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Abstract
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1. Introduction

A continuous complex-valued function f = u+iv defined in a simply connected
complex domain C is said to be harmonic in C if both u and v are real harmonic
in C. In any simple connected domain, we can write f = h + g , where h and
g are analytic in C. A necessary and sufficient condition for f to be locally
univalent and sense preserving in C is that |h'(z)| > |¢'(2)|, z € C.

Denote by Sy the class of functions f = h+ g that are harmonic univalent
and sense preserving in the unit disc U= {z € C : |z| < 1} for which f(0) =
f-(0) =1 =0. Then for f = h+ g € §y we may express the analytic functions
h and g as

h(z)zz‘i‘z&kzk , g(Z):Zbkzk, bl < 1. (1)
k=2 k=1
Clunie and Sheil-Small [1] studied the class Sy together with some geo-

metric subclasses of Sg.

The differential operator D™ was introduced by Salagean [2]. For f = h+g
given by (1), Jahangiri et al. [3] defined the modified Salagean operator of f
as follows:

D"f(z) = D"h(z) + (=1)"D"g(2) (2)
where
D"h(z) = 2+ > 0, k"agzandD"g(2) = S oo | k"bp2".

For0<a<1l ,neNy; ,A> % and z € U, we let HP(n, A, «) denote
the family of harmonic functions f of the form (1) such that

D"f(z) + A(D""f(z) — D*(z))

Z

Re{ }>a (3)

where D" f is defined by (2).

If the co-analytic part of f = h + g is identically zero and n = 0, then the
family HP(n,\, &) turns out to be the class F)(«) introduced by Bhoosmur-
math and Swamy [4] for the analytic case.
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We let the subclass HP*(n, \, @) consist of harmonic functions f,, = h+ g,
in HP(n, A, «) so that h and g, are of the form

h(z)=2z— Zakzk, gn(2) = (—1)”Zbkzk, ar >0 by >0. (4)
k=2 k=1

The class HP(n, A, «) includes a variety of well-known subclasses of Sy. For
example, HP*(0,1,a) = HP*(«) which denote the subclass of Sy satisfying
Re{lW(z2)+ ¢ (2)} >a ;0<a<1in[5].

In this paper, the coefficient bounds given in [5] for the class H P*(«) are
extended to the class HP*(n, A\, «) of the forms (3) above. Furthermore, we
determine extreme points, distortion theorems for fractional calculus, convo-
lution conditions, and convex combinations for the functions in H P*(n, A, «).

2. Main Results

Firstly, we introduce a sufficient coefficient condition for functions in H P*(n, A, a).
Theorem 1. Let f = h+ g be so that h and g are given by [1]. If

ST 4+ (1= MEa] + k™ — (L= NEDfl <2 —a (5)

a1 =1,0<a<1,néeNyand A > % then f is harmonic univalent, sense-

preserving in U and f € HP(n, \, «).

Proof.If z; # z5, then
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f(Zl) B f(z2)’
h(z1) — h(z2)
o |g(21) B 9(22) ‘

>
- h(z1) — h(z2)

(21— 22) 2212 ak(Zf - 25)

Zl?il k‘bk‘

> 1 — .y

1- Zk=2 klag|
L TR — (1= NkYlb]
- D heg AR (1 — A)km) |ag|
> 0

which proves univalence of f. Note that f is sense- preserving in U. This is
because

W) = 1= klal|z[
k=2

> 1= (AR (1= AR ax
k=2

> Z(Ak”“ — (L= A)k")|bx]
k=1

> Z(wﬂ — (1 = N)E™)|bg| 2]
k=1

> Zk\bk\lz!’“
k=1

> |g'(2)].

Using the fact that Re{w} > a iff |1 —a+w| > |1+« —w|, it suffices to show
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that
(1 —a)z+ D" f(2) + A[D" f(2) = D" f(2)]]
|(1+a)z—D”f( ) =AD" f(2) = D" f(2)]]
= |(2-a)z+ Z(Ak”“ + (1= Nk apz® — (=1)" Y (AR — (1= \)E")by2F|
_ k=1
—|oz — i()\k"“ + (1= Nk apz® + ( "i AETE — (1 = M) E™) b 2|
k=2 k=1
> 201 =)z = D> 200" + (1= NE")[ag||2]F =Y 200" = (1= X)k")[bi]|2]*
k=2 =
= 2(1-a)lz|{1- Z(W“ A+ (1= M) agl |27 = R = (1= AR bl l2]*}
> 2{(1—a) = O+ (1= NE")ag] + Y (A" = (1= \)E") b))}
> 0. - .

