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Abstract

In the retail business, an additional storage (warehouse) is very
essential to reduce the lost sale. Particularly, when the area of the existing
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storage (Owned warehouse, OW) in an important market place (like, super
market, corporation market etc.) is relatively small, the need of the additional
storage can be released. In this paper, a single item inventory model is
devel oped considering two separate storage facilities (owned warehouse, OW
and rented warehouse, RW) due to insufficient space of existing warehouse.
The stocks of additional storage RW are transferred to OW in bulk release
pattern and the associated transportation cost is taken into account. Here, we
consider the effect of different stock-dependency and marketing policies such
as the price variation and the frequency of advertisement on the selling rate of
an item. Shortages are not allowed. To replenish the item to the
storage/warehouse, transportation cost is considered explicitly. In most
situations, this cost is assumed to be fixed and are, therefore, included in the
ordering cost or variable and included in the cost of the item. Here, it is
assumed that this transportation cost is depended on the lot-size as well as the
distance between the source and the destination. Different cases of the system
have been mentioned and developed. A numerical example is given to
illustrate the solution procedure of the model. Finally, based on this example,
a sensitivity analysis is done for the effect of different parameters on the
optimal profit and cycle length.

Scope and purpose

The existing two storage models were developed based on the assumption that
storage capacity of the rented warehouse (RW) is unlimited. Obviously, this is an
unrealistic assumption as the capacity of storage is always limited. In this paper, atwo
storage inventory model with frequency of advertisement, selling price and stock-
dependent selling rate is developed considering limited storage capacity of the rented
warehouse. This model is solved by a gradient method based mathematical program.
This methodology of model development and its solution are quite general and it can
be applied to inventory models of any item whose selling rate is dependent on stock-
level and marketing decisions. The purpose of this paper is to report an economic
replenishment policy in which decision-makers can know when and how much
amount to replenish as well as which system to choose for storing the replenished
items.

Keywords and Phrases. Stock-dependent selling rate, Inventory, Two storage,
Transportation, Bulk released pattern.
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1. Introduction

Now-a-days, an item is well known to the people in the modern society through
advertisement in the well-known media like, Newspaper, Magazine, Radio, TV,
Cinema etc. and also through the sales representatives and/or by the glamorous
display of that item in large numbers with the help of modern light and electronic
arrangements. This type of advertisement and attractive display of items have a
motivational effect to buy more. Observing / investigating this effect around the
people, marketing researchers / practitioners have recognised the fact that displayed
stock-level, selling price and advertisement for certain item has an impact on the
selling rate of those items. A large amount of stocks causes higher selling rate and it is
reverse when the stock-level is low However, for the selling price of an item, it is
commonly observed that the lower selling price causes higher selling rate and higher
price has the reverse effect. Hence, it can be concluded that the selling rate of an item
is a function of displayed inventory level in a show room, selling price and the
frequency of advertisement of that item. On the best of my knowledge, till now, this
type of selling rate is not reported in the existing literature. Most of OR researchers /
practitioners have developed inventory system as an independent and self-contained
system. They do not consider the marketing decisions which affects largely in selling
of an item. Very few researchers studied the effects of advertising and price variation
on selling rate. Among them, Kotler [1] first considered the marketing polices into
inventory decisions and discussed the relationship of pricing decision with EOQ.
Ladany and Sternleib [2] discussed the effect of price variation on demand, but they
did not consider the effect of advertisement. After Ladany and Sternleib [2], research
works related to this topic were done by Subramanyam and Kumaraswamy [3], Urban
[4], Goyal and Gunasekaran [5], Abad [6], Luo [7] and others.

Again, in the last few years, very few researchers developed inventory models
incorporating the selling rate which is dependent only on displayed stock level. Baker
and Urban [8] first developed this type of model. They reflected the idea that the
selling rate would be decline along with the displayed inventory level throughout the
entire cycle. In their model, the polynomial type of selling rate was considered for the
displayed stock-level dependent selling rate. Next, Mandal and Phaujdar [9]
developed independently a production inventory model considering the selling rate as
a genera function of the on hand stock-level during stock-in and stock-out period.
Datta and Pal [10] modified the model of Baker and Urban [8] by assuming that the
selling rate of an item is dependent on the displayed inventory level until a given level
was achieved after which the selling rate becomes constant. Since then, very few
researchers have given considerable attention on inventory problems with inventory
level-dependent selling rate.
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To get an idea of the trends of recent research in this area, one may refer to the
works of Urban [11,12], Pal et.a.[13], Giri et.a. [14], Padmanabhan and Vrat [15],
Sarkar etal [16], Giri and Chaudhuri [17] and others. All these models were devel oped
for a single warehouse under the basic assumption that the available warehouse has
unlimited storage capacity. However, this assumption is not realistic. Any warehouse
has finite storage capacity. On the other hand, inventory management is generally
attracted for large stock for several reasons — an attractive price discount for bulk
purchase; the replenishment cost including transportation cost is higher than the
inventory related cost; the demand of an item is very high and so on. Therefore one
(or sometimes more than one) warehouse(s) are required to keep large stocks.

