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Abstract
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1. Introduction

A continuous complex-valued function f = u+iv defined in a simply connected
complex domain C is said to be harmonic in C if both u and v are real harmonic
in C. In any simple connected domain, we can write f = h + ḡ , where h and
g are analytic in C. A necessary and sufficient condition for f to be locally
univalent and sense preserving in C is that |h′(z)| > |g′(z)|, z ∈ C.

Denote by SH the class of functions f = h+ ḡ that are harmonic univalent
and sense preserving in the unit disc U = {z ∈ C : |z| < 1} for which f(0) =
fz(0)− 1 = 0. Then for f = h + ḡ ∈ §H we may express the analytic functions
h and g as

h (z) = z +
∞∑

k=2

akz
k , g (z) =

∞∑
k=1

bkz
k, |b1| < 1. (1)

Clunie and Sheil-Small [1] studied the class SH together with some geo-
metric subclasses of SH .

The differential operator Dn was introduced by Salagean [2]. For f = h+ ḡ
given by (1), Jahangiri et al. [3] defined the modified Salagean operator of f
as follows:

Dnf(z) = Dnh(z) + (−1)nDng(z) (2)

where

Dnh(z) = z +
∑∞

k=2 knakz
kandDng(z) =

∑∞
k=1 knbkz

k.

For 0 ≤ α < 1 , n ∈ N0 , λ > 1
2

and z ∈ U , we let HP (n, λ, α) denote
the family of harmonic functions f of the form (1) such that

Re{Dnf(z) + λ(Dn+1f(z)−Dnf(z))

z
} ≥ α (3)

where Dnf is defined by (2).
If the co-analytic part of f = h + ḡ is identically zero and n = 0, then the

family HP (n, λ, α) turns out to be the class Fλ(α) introduced by Bhoosmur-
math and Swamy [4] for the analytic case.
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We let the subclass HP ∗(n, λ, α) consist of harmonic functions fn = h+ ḡn

in HP (n, λ, α) so that h and gn are of the form

h (z) = z −
∞∑

k=2

akz
k, gn (z) = (−1)n

∞∑
k=1

bkz
k, ak ≥ 0 , bk ≥ 0. (4)

The class HP (n, λ, α) includes a variety of well-known subclasses of SH . For
example, HP ∗(0, 1, α) ≡ HP ∗(α) which denote the subclass of SH satisfying
Re{h′(z) + g′(z)} > α ; 0 ≤ α < 1 in [5].

In this paper, the coefficient bounds given in [5] for the class HP ∗(α) are
extended to the class HP ∗(n, λ, α) of the forms (3) above. Furthermore, we
determine extreme points, distortion theorems for fractional calculus, convo-
lution conditions, and convex combinations for the functions in HP ∗(n, λ, α).

2. Main Results

Firstly, we introduce a sufficient coefficient condition for functions in HP ∗(n, λ, α).

Theorem 1. Let f = h + ḡ be so that h and g are given by [1]. If

∞∑
k=1

[(λkn+1 + (1− λ)kn)|ak|+ (λkn+1 − (1− λ)kn)|bk|] ≤ 2− α (5)

a1 = 1, 0 ≤ α < 1, n ∈ N0 and λ > 1
2

then f is harmonic univalent, sense-
preserving in U and f ∈ HP (n, λ, α).

Proof.If z1 6= z2, then
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|f(z1)− f(z2)

h(z1)− h(z2)
|

≥ 1− | g(z1)− g(z2)

h(z1)− h(z2)
|

= 1− |
∑∞

k=1 bk(z
k
1 − zk

2 )

(z1 − z2)
∑∞

k=2 ak(zk
1 − zk

2 )
|

> 1−
∑∞

k=1 k|bk|
1−

∑∞
k=2 k|ak|

≥ 1−
∑∞

k=1 λkn+1 − (1− λ)kn)|bk|∑∞
k=2 λkn+1 + (1− λ)kn)|ak|

≥ 0

which proves univalence of f . Note that f is sense- preserving in U. This is
because

|h′(z)| ≥ 1−
∞∑

k=2

k|ak||z|k−1

> 1−
∞∑

k=2

(λkn+1 + (1− λ)kn)|ak|

≥
∞∑

k=1

(λkn+1 − (1− λ)kn)|bk|

>

∞∑
k=1

(λkn+1 − (1− λ)kn)|bk||z|k−1

≥
∞∑

k=1

k|bk||z|k−1

≥ |g′(z)|.

