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Abstract

The idea of difference sequence spaces was introduced by Kizmaz [1]
and then this subject has been studied and generalized by various
mathematicians. In this paper we define some difference sequence spaces by
Orlicz space of entire sequences and establish some inclusion relations. Some
properties of these spaces are studied.
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1. Introduction

th . .
A complex sequence, whose k™ termis X is denoted by {xk} or simply.

Let @ be the set of all finite sequences. A sequence X = {xk } is said to be analytic if
sup |xk |1/k <. The vector space of all analytic sequences will be denoted by A.
k

A sequence x is called entire sequence

if llclin |xk|l/k =0. The vector space of all entire sequences will be denoted by T .

Throughout the article I'y,, A, denote the Orlicz space entire and analytic

sequences respectively.
Throughout m denotes an arbitrary positive integer . Kizmaz [1] introduced the
notation of difference

sequence spaces as follows: X(A) = {x = (xk ): (Axk ) € X}; for X =1{_,c,c, ,where
Ax = (Ax; )= (x; —x;,,). Later on the notion was generalized by Et and Colak [2] as
follows: X(A’")z {x =(x;): (Amxk)e X} for X=1/_,c,c, ,where

me N,Ax =(x,)and A"x = (A’”xk )z (A’”‘lxk - A’”_lka)

=3 (1) [’:]ka forallke N |

Later on difference sequence spaces have been studied by Et [3], Et and Nuray
[4], Colak et al [5], Isik [ 6], Altin and Et [7] and many others.

Orlicz [8] used the idea of Orlicz function to construct the space (LM ).
Lindenstrauss and Tzafriri [9] investigated Orlicz sequence spaces in more detail, and

they proved that every Orlicz sequence space C ) contains a subspace isomorphic
to ¢, (1< p<ox). Subsequently different classes of sequence spaces defined by

Parashar and Choudhary [10], Mursaleen et al [11], Bektas and Altin [12], Tripathy
et al. [13], Rao and Subramanian [14] and many others. The Orlicz sequence spaces
are the special cases of Orlicz spaces studied in Ref [15].

Recall ([8],[15] ) an Orlicz function is a function M : [0, 00) - [O»OO) which is
continuous, non-decreasing and convex with M(0)=0,M(x)>0, for x >0 and
M (x) —>oas X —> 0 . Ifconvexity of Orlicz function M is replaced by
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M (x+y)<M(x)+M (y), then this function is called modulus function , defined

and discussed by Ruckle [16] and Maddox [17] .
Let (Q,%, 1) be a finite measure space. We denote by E(x) the space of all

(equivalence classes of) 2 — measurable functions x from Q into [0, 00). Given an

Orlicz function M, we define on E(x) a convex functional /,, by
Iy ()= [ M(x(0)du

and an Orlicz space M () by ™ (w)= {x € E(u):1,,(Ax) <+ forsomed > 0},

(For detail see [ 8], [15]).
Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to construct Orlicz

sequence space
= x
Ly =1xew: ZM(MJ<oo,forsomep>O
k=1 \ P

where w = {all complex sequences }

The space ! M Wwith the norm
||x|| =inf{p>0:ZM(MJSI } ,
ka1 \ P
becomes a Banach space which is called an Orlicz sequence space. For

M(r)=t?,1< p<o, thespaces ! coincide with the classical sequence
space 4 p-

Given a sequence x = {xk } its n™ section is the sequence
x(”) = (X[, X5, X,,0,0,-+-)

s b (0,0,.---,1,0,0,---. ), 1in the n" place and zero’s else where ; An FK-
space (Frechet coordinate space) is a Frechet space which is made up of numerical
sequences and has the property that the coordinate functionals
pi(x)=x; (k=12,--.) are continuous.

An FK-space or a metric space X is said to have AK-property if (& (")) isa

Schauder basis for X or equivalently x" — x (AK stands for Abschnitts
Konvergenz or Sectional Convergence). The space is said to have AD (or be an AD
space )if ® isdensein X.
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We note that AK implies AD by [18].
If X is a sequence space, we define
(i) X © =the continuous dual of X.

iy X“=ta=(q):) |ayx;| <o, forcach x e X};
k=1

(iii) X7 = {fa=(a;): Zakxk is convergent, for each x € X};
k=1

Zakxk
k=1
(V) Let X be an FK-space and Xo ®.Then X/ ={f(5"): f e X“}.
X% X?, X7 arecalledthe a—, S — and ¥ —dual of X,
respectively.
Notethat X* c X# « X”. 1If XcYthenY* c X* foru=a, f,ory.

vy X’={a=(a,):sup

n

<o, foreach x € X}.