In the last few years, severa researchers have discussed a two — warehouse
inventory system. This system has two warehouses — the own warehouse OW and the
rented warehouse RW having finite and infinite storage capacity respectively. The
rented warehouse RW may be located away from OW and nearer to OW. The actua
service to the customer is done at OW only. Asthe holding cost in RW is greater than
in OW, the stocks of RW are emptied first transporting the stocks from RW to OW by
continuous or bulk release patternsin order to reduce the holding cost. Approximately
twenty six years before, Hartely [18] first introduced the basic two warehouse
problem in his book “Operations Research — A Managerial Emphasis’. In hisanalysis,
he ignored the cost of transportation for transferring the items from RW to OW and
proposed a heuristic procedure for determining the optimal order quantity. After
Hartely [18], a number of research papers have been published by the different
authors. Among them, the works done by Sarma [19], Dave [20], Goswami and
Chaudhuri [21], Pakkala and Achary [22], Bhunia and Maiti [23,24], Benkherouf [25]
Kar et. al. [26] and Zhou [27] are worth mentioning. However, al these models were
based on an unrealistic assumption that the rented warehouse has unlimited (infinite)
storage capacity. Again, all these models were developed considering either constant
or linearly time dependent selling rate. On the best of our knowledge, no article has
yet been published on two storage system with displayed inventory level, selling price
and frequency of advertisement dependent selling rate. It is interesting to note that the
displayed inventory, selling price of an item and advertisement through different well-
known media or sales representative increases the optimal order quantity. This results
the procurement of large number of items. Due to space limitation of OW (show
room), an additional storage is hired on rental basis to store the excess items.
Therefore, the two-warehouse system is closely related to the proposed type of selling
in the sales environment.

In inventory control, it is very much important to include the transportation cost
for replenishing the items should be taken into account with other inventory related
costs. In the existing literature, most researchers either considered the transportation
cost as fixed and included it in the replenishment cost or considered it as variable and
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included in the unit cost of the items. However, it is well known that different
transportation alternatives have different speed, reliability and cost characteristic.
Hence, the transportation cost is not independent of the order quantity. As aresult, we
can not ignore this cost from the analysis of the inventory system. Recently, very few
researchers incorporated this cost into the lot-size determination analysis. The first
serious consideration of this cost was perhaps given by Baumol and Vinod [28]. They
considered an inventory model of freight transport with constant transportation cost
per unit.

In this paper, we have developed a deterministic inventory model with two
warehouses (one is OW and other is RW) by removing the unrealistic assumption
regarding the storage capacity of the rented warehouse. Shortages are not allowed.
The selling rate of the system is dependent on the selling price, advertisement of an
item and displayed inventory level in OW within a range, beyond this range, the rate
is constant with respect to the displayed inventory level. The stocks of RW are
transferred to OW under bulk released pattern and the associated transportation cost is
taken into account. Also, for replenishment of items, the transportation cost is
considered and it is assumed to be dependent on the lot-size as well as the distance
from the supplier’s godown to the show-room. Under instantaneous replenishment
with constant lead time, the model is formulated for L; and L, system separately (L; —
system and L, system refer to the system with single and two warehouses facilities
respectively). Different cases of the system are clearly discussed. To find out the
solution of each case and the whole system, two separate algorithms are developed. A
numerical example is given to illustrate the solution procedure of the model. Finaly,
based on this example, the effect of different parameters on the optimal profit is
observed by sensitivity analysis taking one or more parameters at atime.

2. Assumptions and Notations

The following assumptions and notations are used to derive the proposed
mathematical model:
1. Replenishments are instantaneous with a known constant lead time.
2. Theinventory planning horizon is infinite and the inventory system involves only
one item and one stocking point.
3. Only asingle order will be placed at the beginning of each cycle and the entire lot
is delivered in one batch.
Shortages are not allowed.
The replenishment cost (ordering cost) is constant and does not include the
transportation cost for replenishing the items.
6. Thereisno quantity discount.

oa ks
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7. The storage capacity of owned warehouse (OW) is W and that of rented

warehouse (RW) is Ox.

