x)|

b∫
a

|En (x, t)|
∣∣f (n) (t)

∣∣ dt + |f (x)|
b∫

a

|En (x, t)|
∣∣g(n) (t)

∣∣ dt

]
≤ 1

b−a

[
|g (x)|

∥∥f (n)
∥∥
∞ + |f (x)|

∥∥g(n)
∥∥
∞

] b∫
a

|En (x, t)| dt

= 1
b−a

[
|g (x)|

∥∥f (n)
∥∥
∞ + |f (x)|

∥∥g(n)
∥∥
∞

]
Hn (x) .

The proof of (2.1) is complete.

Multiplying the left sides and right sides of (3.1) and (3.2) we get

A [f (x)] A [g (x)]− 1
b−a

[
A [g (x)]

b∫
a

f (t) dt + A [f (x)]
b∫

a

g (t) dt

]
+ 1

(b−a)2

(
b∫

a

f (t) dt

) (
b∫

a

g (t) dt

)
= (−1)2n+2

(b−a)2

[
b∫

a

En (x, t) f (n) (t) dt

] [
b∫

a

En (x, t) g(n) (t) dt

]
. (3.4)
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From (3.4) and using the properties of modulus we have∣∣∣∣A [f (x)] A [g (x)]− 1
b−a

[
A [g (x)]

b∫
a

f (t) dt + A [f (x)]
b∫

a

g (t) dt

]
+ 1

(b−a)2

(
b∫

a

f (t) dt

) (
b∫

a

g (t) dt

)∣∣∣∣
≤ 1

(b−a)2

[
b∫

a

|En (x, t)|
∣∣f (n) (t)

∣∣ dt

] [
b∫

a

|En (x, t)|
∣∣g(n) (t)

∣∣ dt

]
≤ 1

(b−a)2

∥∥f (n)
∥∥
∞

∥∥g(n)
∥∥
∞

[
b∫

a

|En (x, t)| dt

]2

= 1
(b−a)2

∥∥f (n)
∥∥
∞

∥∥g(n)
∥∥
∞ H2

n (x) .

This is the desired inequality in (2.2).

From the hypotheses of Theorem 2, the following identities hold (see [3]):

B [f (x)]− 1

b− a

b∫
a

f (t) dt =
(−1)n−1

n (b− a)

b∫
a

Pn−1 (t) e (x, t) df (n−1) (t) , (3.5)

B [g (x)]− 1

b− a

b∫
a

g (t) dt =
(−1)n−1

n (b− a)

b∫
a

Pn−1 (t) e (x, t) dg(n−1) (t) . (3.6)

Multiplying (3.5) and (3.6) by g(x) and f(x) respectively and adding the
resulting identities we have

g (x) B [f (x)] + f (x) B [g (x)]− 1
b−a

[
g (x)

b∫
a

f (t) dt + f (x)
b∫

a

g (t) dt

]
= (−1)n−1

n(b−a)

[
g (x)

b∫
a

Pn−1 (t) e (x, t) df (n−1) (t)

+f (x)
b∫

a

Pn−1 (t) e (x, t) dg(n−1) (t)

]
. (3.7)

For integrable function F : [a, b] → R we have∣∣∣∣∣∣
b∫

a

F (t) df (n−1) (t)

∣∣∣∣∣∣ ≤ L

b∫
a

|F (t)| dt, (3.8)
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∣∣∣∣∣∣
b∫

a

F (t) dg(n−1) (t)

∣∣∣∣∣∣ ≤ M

b∫
a

|F (t)| dt, (3.9)

since f (n−1) and g(n−1) are L-Lipschitz and M -Lipschitz functions. From (3.7)
, using the properties of modulus and in view of (3.8) , (3.9) we observe that∣∣∣∣g (x) B [f (x)] + f (x) B [g (x)]− 1

b−a

[
g (x)

b∫
a

f (t) dt + f (x)
b∫

a

g (t) dt

]∣∣∣∣
≤ 1

n(b−a)

[
|g (x)|L

b∫
a

|Pn−1 (t) e (x, t)| dt + |f (x)|M
b∫

a

|Pn−1 (t) e (x, t)| dt

]
= 1

(b−a)
[L |g (x)| + M |f (x)|] 1

n

b∫
a

|Pn−1 (t) e (x, t)| dt

= 1
(b−a)

[L |g (x)| + M |f (x)|] Dn (x) ,

which is the required inequality in (2.4).