So the proof of theorem is complete.

The harmonic mappings

-« —

=Y 1 z
(z) = Z O+ 1 (1= Akn) +Z o= = o )

0 <a<1l,ne NyA>
coefficient bound given by
HP(n,\ a) because

nd Y02, [zk] + D pe; [yl = 1, show that the

1
5 a

2

(5) is sharp. The functions of the form (6) are in

[OE™E 4+ (1 — N)E™) |ar] + (A" — (1 — N)E™)|bi ]

NE

i

1

= 1+ (1=a)O_ |ael + > lul)

= 2—aq.
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In the following theorem, it is shown that the condition(5) is also necessary
for functions f,, = h + g, where h and g, are of the form (4).

Theorem 2. Let f, = h+ g, be given by (4). Then f, € HP*(n, A\, «) if and
only if

f: AR (1= NE ) ap + O™ — (1= NEb) <2 —a. (7)
k=1

Proof. Since HP*(n,\,a) C HP(n,\, a), we need to prove the "only if”
part of the theorem. To this end, for functions f, of the form (4), we notice
that the condition

D"f(z) + A(D*"f(z) — D*(z))

Z

Re{ }>a

is equivalent to

Re{ (l—a)z—ZEOZQ(Ak“+1+(1—)\)k“)akz —( 1)"2?1 ()\kn+1 (1 )\)k )bkzk} > 0 (8)

V4

The above required condition (8) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < [z| =7 < 1, we
must have

@)=Y AR (1= B apr ™ = (=1)" Y (AR = (1= A)E")ber* ™! > 0.
k=2 k=1

(9)
If the condition (7) doesn’t hold, then the numerator in (9) is negative for r
sufficiently close 1. Hence there exists zp = 7 in (0, 1) for which the quotient in
(9) is negative. This contradicts the required condition for f, € HP*(n, \, )
and so the proof is complete.

Next, we determine the extreme points of closed convex hulls of HP*(n, A, «)
denoted by clcoH P*(n, A, «).
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Theorem 3. Let f, = h+ g, be given by (4). Then f, € HP*(n, A\, «) if and
only if

Zxkhk + Yign,(2) (10)

11—« ok
AL 4 (1 — N)kn

hi(z) =2 ,hi(z) =2z — (k=2,3,---),n € Ny,

1 -« Sk
AL — (1T — A\)En

gnk(z)zz+(_1)” (k:1727"')an€N07

and

Y Xp+Yi=1 Xp;>0Y: >0
k=1

In particular, the extreme points of HP*(n, A\, ) are {hy} and {gn, }-

Proof.For functions f,, of the form (10), we have

fn(z) = Zthk<Z)+Ykgnk(Z)

o0

1—a i
= Z Xy + Yi)z Z Nl 4 )\)ankZ
k=1

11—«
Y.z
Z M+l — (1 — \)k» kZk
Then
ap + by

l—« l—«
k=2 k=1

i AR 4 (1 — A)E" i AL — (1 — A)km
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and so f, € clcoHP*(n, A, ).
Conversely, suppose that f,, € clcoHP*(n, A\, ). Setting

O (1= AR

Xk 1— o ag (k:2,3,"‘>,n€N0,
AR — (1 — N)k™
Y, = ( ) by, (k:1,2,"'>,n€N0,
1 -«
where > 77 Xj + Y, = 1, we obtain f,,(2) =Y re | Xihi(2) + Yign, (2) as
required.

For the following theorem, we must define the fractional integral of order
u for a function in H P*(n, A\, a). Denote the fractional integral of order p, for
a function f,, = h + g,, by

L 1 / h(€) _ n/z 9n(§) :

Dz fn(z) F(,U){ 0 (2_5>1,“d£+( 1) 0 (Z—f)lilu‘dg} 7:u>0
where f, is analytic harmonic function by h and g, are analytic in a simply-
connected region of the z-plane containing the origin and the multiplicity of
(z — &)*~1 is removed by requiring log(z — &) to be real when z — & > 0.

The following theorem gives the distortion bounds for fractional calculus
for function in H P*(n, A\, &) which yields a covering result for this class.