Using the fact that Re{w} ≥ α iff |1−α+w| ≥ |1+α−w|, it suffices to show
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that

|(1− α)z + Dnf(z) + λ[Dn+1f(z)−Dnf(z)]|
−|(1 + α)z −Dnf(z)− λ[Dn+1f(z)−Dnf(z)]|

= |(2− α)z +
∞∑

k=2

(λkn+1 + (1− λ)kn)akz
k − (−1)n

∞∑
k=1

(λkn+1 − (1− λ)kn)bkzk|

−|αz −
∞∑

k=2

(λkn+1 + (1− λ)kn)akz
k + (−1)n

∞∑
k=1

(λkn+1 − (1− λ)kn)bkzk|

≥ 2(1− α)|z| −
∞∑

k=2

2(λkn+1 + (1− λ)kn)|ak||z|k −
∞∑

k=1

2(λkn+1 − (1− λ)kn)|bk||z|k

= 2(1− α)|z|{1−
∞∑

k=2

(λkn+1 + (1− λ)kn)|ak||z|k−1 −
∞∑

k=1

(λkn+1 − (1− λ)kn)|bk||z|k−1}

> 2{(1− α)− (
∞∑

k=2

(λkn+1 + (1− λ)kn)|ak|+
∞∑

k=1

(λkn+1 − (1− λ)kn)|bk|)}

> 0.

So the proof of theorem is complete.

The harmonic mappings

f(z) = z +
∞∑

k=2

1− α

(λkn+1 + (1− λ)kn)
xkz

k +
∞∑

k=1

1− α

(λkn+1 − (1− λ)kn)
ykzk (6)

0 ≤ α < 1, n ∈ N0, λ > 1
2

and
∑∞

k=2 |xk| +
∑∞

k=1 |yk| = 1, show that the
coefficient bound given by (5) is sharp. The functions of the form (6) are in
HP (n, λ, α) because

∞∑
k=1

[(λkn+1 + (1− λ)kn)|ak|+ (λkn+1 − (1− λ)kn)|bk|]

= 1 + (1− α)(
∞∑

k=2

|xk|+
∞∑

k=1

|yk|)

= 2− α.
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In the following theorem, it is shown that the condition(5) is also necessary
for functions fn = h + ḡn where h and gn are of the form (4).

Theorem 2. Let fn = h + ḡn be given by (4). Then fn ∈ HP ∗(n, λ, α) if and
only if

∞∑
k=1

((λkn+1 + (1− λ)kn)ak + (λkn+1 − (1− λ)kn)bk) ≤ 2− α. (7)

Proof. Since HP ∗(n, λ, α) ⊂ HP (n, λ, α), we need to prove the ”only if”
part of the theorem. To this end, for functions fn of the form (4), we notice
that the condition

Re{Dnf(z) + λ(Dn+1f(z)−Dnf(z))

z
} ≥ α

is equivalent to

Re{ (1−α)z−
∑∞

k=2(λkn+1+(1−λ)kn)akzk−(−1)n
∑∞

k=1(λkn+1−(1−λ)kn)bkzk

z
} ≥ 0. (8)

The above required condition (8) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 ≤ |z| = r < 1, we
must have

(1−α)−
∞∑

k=2

(λkn+1+(1−λ)kn)akr
k−1−(−1)n

∞∑
k=1

(λkn+1−(1−λ)kn)bkr
k−1 ≥ 0.

(9)

If the condition (7) doesn’t hold, then the numerator in (9) is negative for r
sufficiently close 1. Hence there exists z0 = r0 in (0, 1) for which the quotient in
(9) is negative. This contradicts the required condition for fn ∈ HP ∗(n, λ, α)
and so the proof is complete.

Next, we determine the extreme points of closed convex hulls of HP ∗(n, λ, α)
denoted by clcoHP ∗(n, λ, α).
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Theorem 3. Let fn = h + ḡn be given by (4). Then fn ∈ HP ∗(n, λ, α) if and
only if

fn(z) =
∞∑

k=1

Xkhk(z) + Ykgnk
(z) (10)

where

h1(z) = z , hk(z) = z − 1− α

λkn+1 + (1− λ)kn
zk (k = 2, 3, · · · ), n ∈ N0,

gnk
(z) = z + (−1)n 1− α

λkn+1 − (1− λ)kn
z̄k (k = 1, 2, · · · ), n ∈ N0,

and

∞∑
k=1

Xk + Yk = 1 Xk ≥ 0, Yk ≥ 0.

In particular, the extreme points of HP ∗(n, λ, α) are {hk} and {gnk
}.