Q and S be the order quantity for L; & L»- System respectively.

9. Theitems of RW are transferred to OW in n shipments of which K (K < W) units
are to be transported in each shipment except the last. In the last shipment, S’ (<K)
units are transported.

10. T bethe total time period (cycle length).

11. The inventory carrying costs per unit per unit time in OW and RW are
respectively H and F such that F > H.

12. If the lot-size S is less than the storage capacity of OW, the entire lot is kept in
OW. This type of inventory system is assumed as L;-System. Otherwise, first OW
will be filled completely and the excess amount will be stored in RW. In this case,
an additional transportation cost is incurred for special dispatch of goods to RW.
Thisis known as L-System

®

13. The selling price p is determined by a mark-up (1) over the purchase cost C; i.e p =

AC (A>1).

14. A be the frequency of advertisement per cycle and G the cost per advertisement.

15. For transferring the items from RW to OW, P is the maximum number of units
which can be transported under a fixed charge «” and for every additional unit
after P, avariable charge b ’isto be paid.

16. ¢, be the consumption period of K units.

17.t5(i = 1,2,---,n) be the consumption period of the first iK unitsi.e. ¢; = it;.

18. ¢, be the consumption period of the last W-K + S unitsin OW.

19. Thevaueof H, a, b, p and ¢ are so choosen that H(a-bp)> ¢ holds.

20. Thevalueof F, n, H, A, 3, Su, K, a, b, p, ¢, are so choosen that 2Fn2H(a-bp)A7(a-
bp+cSy)+n’c + Xe>(T°nH(a-bp+c(S-nK)) holds.

For replenishment of items, the following assumptions and notations are taken due to
transportation.

21. The transportation cost is constant for a transport vehicle (of a given capacity)
even if the quantity shipped is less than atransport vehicle load by some quantity.

22. The capacity of atransport vehicleis K units.

23. L be distance between the show-roonmv/shop and the source of the items/commodities
from where items/commodities are to be transported.

24. C, be the transportation cost for full load of transport vehicle and C,» be the
transportation cost per unit item.
ThenC, = Cjand Cir = Ci;jwhere L7, < L< L forj =123, -
Here L7.; and L} be the lower and upper cut off distances.
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25. C,q be an additional transportation cost per item incurred for special despatch of
goods to the rented warehouse RW.

26. U; be the upper break point for L%.; <L <L%. Some quantity than K’ but above Uj,
the fixed transportation cost for the whole quantity is C.

Hence, U; = [C,/Cr;] Where [C,i/Cr] represents the greatest integer value which is
less than or equal to Cy/C;.

Theselling rate function

In Baker and Urban [8], it was established that the selling rate of an item is a
function of the instantaneous stock-level. They reported that this rate is not constant.
It changes along with the stock-level throughout the order cycle. Therefore, the higher
stock-level will cause the greater selling rate during the beginning of the cycle.
According to the real life situation, this rate is not only dependent on the stock-level.
It also depends on the effect of marketing policies and conditions such as the price
variations and the adverti sement.

The deterministic selling rate D(4,p,q) of an item is a known function of
marketing parameters [ like, the frequency of advertisement (4), the selling price (p)]
and the displayed inventory level in the showroom/shop within the inventory level S,
to S; and beyond this range it becomes constant with respect to the displayed
inventory level. These functional forms may be:

D(4p.q) = f(Ap,S:) forg>S;
= fl4,p.q) forSy<gq =S
= f4,p,Sy) for0 <q <8
where f(4,p,q) isafunction of 4, p, q. Also, it isadifferentiable function of g.

The functional form of the stock-dependent selling rate will be in different form.
These functional form may be power form (a.q), exponential form [o. exp(Bq)], linear
form (o +Pq), quadratic form ( a+fq + yg?) with respect to the instantaneous stock-
level. The power form selling rate results zero selling when the stock-level reaches to
zero. It is aways remembered that the demand of an item can not be zero, Generally,
the selling rate does not fully dependent on the instantaneous displayed stock-level.
Due to some redlistic factors, such as goodwill, good quality, genuine price-level of
the goods, locality of the shop etc., a limited number (may be considered as constant)
of customers arrives to purchase the goods. Hence the selling rate of an item of a
particular shop will be more appropriate if the linear form of the selling rate with
respect to the stock-level. In this case, we consider the linear form of the displayed
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inventory, the selling price of an item and polynomia form of the frequency of the
advertisement for f{4,p,q). Suppose f(4,p.q) = A’ (a-bp+cq) wherea, b, ¢, y > 0.