Lemma 1.1. (See( 9, Theorem 7.2.7)) Let X be an FK space and X> @ . Then
(i) X' cXx’.
(i) If XhasAK, X7 =Xx".
(iii) If X hasAD, X" = X7,
Wenotethat T * =T/ =T7 =A..

Definition 1.2.  The space consisting of all those sequences x in w such that

1
|
M 0 —0ask — oo for some arbitrary fixed p >0 is denoted
s
byT',,, M being an Orlicz function. In other words M - is a null sequence.

Iy, is called the Orlicz space of entire sequences. The space T, is a metric space
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b =,
with the metric d(x,y) =supM|———| forall x= {xk} and y=1{y;} in
k

r, .
Definition 1.3. If M is a convex function
and M (0)=0, then M (Ax)< AM (x)forall A with 0 < A <1.

Definition 1.4. The space consisting of all those sequences x in w such that

1
sup| M —|xk W
k

<o for some arbitrarily fixed p >0 isdenotedby Ny , M

being an Orlicz function. In other words

M T is a bounded sequences .

Az is called the Orlicz space of bounded — sequence.

Definition 1.5. 4 sequence space E is said to be solid or normal if (Othk ) eE
whenever (xk ) € £ and for all sequences of scalars (ak)with|ak| <1, [20].
Let p= (pk) be a sequence of positive real numbers with 0< p, <supp, =G
and let D= Max(l,2G_l). Then for a;,b; € C, the set of complex numbers for all
k e N , we have
Jag +b¢] 7 < Dlay |+ | 1)
In this paper , we define the following sequence spaces.

Let M be an Orlicz function, X be locally convex Hausdorff topological linear
space whose topology is determined by a set QO of continuous semi norms ¢

The symbol A (X ),F(X ) denotes the space of all analytic and entire sequences

defined over X . We define the following sequence spaces:

y Pk
n m k
v (Amap,q)= xE/\(X):sup%Z M| g %

n k=1

<o, forsome p>0
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1
FM(Am’p’q): xer(X):% M| q M
k=1

— 0 as n— o, forsome p >0

2. Main Results
In this section we examine some topological properties of spaces I'y, (Am » D> 9 )

and Ay, (Am , D, q) and investigate some inclusion relations between these spaces.

Proposition 2.1. If M is an Orlicz function, then Ty, (Am, p,q) is a linear set over
the set of complex numbers C.

Proof. Let x,y el (Am , Ds q) and a,f €C. In order to prove the result, we need
to find some 3 such that

Pk

1
n m k
lg M| g (A (axk+ﬂyk))/ —> 0as n— . (2.1
n k=1 P3

Sincex,yely, (A’” , p,q) , there exist some positive ©; and P, such that

y Pk
n m k
LZ M|q —(A x") — 0as n > © (2.2)
s P
and
. % P
! A
lz M q% —>0asn— . (2.3)
noo P>

Since M is a non-decreasing modulus function, ¢ is a seminorm and A™ is linear
then

1o e V| ] f @ )y, )

P3 ni3 P3 P3
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v Pi
< M| g (Am(ocxk +/75’k))k Sli M| g
=1 P3 o
Ol
Take 3 such that p ‘0[‘ 1 ) ‘ﬂ‘ 5
1 Pk
lz”: Ml g (Am(axk +,b’yk))4 Slz": v
Ly P3 no=
1 Pk 1 Pk_
gl . M| g (Amxk)4 +M|q (Amykw
o Pi P2
P
1 n (Amxk)%
<D-— M
’ZZ} I A1

—>0(n—-> )

(a)(Amxk )% + (ﬂ)(Am)’k %

P3 P3
q (Amxk )% N (Amyk )%
P1 P2

1

P2

< m m Vi
A
By (2.2) and (2.3). Hence%é MH(“ Xy + A yk)

k=1

P3

1 P
D —0asn—> o o

(ax+ py)eTy, (A'" , p,q) Therefore I'y, (AM , Ds q) is a linear space.

This completes the proof.

(Amyk )4

331

I

Pk

Proposition 2.2. T,, (A’" , p,q) are para normed spaces (not totally paranormed) with

(A'" X; )%

k=1 P

gA*(x)zinf pp'% :sup M(q[

Pk
H <Lp>0p, where H = max(l, sup pkj
k
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Proof. Clearly g, (X)Z 0,24 (x) =8 (— x)and gA(eJ =0 ,where € isthe zero

sequence of X.