Proof.For functions fn of the form (10), we have

fn(z) =
∞∑

k=1

Xkhk(z) + Ykgnk
(z)

=
∞∑

k=1

(Xk + Yk)z −
∞∑

k=2

1− α

λkn+1 + (1− λ)kn
Xkz

k

+(−1)n

∞∑
k=1

1− α

λkn+1 − (1− λ)kn
Ykz̄k.

Then

∞∑
k=2

λkn+1 + (1− λ)kn

1− α
ak +

∞∑
k=1

λkn+1 − (1− λ)kn

1− α
bk

=
∞∑

k=2

Xk +
∞∑

k=1

Yk

= 1−X1 ≤ 1
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and so fn ∈ clcoHP ∗(n, λ, α).
Conversely, suppose that fn ∈ clcoHP ∗(n, λ, α). Setting

Xk =
λkn+1 + (1− λ)kn

1− α
ak (k = 2, 3, · · · ), n ∈ N0,

Yk =
λkn+1 − (1− λ)kn

1− α
bk (k = 1, 2, · · · ), n ∈ N0,

where
∑∞

k=1 Xk + Yk = 1, we obtain fn(z) =
∑∞

k=1 Xkhk(z) + Ykgnk
(z) as

required.

For the following theorem, we must define the fractional integral of order
µ for a function in HP ∗(n, λ, α). Denote the fractional integral of order µ, for
a function fn = h + ḡn, by

D−µ
z fn(z) =

1

Γ(µ)
{
∫ z

0

h(ξ)

(z − ξ)1−µ
dξ + (−1)n

∫ z

0

gn(ξ)

(z − ξ)1−µ
dξ} ; µ > 0

where fn is analytic harmonic function by h and gn are analytic in a simply-
connected region of the z-plane containing the origin and the multiplicity of
(z − ξ)µ−1 is removed by requiring log(z− ξ) to be real when z − ξ > 0.

The following theorem gives the distortion bounds for fractional calculus
for function in HP ∗(n, λ, α) which yields a covering result for this class.

Theorem 4. Let fn = h + ḡn ∈ HP ∗(n, λ, α) where

h (z) = z −
∞∑

k=2

akz
k, gn (z) = (−1)n

∞∑
k=1

bkz
k, ak ≥ 0 , bk ≥ 0.

Then

|z|1+µ

Γ(µ + 2)
{(1− |b1|)−

1− (2λ− 1)|b1|
2n−1(µ + 2)(λ + 1)

|z|}

≤|D−µ
z fn(z)|

≤ |z|1+µ

Γ(µ + 2)
{(1 + |b1|) +

1− (2λ− 1)|b1|
2n−1(µ + 2)(λ + 1)

|z|}

(11)

for µ > 0, λ > 1
2

and z ∈ U.
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Proof.We note that

Γ(µ + 2)z−µD−µ
z fn(z)

= Γ(µ + 2)z−µ{D−µ
z h(z) + (−1)nD−µ

z gn(z)}

= z −
∞∑

k=2

Γ(k + 1)Γ(µ + 2)

Γ(k + µ + 1)
akz

k + (−1)n

∞∑
k=1

Γ(k + 1)Γ(µ + 2)

Γ(k + µ + 1)
bkz̄

k

= z + (−1)nb1z̄ −
∞∑

k=2

Γ(k + 1)Γ(µ + 2)

Γ(k + µ + 1)
(akz

k + (−1)nbkz̄
k)

= z + (−1)nb1z̄ −
∞∑

k=2

ϕ(k)(akz
k + (−1)nbkz̄

k)

where

ϕ(k) =
Γ(k + 1)Γ(µ + 2)

Γ(k + µ + 1)
; k ≥ 2.

Noting that ϕ(k) is decreasing function of k, we have

0 < ϕ(k) ≤ ϕ(2) =
2

µ + 2
.

Therefore, we obtain

|Γ(µ + 2)z−µD−µ
z fn(z)|

≤ (1 + |b1|)|z|+
∞∑

k=2

ϕ(k)(ak + bk)|z|k

≤ (1 + |b1|)|z|+ ϕ(2)|z|2
∞∑

k=2

(ak + bk)

≤ (1 + |b1|)|z|+
ϕ(2)

2n+1λ + 2n(1− λ)
|z|2

∞∑
k=2

[2n+1λ + 2n(1− λ)](ak + bk)

≤ (1 + |b1|)|z|+
1

2n−1(λ + 1)(µ + 2)
|z|2

∞∑
k=2

[kn+1λ + kn(1− λ)]ak

+[kn+1λ− kn(1− λ)]bk

≤ (1 + |b1|)r +
1

2n−1(λ + 1)(µ + 2)
{1− (2λ− 1)|b1|}r2
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which is equivalent (11).