3. Transportation Costs

3.1. Transportation Cost for shipment of items from RW to OW:

The Transportation cost for transferring the items/goods from RW to OW in »
shipment is given by
7C1 = (n-1){ a’+b(K-P)} +a+ b(S-P) whenKk, S’>P
= (n-N){ a’+b(K-P)} +a’ whenK > P, S’<P
= na’ when kK, S"<P

3.2. Transportation Cost for replenishing the order quantity
When the order quantity is greater than one integral transport vehicle load, the
order quantity, O’ (Q’ = S for L,-System and O’ = Q for L;-System) can be
expressed as

Q' =m*K’+ u*q’ wherem=0,1,2,3,---; u=0o0rlandg’<K’

In that case, two situations may arrise :
(i) m*K’'< Q" <m*K’"+U;, (ii)) m*K’'+ U; < Q" <(m +1)*K’

Hence the transportation cost for L; — systemis given by

TC2 = m*Cy+ (Q/-m*K)*Cyr; Wherem*K’< O’ sm*K’+U,
= (m+1)*Cy wherem*K’+ U; < Q7 <(m +1)*K’

and for L, — system,
TC3 = m*Cyj+ (Q"-m*K)*Cyrj + Caa( Q- W) Wherem*K’'< Q' <m*K’+U;
= (m+1)*Cy + Coa(Q” - W) wherem*K’'+ U; < Q’ <(m +1)*K’

Thetotal transportation cost is given by
Cyan = TC2 for L; — system
= TCIl +TC3 for L, — system



A Model on Two Storage Inventory System 251

4. Analysisof Two Storage System (L, — System)

Initially, an enterprise purchases S (S>W) units and of which W units are
stored in the own warehouse (OW) and the rest S-# units in the rented warehouse
(RW). At first, the stocks of OW are used to meet the customer’s demand until the
stock-level in OW drops to (W-K) units at the end of time ¢,. At thisstage, K (K <
W) units from RW are transported to OW so that the stock-level of OW again
becomes W to meet further demands. This process is continued for (n-1) such
shipments. In the last shipment, the remaining S’ (S’ < K) units in RW are
transported to OW. After the last shipment, the stock-level of OW will be (W-K+
S units which are used as usual to satisfy the demand during /z,, 7]. This entire
cycleisrepeated after each scheduling period 7.

To analyse this model, nine different scenarios (first 3 scenario for S;>W and
last 6 scenarios for S;<W) may arise according to the relative size of S, S;, W, the
lot-size S in the beginning of the cycle, transported amount K, S”per shipment.

Scenario—1: S;> W, Sy > W-K and W-K+S8"> S,
Scenario—2: S;> W, Sy > W-K and W-K+S8’< S,
Scenario—3: S;> W, Sy < W-K

Scenario—4: S; < W, Sy > W-K and W-K+S8"> §;
Scenario—=5: S; < W, Sy>W-Kand Sy < W-K+S'< S,
Scenario—6: S; < W, Sy > W-K and W-K+S’< S,
Scenario—7: S; < W, Sy < W-K and W-K+S’> S,
Scenario—8: S; < W, Sy < W-K and W-K+S§8’< §;
Scenario—9: S;<W-K

Note that Sy may be greater than W. In that case, the selling rate will be constant
with respect to the displayed inventory in the show-room/OW. This contradicts that
the proposed selling rate patterns. As aresult, we shall reject the case S, >W.

Now, we shall study the Scenario-1 in details.
Scenario-1: S >W, S >W-K and W-K+S”>S,

In this scenario, the stock-dependent selling rate is observed when the
inventory level drops from W to S, and beyond Sy, it is constant. The pictorial

representations of the inventory system in RW and OW are given in Figure-1 and
Figure — 2 respectively.
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As the demands are met only from the owned warehouse (OW), the stock
depletion at OW is only due to the demand only of the items. Therefore, the inventory
level ¢(7) at time t(0 < t < ¢;) satisfies the following differential equations :

dq(t)/dt = -(A,p,q) forSy<g<w D
= —f(A,p,So) for Q$S0 (2)

According to the assumptions, the relation between S, K and S”is given by
S—W=m-1)K+S’ 3
Since the selling rate is a function of instantaneous displayed stock — level in
OW, the time taken for the consumption of K units and the last W — K + S’ units in
OW would depend upon the stock — level. So,
S,

