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Abstract

In this paper, we establish some Ostrowski-Grüss-Čebyšev type in-
equalities involving several functions whose modulus of the derivatives
are convex functions.
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1. Introduction

Throughout, let
‖h′‖∞ := sup

t∈(a,b)

|h′ (t)| ,

S (f, g) = f (x) g (x)− 1

2 (b− a)

[
g (x)

∫ b

a

f (t) dt + f (x)

∫ b

a

g (t) dt

]
,

and

T (f, g) =
1

b− a

∫ b

a

f (x) g (x) dx−
(

1

b− a

∫ b

a

f (x) dx

)(
1

b− a

∫ b

a

g (x) dx

)
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where x ∈ [a, b], h′ exists and is bounded on (a, b) and f , g are integrable on
[a, b] .

The Ostrowski’s inequality [5] states that if f ′ exists and is bounded on
(a, b), then, for all x ∈ [a, b], we have the inequality

∣∣∣∣∫ b

a

f(t)dt− f(x) (b− a)

∣∣∣∣ ≤
[

1

4
(b− a)2 +

(
x− a + b

2

)2
]
‖f ′‖∞ . (1.1)

The Čebyšev’s inequality [6] states that if f
′
, g′ ∈ L∞ [a, b], then we have

the inequality

|T (f, g)| ≤ 1

12
(b− a)2 ‖f ′‖∞ ‖g′‖∞ . (1.2)

The Grüss’s inequality [6], states that if m ≤ f (x) ≤ M and n ≤ f (x) ≤
N < ∞ for all x ∈ [a, b], then we have the inequality

|T (f, g)| ≤ 1

4
(M −m) (N − n) , (1.3)

where m, M, n,N are real numbers.

For some recent results which generalize, improve and extend the inequal-
ities (1.1)-(1.3), see [1− 11].

Recall the following definitions of a convex function and a log-convex func-

tion:
Let f : [a, b] → R and g : [a, b] → (0,∞). The functions f and g are called

convex on [a, b] and log-convex on [a, b], respectively, if

f (λx + (1− λ) y) ≤ λf (x) + (1− λ) f (y) ,

and

f (tx + (1− t) y) ≤ [f (x)]λ [f (y)]1−λ

for all x, y ∈ [a, b] and λ ∈ [0, 1].
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In [10], Pachpatte established the following four theorems about Ostrowski-
Grüss-Čebyšev type inequalities:

Theorem A. Let f, g : [a, b] → R be absolutely continuous functions on [a, b] .
(a1) If |f ′| and |g′| are convex on [a, b], then

|S (f, g)| ≤ 1

4

1

4
+

(
x− a+b

2

b− a

)2
 (b− a)

× {|g (x)| [|f ′ (x)|+ ‖f ′‖∞] + |f (x)| [|g′ (x)|+ ‖g′‖∞]}
for x ∈ [a, b] .

(a2) If |f ′| and |g′| are log-convex on [a, b], then

|S (f, g)| ≤ 1

2 (b− a)

{
|g (x)| |f ′ (x)|

∫ b

a

|x− t|
(

A− 1

ln A

)
dt

+ |f (x)| |g′ (x)|
∫ b

a

|x− t|
(

B − 1

ln B

)
dt

}
for x ∈ [a, b] , where

A =
|f ′ (t)|
|f ′ (x)|

and B =
|g′ (t)|
|g′ (x)|

. (1.4)

Theorem B. Let f and g : [a, b] → R be absolutely continuous functions on
[a, b] .

(b1) If |f ′| and |g′| are convex on [a, x] and [x, b], then

|S (f, g)| ≤ 1

2
{|g (x)|F (x) + |f (x)|G (x)} ,

for x ∈ [a, b], where

F (x) =
1

6

[
|f ′ (a)|

(
x− a

b− a

)2

+ |f ′ (b)|
(

b− x

b− a

)2

+

1 + 4

(
x− a+b

2

b− a

)2
 |f ′ (x)|

 (b− a)
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and

G (x) =
1

6

[
|g′ (a)|

(
x− a

b− a

)2

+ |g′ (b)|
(

b− x

b− a

)2

+

1 + 4

(
x− a+b

2

b− a

)2
 |g′ (x)|

 (b− a)

for x ∈ [a, b] .