The following covering result follows from the left hand inequality in The-
orem 4.

Corollary. Let fn = h + ḡn of the form (4) be so that fn = h + ḡn ∈
HP ∗(n, λ, α). Then

{w : |w| < 2n−1(λ + 1)(µ + 2)− 1

2n−1(λ + 1)(µ + 2)Γ(µ + 2)
+

(2λ− 1)− 2n−1(λ + 1)(µ + 2)

2n−1(λ + 1)(µ + 2)Γ(µ + 2)
|b1|}

⊂ fn(U).

Remark. Letting n = 0, λ = 1 and µ → 0 in Theorem 4 and Corollary , we
obtain the results similar to that were given in [5,Theorem 2.3] and [5,Corollary
2.4], respectively.

For our next theorem, we need to define the convolution of two harmonic
functions. For harmonic functions of the formfn (z) = z −

∑∞
k=2 akz

k +
(−1)n

∑∞
k=1 bkz̄

k and Fn (z) = z −
∑∞

k=2 Akz
k + (−1)n

∑∞
k=1 Bkz̄

k

we define the convolution of fn and Fn as

(fn ∗ Fn) (z) = fn(z) ∗ Fn(z) = z −
∞∑

k=2

akAkz
k + (−1)n

∞∑
k=1

bkBkz̄
k. (12)

Theorem 5. For 0 ≤ β ≤ α < 1, let fn ∈ HP ∗(n, λ, α) and Fn ∈ HP ∗(n, λ, α).
Then fn ∗ Fn ∈ HP ∗(n, λ, α) ⊂ HP ∗(n, λ, β).

Proof. For fn and Fn as in Theorem 5,writefn (z) = z −
∑∞

k=2 akz
k +

(−1)n
∑∞

k=1 bkz̄
k and Fn (z) = z −

∑∞
k=2 Akz

k + (−1)n
∑∞

k=1 Bkz̄
k.

Then the convolution fn ∗ Fn is given by (12). We wish to show that the
coefficients of fn ∗ Fn satisfy the required condition given by Theorem 2. For
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Fn ∈ HP ∗(n, λ, β), we note that |Ak| ≤ 1 and |Bk| ≤ 1. Now, for the convolu-
tion function fn ∗ Fn, we obtain

∞∑
k=2

λkn+1 + (1− λ)kn

2− β
akAk +

∞∑
k=1

λkn+1 − (1− λ)kn

2− β
bkBk

≤
∞∑

k=2

λkn+1 + (1− λ)kn

2− β
ak +

∞∑
k=1

λkn+1 − (1− λ)kn

2− β
bk

≤
∞∑

k=2

λkn+1 + (1− λ)kn

2− α
ak +

∞∑
k=1

λkn+1 − (1− λ)kn

2− α
bk ≤ 1

since 0 ≤ β ≤ α < 1 and fn ∈ HP ∗(n, λ, α). Therefore fn∗Fn ∈ HP ∗(n, λ, α) ⊂
HP ∗(n, λ, β).

Now, we show that HP ∗(n, λ, α) is closed under convex combination.

Theorem 6. The family HP ∗(n, λ, α) is closed under convex combination.

Proof. For i = 1, 2, · · · suppose that fni
HP ∗(n, λ, α) where

fni
(z) = z −

∑∞
k=2 aki

zk + (−1)n
∑∞

k=1 bki
z̄k.

Then by Theorem 2,

∞∑
k=2

λkn+1 + (1− λ)kn

2− α
aki

+
∞∑

k=1

λkn+1 − (1− λ)kn

2− α
bki

≤ 1. (13)

For
∑∞

i=1 ti = 1, 0 ≤ ti ≤ 1, the convex combination of fni
may be written as

∞∑
i=1

tifni
(z) = z −

∞∑
k=2

(
∞∑
i=1

tiaki
)zk + (−1)n

∞∑
k=1

(
∞∑
i=1

tibki
)z̄k.

Then, by (13),
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∞∑
k=2

λkn+1 + (1− λ)kn

2− α
(
∞∑
i=1

tiaki
) +

∞∑
k=1

λkn+1 − (1− λ)kn

2− α
(
∞∑
i=1

tibki
)

=
∞∑
i=1

ti(
∞∑

k=2

λkn+1 + (1− λ)kn

2− α
aki

+
∞∑

k=1

λkn+1 − (1− λ)kn

2− α
bki

)

≤
∞∑
i=1

ti = 1

and therefore
∑∞

i=1 tifni
∈ HP ∗(n, λ, α).
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