" dq ! dq
— Y @
s, f(4,p.9) W_Kf(A’p’So)

and

W—-K+S"

S
dq ! dq

L = -+t | — (5)
’ j f(4.p.q) £ f4,p.S,)
Again, the total time period T is given by

T=nt; +1 (6)

The cost function

Thetotal cost in acycle consists of the following components :
(i) Ordering cost (C,), (ii) Inventory carrying cost (Cy), (iii) Transporation cost
(Cyrans), (iv) Purchase cost (C; *S), (v) Advertisement cost (C,qy)

Inventory carrying cost : The inventory carrying cost per unit time can be expressed
as the product of the inventory level and carrying cost per unit per unit time. Thus, the
total inventory carrying cost is given by
w J S q
Chot = Fin(n-1)K/2 +nS}t + H[n{ | 41—+ [ 94
S

i fapa) ) fAPS)

+(W-K)nt,
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W-K+S' Sy
d d
+ J. Aq q + J’ qaq ] (7)
K f4, p.9) o f(4.pS,)

0
The detailed calculations are given in Appendix — B.
Advertisement Cost : The total advertisement cost is the product of the number of
advertisement and the cost per advertisement i.e.
Cuay = A*G
Thetotal cost of thissystem (Scenario — 1) is given by
TC = C4 + C]S + Chol + Ctran + Cadv (8)

The profit function

The net profit for the entire system (Scenario — 1) is the difference between the sales
revenue per cycle and the total cost of the systemi.e.,

X= (p - CI)S — Cy = Chor= Crran — Caav (9)

Therefore, for the fixed value of the mark— up rate, the profit function 7" (m,n,S,K)

(Average profit per unit time for the cycle) of the inventory system (Scenario — 1) is
given by

70" (m,n,S,K)= XIT (10)
Here, the profit function is a function of two continuous variables S and K and two
discrete variables m and n.

Theorem 1. The profit function " (m,n,S,K)is concave in S and K for fixed m and
n.

Proof. See Apendix -A

Hence, our problem is to find the optimal values of », S and K by maximizing
the profit function /%" (m,n,S,K). For n=1,2,3,---, maximizing 75" (m,n,S,K), the
values of S and K along with the value of 71,/ are calculated. The largest value of
7Yforn = 1,2,3,---. isthe optimal profit and the corresponding value of », S and K
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are the optimal solution of Scenario — 1. The optimal values of S” and T can be
calculated from (3) and (6) respectively. However, for the particular value of » (like,
n=1,2,3,---), the method for finding the solution of Scenario — 1 is summarized in the

following Algorithm —1.
Algorithm -1

Step—1 : Input all the parameters except m.

Step—2 : Find out the value of U..

Step—-3 : Setm = 0.

Step —4 : Solved the problem on on taking the transportation cost for first situation
(m*K’< S < m*K’+ Uj).

Step—-5 :If S e[ m* K, m* K+Uj}], then thisis the optimal policy with respect to m
andgotostep—6

Step — 6 : Solve the problem on tahing the transportation cost for second situation
{m*K’'+ U< S <(m+1) K}

Step—-7 :IfS e[m *K+ U;, (m+1)* K’], then thisisthe optimal policy with respect
to m and go to step — 9, otherwise, go to step — 6.

Step—8 : Increase m by 1i.e.,, m = m+1 and go to step — 4.

Step—-9 : Stop.

Inthis Scenario — 1, let m*, n* S* and K* be the optimal values of m, n, S and K. But,
this solution is obtained without considering the capacity constrant of RW i.e,, S — W
< QO as the storage capacity of RW is limited. If S-W < O, it is obvious that n* S*

* * *

and K* be the feasible solution of Scenario — 1 and 7" =" m"n".8" K').

Otherwise, 7, is equa to the optima bondary profit 7/’(n* K*) when S =
Or+W(inthat case, m is fixed and easily be obtained). Now, We shall determine the
optimal boundary profit. At first, fixing S by Oz+W, then from (3), we have
Or=m-DK + 8§’
ie, S'=Q0r—m-1K (11)

In this case, the boundary profit function of Scenario — 1 is given by
7" (n,K) = [(p-C1)(Qr+ W) = Cy— F { nQp —n(n-1) K/2} 1,
W SO d

qdq
X W ]
A (j i iy s, R
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w-K+S' . Sy d
| 199 j 999\ Cpan— A*GIT (12)
5 JAPrY f4.p.S,)

which depends on n and K only.