(b2) If |f ′| and |g′| are log-convex on [a, x] and [x, b], then

|S (f, g)| ≤ 1

2
[|g (x)|P (x) + |f (x)|Q (x)] ,

for x ∈ [a, b] , where

P (x) = (b− a)

[
|f ′ (a)|

(
x− a

b− a

)2
A1 ln A1 + 1− A1

(ln A1)
2

+ |f ′ (b)|
(

b− x

b− a

)2
B1 ln B1 + 1−B1

(ln B1)
2

]
,

Q (x) = (b− a)

[
|g′ (a)|

(
x− a

b− a

)2
A2 ln A2 + 1− A2

(ln A2)
2

+ |g′ (b)|
(

b− x

b− a

)2
B2 ln B2 + 1−B2

(ln B2)
2

]
,

and

A1 =
|f ′ (x)|
|f ′ (a)|

, B1 =
|f ′ (x)|
|f ′ (b)|

, (1.5)

A2 =
|g′ (x)|
|g′ (a)|

, B2 =
|g′ (x)|
|g′ (b)|

, (1.6)

for x ∈ [a, b] .

Theorem C. Let f and g : [a, b] → R be absolutely continuous functions on
[a, b] .
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(c1) If |f ′| and |g′| are convex on [a, b], then

|T (f, g)|

≤ 1

4 (b− a)2

∫ b

a

[|g (x)| [|f ′ (x)|+ ‖f ′‖∞] + |f ′ (x)| [|g′ (x)|+ ‖g′‖∞]] E (x) dx,

where

E (x) =
(x− a)2 + (b− x)2

2
(1.7)

for x ∈ [a, b] .

(c2) If |f ′| and |g′| are log-convex on [a, b], then

|T (f, g)| ≤ 1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t| |f ′ (x)|
(

A− 1

ln A

)
dt

+ |f (x)|
∫ b

a

|x− t| |g′ (x)|
(

B − 1

ln B

)
dt

]
dx

where A, B are defined as in (1.4).

Theorem D. Let f and g : [a, b] → R be absolutely continuous functions on
[a, b] .

(d1) If |f ′| and |g′| are convex on [a, b], then

|T (f, g)| ≤ 1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

{
1

6
|f ′ (a)|+ 1

3
|f ′ (x)|

}

+ |f (x)|
{

1

6
|g′ (a)|+ 1

3
|g′ (x)|

}]
+

(
x− a

b− a

)2

|g (x)|
{

1

3
|f ′ (x)|+ 1

6
|f ′ (b)|

}
+ |f (x)|

{
1

3
|g′ (x)|+ 1

6
|g′ (b)|

}]]
dx ,

(d2) If |f ′| and |g′| are log-convex on [a, x] and [x, b], then

|T (f, g)| ≤ 1

2

∫ b

a

[(
x− a

b− a

)2{
|g (x)| |f ′ (a)| A1 ln A1 + 1− A1

(ln A1)
2
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+ |f (x)| |g′ (a)| A2 ln A2 + 1− A2

(ln A2)
2

}
+

(
x− x

b− a

)2{
|g (x)| |f ′ (b)| B1 ln B1 + 1−B1

(ln B1)
2

+ |f (x)| |g′ (b)| B2 ln B2 + 1−B2

(ln B2)
2

}]
dx

where A1, B1 and A2, B2 are defined as in (1.5) and (1.6), respectively.

In this paper, we establish some inequalities which generalize Theorems A-
D.

2. Main Results

Throughout in this section, let αi ∈ R (i = 1, · · · , n) , α = (α1, · · · , αn)

with
n∑

i=1

αi = 1 and let

Sα (f1, · · · , fn)

=
n∏

i=1

fi (x)− 1

(b− a)

n∑
i=1

(
n∏

j=1,j 6=i

αifj (x)

∫ b

a

fi (t) dt

)
,

and

Tα (f1, · · · , fn) =
1

b− a

∫ b

a

n∏
i=1

fi (x) dx

−
n∑

i=1

[(
1

b− a

∫ b

a

n∏
j=1,j 6=i

αifj (x) dx

)(
1

b− a

∫ b

a

fi (x) dx

)]
where x ∈ [a, b], and fi (i = 1, · · · , n) are integrable on [a, b].