Let (xk )a(J/k)EFM (Am,p,q). Let p;and p, >0 be such that
Pk Pk

1 1

(Amxk)/k (Amyk)/k
sup | M | g| ———— <land sup | M| g| ———— <1
k>1 P1 k>1 P
Then

1 P 1 Py

A" (x, + W A" x, VK
sup| M| g ( (ve +7e) S(Ljsup M| q Yk +
k>1 P P11 P2 ) k=1 P1

1 P
A"y VK

(Ljsup M| q Yk <I.
P11 P2 ) k=1 P2
<1.
Hence

gA(x+y)£inf{(p1 +p2)p'%1 “me N}

. % Pk
<inf (pl)p%f :sup M q[%] <l,p, >0,meN
E 1

k21 )

)y Pk
m k
+ 1nf A’ ssup| M q{MJ <lLp,>0,meN

Thus we have g, (x+y)< g,(x)+g,(y) Hence g, satisfies the triangle inequality.

Pk

m
gA( 1nf %f :sup| M A xk
k1

<lLp>0meN
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Pk
=inf (r|i|)p%’ :SkLEl) Miq —< );k

)i

<l,r>0,me N, where r:ﬁ

Hence I'), (Am , Dy q) is a paranormed space.
This completes the proof.

Propostiton 2.3. Let M and M, be two Orlicz function .
Then er (Am:pvq)ﬂer (Amvpaq) - I_‘]\41.|_M2 (Am:p:q)

Proof. Let x eI, (Am,p,q)ﬂ Ly, (Am,P’Q)-

Then there exist
p; and p, such that

| Pk
n A" x 4
1 M|q & — 0asn—> . (3.1
L P1
and
Pk
n m y
lz M[q[M —>0asn —> oo, (3.2)
S P2
11
Let p= mm(p_’p_J . Then we have
1 P2
| Dk y Dk y Pk
1< (Amxk)%‘ 1< (Amxk) k 1< (Amxk) k
— T <D-— r +D — r
nkz_]: M+M, | 4 o ”kz_1: M| 4 o ”kz_1: M,| 4 2,

—>0asn >
by (3.1)and (3.2) . Then
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Pk

—>0asn— oo.

1
1 & A" x G
_z rM1+M2 q ( k)
N j= P
Therefore x € 'y, ) (A'” ,p,q).
This completes the proof.

Proposition 2.4. Let m =1, Then we have the following inclusions .
() I, pg)eT, (8" pg)
(i) Ay, (A’"’l,p,q)g Ay (A’”,p,q).
Proof. We prove the case (i) only. The other cases follow in a similar way. Let
xely, (Am_l ,P,q]. Then we have
(" x, )%

1 n
—ZMq— — 0 asn — oo, for some p > 0.
= p

Pk

Since M is non-decreasing convex function and ¢ is a semi norm , we have

_ » »
lzn: M q(_(Amxk)%J k gLi M q[(AmlxkAmlxkﬂ)%} k
|

P n p

r Pk Pk
ngZn:MqM _,_lan(m_lka%
n

k=1 P nio P

Therefore
P

—0asn— .

Hence xeTly, (A’",p,q) .
This completes the proof.

—>0asn — oo,

Proposition 2.5. Let0< p, <r; andlet {r—k} be bounded. Then T, (A’" ,r,q)c Ty (A’",p,q),

Pk
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Proof. Letxel, (Am,r,q) . Then

(Amxk )%

%ZMq— -0 as n—> o (5.1)
k=1

Tk

1< A" )yk :
Lett, = Z q (L and /A, =L Since p;, <7, wehave0 <4, <1.Take0<A</4,.
k=1

n

Define
te (0 21) 0 (5 >1)
u, = and v, = (5.2)
0 (7 <1) t, (t, <1)
t,=u, +v, , tki" =u," +vki"

. A A4 A
Nowit followsthat u,™ <u, <t, , v* <y,

. 2 ) 2 A A
since ¢, =u,”" +v,”*, then ¢, <t +v,

r M 7y
lf M|q —(Amx")% <13 mq '(Am”)%J
Ly P Ly P

Pi ~ _
. i y Ty Ty . " 1 Tk
- )| sy
1 T Pk _ 1 _ T
SRR q{(A’”W 5y [WW
s P nia P
n m y !
But lz M| q (A x")k —0 as n—>oo (by(5.1)).
n P

Therefore
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) . % 7 Pk
lz M{q[MJJ —>0 as n—>ow.

ni=o P

Hence x e Ty, (A”’,p,q) . From(5.1), wegetT,, (A’”,r,q)c ry, (Am,p,q)
This completes the proof .

Proposition 2.6. (a) LetO<inf p, < p; <1.ThenT'y, (Am,p,q)c Iy (Am,q)

(b) Let 1< p; <sup p; <o.ThenT'y, (Am,q)c 'y (Am,p,q)
Proof. (a)Lletxel,, (A'”,p,q) . Then

Pk

n m %
A
lz M q[(L) —>0asn—> w (6.1)
=
Since0<inf p, <p, <1 ,

Al e

From (6. 1) and (6.2) it followsthat, x e I'), (A’" , q). Thus T, (A'” , D> q) cly, (A’” , q)
We have thus proven (a).