It can easily be proved that the boundary profit function 7,"”(n,K) is concave in
K for thefixed value of the discrete variable n.

For other Scenarios, the profit function , 77;”, i represents the number of Scenario, are
asfollows:

LY =[(p-C))S —~Cy — F {n(n-1)K/2+nS* t; -H(W-K)nt; H*d;— Cyyan — A*G /T,

i=23,..9 (13)
where
w S, W-K+S'
d=n{ | 14, f _ ey, 4 (14)
3 fA.pa) ;i f(ADpS,) n JADpS,)

w y W-K+S8' d S, i
d;=n{ J' _9%9 J' L}Jr J'L (15)
wig J(Ap.a) S Jf4,p.q) p f4.p.S,)
0
H{T 444 ? 9dq ? _9dg 4, W-I?S,%
g JA, PS) of(A,P,Q) wii J(4.p.S,) g, f4,p.S;)

N 2 gdg qdq (16)
gbf(qu) of(ApS)
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W S Sp J w-K+S'
ds=n{ | qdq - qdq - 9dq__y | qdq
5 fApS,) g fidpa) g fidpSy 5 fApa
SO
v __adq__ (17)
0 fi4,p.S,)
S S K+S'
dgzn{T qdq N f qdq n fﬂ}JrWKJFS%
S, f4.p.S,) S, f4.p.q) W_Kf(A»p:So) 0 N4, p.S,)
(18)
w S, W-K+S' S
d7=n{jq;‘kl+ | _qdq | qdq b+ | qdq
5 f4pS) plg fi4pg 5 fdps)  &§7(4pyq)
>
s [ (19)
0/ (4,p.S,)
S K+S' S
dgzn{pf q9dq fl qdq }+WIT+S qdq +I0 qdq
s, fAprS,) ylg fidpg 5, fApa pfAdpsy)
(20)
K+S' S S
do=n V}/ qdq +WIT+S qdg . f qdq__, f’ qdq
w.g f4.p.S;) s JA4pS) g JSApa §SA4pS)
(21)

Like Scenario — 1, it can easily be prove that the profit functions for different
scenarios are concave with respect to S and K. The solutions of these Scenarios along
with optimal profit /¥ (i=2,3,--- 9) can be obtained by the same procedure used in
scenario — 1.
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Optimal solution of L, — System

The optimal solution in this system will be the solution corresponding to the
maximum average profit (for case S;>W and S;< W) of the above mentioned

Scenarios. If 77, be the average profit then

7 =max 7 0= 1,2,3 for S;>W
=max 70,7 i= 45, , 9 for Si<wW (22)

5. Analysisof Single Storage System (L, — system)

In this system, an amount of Q unitsis stored in OW (Q < W) at time ¢t = 0. With
the passage of time, this amount will be depleted gradually to meet the customers
demand and at the end of the period T, the stock level will be zero. This entire cycleis
repeated after each scheduling period T

To analyse the system, three different scenarios may arise according to the relative
sizeof Syand S;.

Scenario—1: 0> S,
Scenario—2: 5, <0< S,
Scenario—3: 0 < Sy

In these Scenarios, the profit function/ziY(m, 0), j represents the numbers of scenario,
are asfollows:
0

SI S()

7" m, CNO-Co— HE [ — 999 qdq qdq
B I f4.p.S,) {f(A,p,q) s
- Ctran - A *G (23)
o .S
where T'= _[ —1 4 + So/f(4,p,S0) (24)

fi4.p.S,) Sf( »d

=)

S,
0 qd

f(A p,q) If(ApS)

0
7% (m,0) = [(p-CHO~Cs— HY |
S,

Y= Chan—A*G /T

=

(25)
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Q

where T = bjﬁ - SufiAp.S) 26)

77 mQ) = [(p-CQ ~Cs—H ?% ~ Cyan— A*G YT 27)
) f(4.p.S,)

where T=  Q/f(4,p,S) (28)

The optimal solution of L; — System can be determined in the following way :
T =max ", j =123 (29)

6. Solution Procedur e of the Proposed | nventory System

*
It may be noted that the result of L, — system isfeasibleif S >W. Again, if 77> be
the maximum average profit of the L, — system, it has to be compared with the

boundary profit of L, — system with Q=W given by 7; ( W) where 77; ( W) can be
computed from (29) by substituting O=W.