In order to prove our results, we need the following identities proved in [1]
and [2], respectively:

f (x) =
1

b− a

∫ b

a

f (t) dt +
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dt

]
dλ

(2.1)
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and

f (x) =
1

b− a

∫ b

a

f (t) dt+(x− a)2 1

b− a

∫ 1

0

λf ′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λf ′ [λx + (1− λ) b] dλ, (2.2)

for x ∈ [a, b] where f : [a, b] → R is an absolutely continuous function on [a, b].

Theorem 1. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Sα (f1, · · · , fn)| ≤ b− a

2

1

4
+

(
x− a+b

2

b− a

)2


×
n∑

i=1

[
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞)

]
, (2.3)

for x ∈ [a, b] .
(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, b], then

|Sα (f1, · · · , fn)|

≤
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)| |f ′i (x)|
∫ b

a

|x− t|
[(

Di − 1

ln Di

)]
dt

}
(2.4)

for x ∈ [a, b] , where

Di =
|f ′i (t)|
|f ′i (x)|

(i = 1, · · · , n) (2.5)

for x, t ∈ [a, b].

Proof. Using (2.1), we have the identities

f1 (x)− 1

b− a

∫ b

a

f1 (t) dt
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=
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′1 [(1− λ) x + λt] dλ

]
dt, (2.6.1)

f2 (x)− 1

b− a

∫ b

a

f2 (t) dt

=
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′2 [(1− λ) x + λt] dλ

]
dt, (2.6.2)

...

fn (x)− 1

b− a

∫ b

a

fn (t) dt

=
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′n [(1− λ) x + λt] dλ

]
dt (2.6.n)

for x ∈ [a, b]. Multiplying both sides of (2.6.i) by
n∏

j=1,j 6=i

αifj (x) (i = 1, · · · , n)

and adding the resulting identities, we get

Sα (f1, · · · , fn)

=
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

αifj (x)

∫ b

a

(x− t)

[∫ 1

0

f ′i [(1− λ) x + λt] dλ

]
dt

}
.

(2.7)
(a) Since |f ′i | (i = 1, · · · , n) are convex on [a, b], from (2.7) we get that

|Sα (f1, · · · , fn)|

≤
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t|
[∫ 1

0

|f ′i [(1− λ) x + λt]| dλ

]
dt

}

≤
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t|
[∫ 1

0

(1− λ) |f ′i (x)|+ λ |f ′i (t)| dλ

]
dt

}

=
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t| 1
2

(|f ′i (x)|+ |f ′i (t)|) dt

}
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≤ 1

2 (b− a)

∫ b

a

|x− t| dt
n∑

i=1

{
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞)

}

=
(x− a)2 + (b− x)2

4 (b− a)

n∑
i=1

{
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞)

}

=
b− a

2

1

4
+

(
x− a+b

2

b− a

)2
 n∑

i=1

{
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞)

}
which is the inequality (2.3).

(b) Since |f ′i | (i = 1, · · · , n) are log-convex on [a, b], from (2.7) we get that

|Sα (f1, · · · , fn)|

≤
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t|
[∫ 1

0

|f ′i [(1− λ) x + λt]| dλ

]
dt

}

≤
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t|
[∫ 1

0

[|f ′i (x)|]1−λ
[|f ′i (t)|]λ dλ

]
dt

}

=
n∑

i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)|
∫ b

a

|x− t|

[
|f ′i (x)|

∫ 1

0

[
|f ′i (t)|
|f ′i (x)|

]λ

dλ

]
dt

}

=
n∑

i=1

 1

b− a

n∏
j=1,j 6=i

|αifj (x)| |f ′i (x)|
∫ b

a

|x− t|


 |f ′

i(t)|
|f ′

i(x)| − 1

ln
|f ′

i(t)|
|f ′

i(x)|


 dt


=

n∑
i=1

{
1

b− a

n∏
j=1,j 6=i

|αifj (x)| |f ′i (x)|
∫ b

a

|x− t|
[(

Di − 1

ln Di

)]
dt

}
which is the inequality (2.4), where Di (i = 1, · · · , n) are defined as in (2.5)..

This completes the proof.