Theorem 4. Let f, = h+ g, € HP*(n, A\, o) where

h(z)=z— Zakzk, gn (2) = (—1)"Zbkzk, ar >0 b, >0.
Then
ks 1—(2X = 1)[by|
<|D;"fu(2)] (11)
Elis 1— (2 =1)[by|

foru>0,/\>%cmdz€U.
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Proof.We note that

where

D(p+2)z7"D " fu(2)
I+ 2)27“{D7“h( )+ (=1)"Dz"gn(2)}

D(u+2) =T+ DT (n+2),
_Z k+u+) wt + (1)) T(k+p+1) st

k=1

ot (=1)"z — Z F(llﬁ (*/; fi:’f 52) (ap* + (=1)"bez")

2 (=102 = Y (k) (az” + (—1)"b2")

P+ DP(u+2)

p(k) = ThtptD) 02

Noting that (k) is decreasing function of k, we have

2

0< k) <p2)= P

Therefore, we obtain

IN

IN

IN

IN

IN

P(u+2)z7 D" fo(2)]

(1+ [ba])]z] + Zs@(k)(ak +by) 2]
(1 + [ba])]2] + o(2)] 2 Zawbk

(R E— f(jf(l A+ 2 e b

2|2 Z ("IN 4 k(1 — N)]ay,

k=2

1
A+1)(p+2)

(1+ ba]) 2] + 5

FIETIA = E(1 = A)]bs

(1+ |by])r + {1—(2X = 1)|by|}r?

21N+ 1)(n+2)
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which is equivalent (11).

The following covering result follows from the left hand inequality in The-
orem 4.
Corollary. Let f, = h+ g, of the form (4) be so that f, = h+ g, €
HP*(n,\, «). Then

2 A+ D(p+2) -1 (2X —1) = 2" YA 4+ 1) (u + 2)
2 1A+ 1) (p+2)I'(n+2) 21N+ D) (p+2)I'(p + 2)

{w : Jw| <

C fn(U).

b1}

Remark. Lettingn = 0,\ =1 and p — 0 in Theorem 4 and Corollary , we
obtain the results similar to that were given in [5, Theorem 2.3] and [5,Corollary
2.4], respectively.

For our next theorem, we need to define the convolution of two harmonic
functions. For harmonic functions of the formf, (2) = z — > 7, ap2® +
(=) > bk ZF and F, (2) = 2 — Y oo, A2 + (= 1)" S0 | Biz®

we define the convolution of f,, and F,, as

(fo# Fo) (2) = ful2) # Fu2) =2 = Y ap A" + (=1)" > bpBiz*. (12)

Theorem 5. For0 < g <a<1,letf, € HP*(n,\ ) and F,, € HP*(n, A\, a).
Then f, x F,, € HP*(n,\,«) C HP*(n, A\, 3).

Proof. For f, and F, as in Theorem 5,writef, (z) = 2z — > o, ap2” +
(=1)" >0 bkz" and F, (2) = 2 — > o0, Apz® + (=1)" >0, Bz .

Then the convolution f, * F, is given by (12). We wish to show that the
coefficients of f,, * F}, satisfy the required condition given by Theorem 2. For
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F, € HP*(n, \, 3), we note that |Ax| <1 and |By| < 1. Now, for the convolu-
tion function f,, * F,, we obtain

AR (1= A)ET N — (1= Nk
apAy +
k=2 2-F o ; 2-F

N (1= AR N (1= AR
< ay, + b

k=2 2-p ' ; 2-p '

AR 4 (1= AR ZONEMHL — (1= A)k"

< ; S, ak—i-; S, by <1

kak

since0 < 8 < a < land f, € HP*(n, A\, «). Therefore f,xF, € HP*(n,\,«a) C
HP*(n,\, ).

Now, we show that HP*(n, A, «) is closed under convex combination.

Theorem 6. The family HP*(n, A\, «) is closed under convexr combination.

Proof. For i =1,2,--- suppose that f,, HP*(n, A, «) where
fni (Z) =z = 220:2 akizk + <_1)n ZIC::O:I bkizk‘
Then by Theorem 2,

N (1= A)kn M — (1= \E"
ak, + Y e be, < 1. (13)

2—«
k=2 k=1

For Y, ¢, = 1,0 <t; <1, the convex combination of f,, may be written as

S tifulz) = 2 = 30 tuaw )2 + (1) 3O b2
=1 k=2 1=1 k=1 =1

Then, by (13),
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AR 4 (1= A AR — (1 —
Z o Ztak +Z o thk

k=2
> ”Ak”+1+(1—>\)k )\k"“—(l—)\)k

and therefore Y ° t;f,, € HP*(n, A, o).
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