We now suggest the following algorithm for finding out the optimal solution of
the proposed inventory system

Algorithm -2 :

Step—1: SoIvetheLl—éystemformandQ .
If O< W,setS; =Q, otherwiseset S, =W

Step—-2: Solvethel,—systemfor m, n, S and K.
If S>Wset S, =S, otherwise, set S," =W

Step—3: If s "(S)) > 7 (S), then the optimal replenishment quantity will be Q,,; =
S,", otherwise, Oopr = . The corresponding solution of Qg Will be the
optimal solution.

Step— 4: Stop.
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7. Numerical Result

To illustrate the developed model, an example has been considered. Though the
values of the model parameters have not been selected from any case study, the values
considered here are feasible.

Example. LetC, =200, H=1,F=15 C; =20, W=100, Qr= 600, a = 500, b =
0.5 C=0.3 8 =50,4=5G=50,a’=20,b"=0.5 P'=20, =0.2,
.=13,Cupy=.2, K'=100, C, =100, Cr=1.25 for L = 65 in appropriate

units.

According to the solution procedure of L; -System (j = 1,2), the solution of different
scenarios and then the optimal solution for two different values of S; are obtained
with the help of well known non-linear optimization package (viz., LINGO). Results
aregiveninthe Table- 1.

8. Sengitivity Analysis

The earlier numerical example is used to study the effect of under or over
estimation of various parameters on optimal cycle length and profit of the inventory
system. The percentage changes in cycle length and profit are taken as measure of
sensitivity. The analysis is carried out by changing (increasing and decreasing) the
parameters for —20% to +20%, taken are or more parameters at a time and making the
other parameters their original values. The results of this analysis are given in Table —
2 which are self-explanatory. From sensitivity on the demand parameters A and pi.e.
frequency of advertisement and selling price it is seen that when frequency of
advertisement increases then profit increases up to certain range of increase but after
that it will decrease. When selling price increases then demand will decrease but the
unit price per unit item increase so profit will increase up to certain range of increase
after that it will decrease.

9. Conclusions

In the present paper a deterministic two-warehouse inventory model has been
developed by removing the unrealistic assumption regarding the storage capacity of
the rented warehouse RW in the existing two warehouse systems which are discussed
by Hartely [18], Sarma [19], Dave [20] and others. In developing the model, more
realistic selling rate (dependent on selling price, advertisement, displayed inventory
level in OW) and transportation cost for replenishing the items are considered. The
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model has been developed for items considering different scenarios depending on the
level of stock dependency in selling rate, storage capacity of OW and the order
guantity of the system. The impact of proposed selling rate and the optimal profit is
reported. The results indicate that the effect of proposed sales on the system behaviour
are significant and hence should not be ignored in devel oping the model

Another feature in this paper is that we have incorporated a new type selling
situation which is not considered by others. The proposed selling situation can be seen
to occur in cases where the customers arrive to purchase goods attracted by
advertisement and glamorous display of items in a show room. This effect continues
within a certain range of displayed inventory in the show room. Beyond the upper
level, it will be constant (in that case for increase of displayed inventory, selling rate
will not be increased with respect to that level). Also, beyond the lower level, only a
limited number (may be considered as constant) of customers arrive to purchase the
goods due to different factors — such as goodwill of the shop, good quality, genuine
price-level of the goods, locality of the shop etc.

The two-warehouse model can be applied to many practical situations. At
present, due to introduction of open market policy, the business competition becomes
very high to occupy much more profit in the sales market. For this reason, in order to
attract more customer a departmental store is forced to provide the customers a better
purchasing-environment such as well decorated show-room with modern light and
electronic arrangements and enough free space for choosing items. Again, due to the
expending of market situation, there is a crisis of space in the market places specially
in the super marker, corporation market etc. As a result, the management of
departmental store is bounded to hire a separate warehouse on rental basis at a
distance place for storing of excess items. Hence, from the economical point of view,
the two-storage system is more profitabl e than the single storage system.

Another feature in this paper is that we have taken into account the
transportation cost for replenishing the order quality in a reaistic manner. In the
existing literature, the transportation cost is considering either fixed and included it in
the replenishment cost or variable and considered as a part of the unit cost of the item.
In this paper we have explicitly the transportation costs for replenishing the order
guantity to own warehouse (OW) as well as rented warehouse (RW). For feature
development of research, one can extend the model developed in this article for
deterioration items, multiple items, quantiity discount policies and probabilistic
demand.
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Appendix - A

The proof of this theorem is easily done by showing that the associated Hessian

matrix for maximizing the profit function given in (10). The profit function is

maximum when Hassian matrix is negative definite. Hassian matrix is negative

definite when itsfirst and second order principal minors are alternately —ve and +ve.
Thefirst principal minor with respect to S'is