Let α =
(

1
n
, · · · , 1

n

)
in Theorem 1, then we have the following corollary:

Corollary 1. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .
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(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Sα (f1, · · · , fn)| ≤ b− a

2n

1

4
+

(
x− a+b

2

b− a

)2


×
n∑

i=1

[
n∏

j=1,j 6=i

|fj (x)| (|f ′i (x)|+ ‖f ′i‖∞)

]
,

for x ∈ [a, b] .
(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, b], then

|Sα (f1, · · · , fn)|

≤
n∑

i=1

1

n

{
1

b− a

n∏
j=1,j 6=i

|fj (x)| |f ′i (x)|
∫ b

a

|x− t|
[(

Di − 1

ln Di

)]
dt

}
for x ∈ [a, b] , where Di (i = 1, · · · , n) are defined as in (2.5).

Remark 1. If we choose n = 2, then Corollary 1 reduces to Theorem A.

Theorem 2. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, x] and [x, b], then

|Sα (f1, · · · , fn)| ≤
n∑

i=1

(
n∏

j=1,j 6=i

|αifj (x)|Fi (x)

)
(2.8)

where

Fi (x) =
b− a

6

[
|f ′i (a)|

(
x− a

b− a

)2

+ |f ′i (b)|
(

b− x

b− a

)2

+

1 + 4

(
x− a+b

2

b− a

)2
 |f ′i (x)|

 (2.9)

for x ∈ [a, b] and i = 1, · · · , n.
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(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], then

|Sα (f1, · · · , fn)| ≤
n∑

i=1

(
n∏

j=1,j 6=i

|αifj (x)|Hi (x)

)
(2.10)

where

Ii =
|f ′i (x)|
|f ′i (a)|

, Ji =
|f ′i (x)|
|f ′i (b)|

(i = 1, · · · , n) (2.11)

and

Hi (x) = (b− a)

[
|f ′i (a)|

(
x− a

b− a

)2
Ii ln Ii + 1− Ii

(ln Ii)
2

+ |f ′i (b)|
(

b− x

b− a

)2
Ji ln Ji + 1− Ji

(ln Ji)
2

]
(2.12)

for x ∈ [a, b] and i = 1, · · · , n.

Proof. Using (2.2), we have the identities

f1 (x)− 1

b− a

∫ b

a

f1 (t) dt

=
(x− a)2

b− a

∫ 1

0

λf ′1 [(1− λ) a + λx] dλ

− (b− x)2

b− a

∫ 1

0

λf ′1 [λx + (1− λ) b] dλ, (2.13.1)

f2 (x)− 1

b− a

∫ b

a

f2 (t) dt

=
(x− a)2

b− a

∫ 1

0

λf ′2 [(1− λ) a + λx] dλ

− (b− x)2

b− a

∫ 1

0

λf ′2 [λx + (1− λ) b] dλ, (2.13.2)

...
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fn (x)− 1

b− a

∫ b

a

fn (t) dt

=
(x− a)2

b− a

∫ 1

0

λf ′n [(1− λ) a + λx] dλ

− (b− x)2

b− a

∫ 1

0

λf ′n [λx + (1− λ) b] dλ, (2.13.n)

for x ∈ [a, b]. Multiplying both sides of (2.13.i) by
n∏

j=1,j 6=i

αifj (x) (i = 1, · · · , n)

and adding the resulting identities, we get

Sα (f1, · · · , fn)

=
n∑

i=1

{
n∏

j=1,j 6=i

αifj (x)

[
(x− a)2

b− a

∫ 1

0

λf ′i [(1− λ) a + λx] dλ

− (b− x)2

b− a

∫ 1

0

λf ′i [λx + (1− λ) b] dλ

]}
(2.14)

Using (2.14), we get that

|Sα (f1, · · · , fn)| ≤
n∑

i=1

[
n∏

j=1,j 6=i

|αifj (x)|Mi (x)

]
(2.15)

where

Mi (x) =
(x− a)2

b− a

∫ 1

0

λ |f ′i [(1− λ) a + λx]| dλ

+
(b− x)2

b− a

∫ 1

0

λ |f ′i [λx + (1− λ) b]| dλ (2.16)

for x ∈ [a, b] and i = 1, · · · , n.
(a) Since |f ′i | (i = 1, · · · , n) are convex on [a, x] and [x, b], we have that∫ 1