Multiplying the left sides and right sides of (3.5) and (3.6) we have

B [f (x)] B [g (x)]− 1
b−a

[
B [g (x)]

b∫
a

f (t) dt + B [f (x)]
b∫

a

g (t) dt

]
+ 1

(b−a)2

(
b∫

a

f (t) dt

) (
b∫

a

g (t) dt

)
=

{
(−1)n−1

n(b−a)

}2
[

b∫
a

Pn−1 (t) e (x, t) df (n−1) (t)

]
×

[
b∫

a

Pn−1 (t) e (x, t) dg(n−1) (t)

]
. (3.10)

The rest of the proof of (2.5) can be completed by closely looking at the proofs
of (2.2) and (2.4) given above.

Remark 3. We note that, one can very easily obtain from Theorems 1 and
2, the corollaries similar to those of various corollaries of the corresponding
results given in [1,3] with suitable modifications. Here we do not discuss the
details.
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4. Some Related Inequalities

In this section, we point out some new inequalities related to the inequalities
given in Theorems 1 and 2.

Dividing both sides of (3.3) and (3.4) by (b− a) and then integrating both
sides with respect to x over [a, b] and following closely the proof of Theorem 1
we get

∣∣∣∣ 1
b−a

b∫
a

[g (x) A [f (x)] + f (x) A [g (x)]]dx− 2
(b−a)2

(
b∫

a

f (t) dt

) (
b∫

a

g (t) dt

)∣∣∣∣
≤ 1

(b−a)2

b∫
a

[
|g (x)|

∥∥f (n)
∥∥
∞ + |f (x)|

∥∥g(n)
∥∥
∞

]
Hn (x) dx, (4.1)

and ∣∣∣∣ 1
b−a

b∫
a

[A [f (x)] A [g (x)]]dx− 1
(b−a)2

[(
b∫

a

A [g (x)] dx

) (
b∫

a

f (x) dx

)
+

(
b∫

a

A [f (x)] dx

) (
b∫

a

g (x) dx

)]
+ 1

(b−a)2

(
b∫

a

f (x) dx

) (
b∫

a

g (x) dx

)∣∣∣∣
≤ 1

(b−a)3

∥∥f (n)
∥∥
∞

∥∥g(n)
∥∥
∞

b∫
a

H2
n (x) dx. (4.2)

Similarly, dividing both sides of (3.7) and (3.10) by (b − a) and then inte-
grating both sides with respect to x over [a, b] and following the arguments as
in the proof of Theorem 2, we get

∣∣∣∣ 1
b−a

b∫
a

[g (x) B [f (x)] + f (x) B [g (x)]] dx− 2
(b−a)2

(
b∫

a

f (t) dt

) (
b∫

a

g (t) dt

)∣∣∣∣
≤ 1

(b−a)2

b∫
a

[L |g (x)|+ M |f (x)|] Dn (x) dx, (4.3)
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and

1
b−a

b∫
a

B [f (x)] B [g (x)] dx− 1
(b−a)2

[(
b∫

a

B [g (x)] dx

) (
b∫

a

f (x) dx

)
+

(
b∫

a

B [f (x)] dx

) (
b∫

a

g (x) dx

)]
+ 1

(b−a)2

(
b∫

a

f (x) dx

) (
b∫

a

g (x) dx

)∣∣∣∣
≤ LM

(b−a)3

b∫
a

D2
n (x) dx. (4.4)

Remark 4. We note that the inequalities obtained in (4.1)-(4.4) are similar
to the well known inequalities due to Grüss ( see [7, Chapter X]) and Čebyšev
( see [7, p.297]) . For various other inequalities of the above type, see [7,8] .

Finally we note that the method presented in this paper can be used in
order to obtain the further extensions of the results given in Theorems 1 and
2 involving n functions via the integral identities (1.1) and (1.2). In this case
we shall meet only some technical complications. Here we do not discuss the
details.
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