7,

D) a2 = [ T(H(a-bp)-c) + Xc|/T°A’(a-bp+c(S-nK)) <0
[ by assumption (19)] (1A)

The second principal minor with respectto S, K is

@@ 1as) VI - (@Y sy

= ( T(H(a-bp)-c) + X)T° A (a-bp+c(S-nK))? (a-bp+cSy))
[ 2Fn’H(a-bp)A7(a-bp+cSp)+n’c «(T'nH(a-bp+c(S-nK)) + Xe] > 0
[ by assumption (20)] (2A)
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For our assumptions (79) and (20) the conditions (14) and (24) are automatically
satisfied.

Appendix - B

The inventory time unitsin RW is
(S-W)t;+(S-W-K) t;+(S-W-2k) t; + -+ + §’t; ={n(n-1)K/2 + nS} t;  (B-1)

and hence, the inventory carrying cost for these unitsin RW
= F{nn-1)K/2 + nS%}t,
Between (i-1)-th and i-th (i=1,2,---n) shipment for transferring items/goods from
RW to OW, only K units in OW are used to meet the demand and the rest (W-K)
units are kept unused in OW for aperiod of length (27 —1¢7.,) i.e, t;. So, the inventory
carrying cost for these itemsin OW is
w S
H | 9dg | __4% iy (B-2)
S, f4.p.q) W-K f4,p.S,)

Again when the last shipment arrivesin OW, the on hand inventory in OW becomes
W-K+S’ Theinventory carrying cost for these units during usagein OW is

W-K+S' S,

d d
H 99y 97 B-3
: SI v A0S, =

Hence, the total inventory carrying cost in OW is

S()
H __4dd gk
[{j f(Ap,q) o T, ) v
W-K+S' S,
s qdq | 9dq__ (B-4)
5 JApra 5 S4DpS,)
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Figure—1: Theinventory situation in RW
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Figure—2: Theinventory situation in OW
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Numerical result

Table 1

N7 Z,® z°,
S, | Case | System|Scenario| N*| Or | K* | §* or or W.UH._.H.,H_.”..H.MJ. Gum.hﬂW: @En Hﬂ; Action
q~ Z,® Z,
1 5 |1600| 100] 100] 20715
L 2 6 |600] 96 | 20 | 20603 | 2071.5 -
1501 5, >W 3 10| 600 50 | 50 | 20016 2071.48| 600 0.86 | L,
2 - | 150 - - | 12793
15 12973 | 299.11
3 NO Feasible Solution
4 5 |1600] 100] 100| 20853
5 6 |600|91.6]41.7] 2052.7
L 6 6 |600] 96 | 20 | 20557 | 20853 2085.32| 6000861 L,
i 7 10| 600] 50 | 50 | 19932
75 5<W g IO Feasible Solution
9 201600 25| 25| 13684
1 - | 580 - - | 230241230241 10181
L, 2 NO Feasible Solution
3 MNO Feasible Solution
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Table— 2 : Sensitivity analysis of the model
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Changing % changes
parameters
- -20% -10% 10% 20%
Holding cost in OW Z 0.52 0.26 -0.26 -0.13
(Cn) 0 0 0 0
Holding cost in RW Z 3.69 181 -1.81 -3.42
(®) 16.67 0 0 -16.67
_ Z -40.01 -19.95 19.85 39.59
Unit Cost (Cp) 0.1 -0.26 0.26 0.52
Storing Capacity Z -2.86 -1.49 0.57 2.20
OW (W) 0.38 0.18 -0.32 -0.46
Demand parameter Z -23.57 -11.93 11.93 23.87
(@ 3.88 10.97 -9.00 -16.51
Demand parameter Z 0.62 0.31 -0.31 -0.62
(b) -0.51 -0.26 0.26 0.52
Demand parameter Z -0.39 -0.45 0.45 0.39
(© 0.74 0.37 -0.37 -0.73
Replenishment cost Z 2.25 1.12 -1.12 -2.25
(Co) 0 0 0 0
All holding cost z -2.28 -0.15 -4.32 -6.39
(Cr, C) 16.67 16.67 0 0
Z -19.5 -9.72 9.66 19.26
All cost parameters -0.51 -0.26 0.26 0.52
All demand Z -27.61 -15.48 16.39 33.89
parameters 11.09 -4.32 -11.97 -8.84
All Transportation Z 4.04 157 -2.51 -3.82
Cost parameters 0 0 -8.39 0