(b) Let p, >1foreachk andsup p;, <oo andletx e, (Am,q). Then

; m Vi
’11_2 M(q[MJJ — 0as n > o (6.3)
k=1

S
1
7\

Q9
7\
>
3
D |
[ —
NN

yo)

Sincel < p, <sup p, <o, we have

|
i {M[q{(m?)% H .

Therefore x Ty, (Am , D> q).

— 0as n — . (by using (6.3))
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This completes the proof .

Proposition 2.7.

1 P
rer,, (A’” , Ds q), with the hypothesis that 1 Z M q[ (A x )" ] < |xk|%_
= Yol

Proof. Letx eI".Then wehavethe following implications:

|x |%—>0ask—>oo (7.1)
k : )
. % Pr
n A
But lz M| q M s|xk|% , by our assumption , implies that
n o P
. % Pk
n A
lz M q@ 50 asn— by (7.1)
n o P

Then xel,, (A’",p,q) and I'cT,, (A’",p,q).
This completes the proof.

Proposition 2.8. T,, (A’" , Ds q) has AK where M is an Orlicz function.

Proof.
. " % Pk
Letx:(xk)eFM(A'”,p,q),butthenlz M| q M eI, and hence
1 o P
) . % Pk
sup lz M| q M —>0 asn—> . (8.1)
k2n+l| N =y ,0

Take the n" sectional sequence of x, x"™ = (x,,%,,X,,...,x,.0,... ). By using (8.1),

Pk

1
a’(x,x(”))zksup1 ii M| g —(A );‘%
>n+ =1

—>0asn—> oo,
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whichimplies that x' — x asn — oo, implying that T, (A’” ,Ds q)has AK.

This completes the proof .

Proposition 2.9. T', (A’”,p,q)is solid.
Proof. Let |xk| < |yk| andlet y = (yk ) el (A'” , Ds q) Because M is non-decreasing

Pk
1y, {(A’"x%} 1y, {(A’"xk)%}
n =

1 =i P k= P

And because yeTl), (Am , Ds (])

1 Pk
n Am 4

l M| g ( xk) el ,

n o P
That is,

1 Pk y Pk
n Am k n Am k

lZMq(L) —>0asn— o andlZMqM —0asn— .
o P i3 P

There fore x = {xk } el (Am , p,q).
This completes the proof .

propasition 2.10. [Ty (A", p.g ) = .

Proof .
Step 1:

. . o m p B _
rer,, (A ,p,q)by Proposition 2.7, this implies that [FM (A ,p,q)] cI'” =A.
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Therefore
I, (A", p.q) <. (10.1)

Step 2: Letye /\.Then|yk| < T* for all k and for some constant T > 0.

) . y P
Letxel,, (A’”,p,q).Then lz M q{MJ — 0asn — . Hence

ni5 P

y Pk
—Z M|qg| —— < ¢ for given ¢ > 0 for sufficiently large k . Take £ = —
nig P 2T
so that

r 1Pk
y Pk
k

1 (") 1 g (A" x4 I
=S| M|q|—— <—— . Butthen =) | M| ¢| ~—— <—
k=1 P (2T) ne_ P 2

b e
e

k=] 1 k=1
o0 o, ﬂ
converges. Hence Zxk ¥, converges so that y € [FM (A , p,q)] . Thus
k=1

rclr, (@&, p.q) (10.2)

Step 3. From(10.1)and(10.2), weobtain[FM (Am, », q)]/’ ZA.

This completes the proof .
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Proposition 2.11. [FM (A’”,p,q)]” =nforu=a,p,7.1.
Proof.

Step 1:
I, (A’” , D q)has AK by proposition 2.8 . Hence by Lemma 1.1 (i1) we get

[FM (A’” ,p,q)]ﬁ = [FM (A’",p,q)]f. But [FM (A'",p,q) = A.Hence

Ic, (4. p.q)l = . (11.1)
Step 2:

Since AK impliesAD, henceby Lemmal.1(ii1) weget [FM (A’" , p,q)]ﬁ = [FM (A’” , Ds q)]y
Therefore [FM (A’” , p,q)]y =A. (11.2)
Step 3.

I, (A’" , D> q)is normalby Proposition 2.9 Henceby [ 20, proposition 2.7], we get

b6 gl = [0 am pgl) = 1 (11.3)

From (11.1),(11.2)and (11.3), we have

ru 6. p.a)f = [r 6. poalV =l (. pa)l = [0 7 .l =1

This completes the proof.
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