0

λ |f ′i [(1− λ) a + λx]| dλ

≤ |f ′i (a)|
∫ 1

0

λ (1− λ) dλ + |f ′i (x)|
∫ 1

0

λ2dλ
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=
1

6
|f ′i (a)|+ 1

3
|f ′i (x)| (2.17)

and ∫ 1

0

λ |f ′i [λx + (1− λ) b]| dλ

≤ |f ′i (x)|
∫ 1

0

λ2dλ + |f ′i (b)|
∫ 1

0

λ (1− λ) dλ

=
1

3
|f ′i (x)|+ 1

6
|f ′i (b)| (2.18)

where x ∈ [a, b] and i = 1, · · · , n.
From (2.16)-(2.18), we get that

Mi (x) ≤ (x− a)2

b− a

[
1

6
|f ′i (a)|+ 1

3
|f ′i (x)|

]

+
(b− x)2

b− a

[
1

3
|f ′i (x)|+ 1

6
|f ′i (b)|

]

=
b− a

6

[
|f ′i (a)|

(
x− a

b− a

)2

+ |f ′i (b)|
(

b− x

b− a

)2

+ 2 |f ′i (x)|

((
x− a

b− a

)2

+

(
b− x

b− a

)2
)]

= Fi (x) (2.19)

where x ∈ [a, b] and i = 1, · · · , n.
Using (2.15) and (2.19), we get the inequality (2.8).
(b) Since |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], we have that∫ 1

0

λ |f ′i [(1− λ) a + λx]| dλ

≤
∫ 1

0

λ |f ′i (a)|1−λ |f ′i (x)|λ dλ

= |f ′i (a)|
∫ 1

0

λIλ
i dλ
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= |f ′i (a)| Ii ln Ii + 1− Ii

(ln Ii)
2 (2.20)

and ∫ 1

0

λ |f ′i [λx + (1− λ) b]| dλ

≤
∫ 1

0

λ |f ′i (x)|λ |f ′i (b)|1−λ
dλ

= |f ′i (b)|
∫ 1

0

λJλ
i dλ

= |f ′i (b)| Ii ln Ji + 1− Ji

(ln Ji)
2 (2.21)

where x ∈ [a, b] and i = 1, · · · , n.
From (2.16), (2.20) and (2.21), we get

Mi (x) ≤ Hi (x) (2.22)

where x ∈ [a, b] and i = 1, · · · , n.
Using (2.15) and (2.22), we get the inequality (2.10).
This completes the proof.

Let α =
(

1
n
, · · · , 1

n

)
in Theorem 2, then we have the following corollary:

Corollary 2.Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, x] and [x, b], then

|Sα (f1, · · · , fn)| ≤ 1

n

n∑
i=1

(
n∏

j=1,j 6=i

|fj (x)|Fi (x)

)

where Fi (x) is defined as in (2.9) for x ∈ [a, b] and i = 1, · · · , n.

(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], then

|Sα (f1, · · · , fn)| ≤ 1

n

n∑
i=1

(
n∏

j=1,j 6=i

|fj (x)|Hi (x)

)

where Hi (x) is defined as in (2.12) for x ∈ [a, b] and i = 1, · · · , n.
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Remark 2. If we choose n = 2, then Corollary 2 reduces to Theorem B.

Theorem 3. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Tα (f1, · · · , fn)|

≤ 1

2 (b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞) E (x)

]
dx

}
(2.23)

where E (x) is defined as in (1.7) for x ∈ [a, b].
(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, b], then

|Tα (f1, · · · , fn)|

≤ 1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t| |f ′i (x)|

(
Di − 1

ln Di

))
dt

]
dx

}
(2.24)

where Di (i = 1, · · · , n) are defined as in (2.5).

Proof. From the hypotheses of fi (i = 1, · · · , n), the identity (2.7) holds.
Integrating both sides of (2.7) with respect to x from a to b and rewriting it,
we have

Tα (f1, · · · , fn)

=
1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

αifj (x)

×
∫ b

a

(x− t)

(∫ 1

0

f ′i [(1− λ) x + λt] dλ

)
dt

]
dx

}
. (2.25)

(a) Since |f ′i | (i = 1, · · · , n) are convex on [a, b], from (2.25) we get that

|Tα (f1, · · · , fn)|
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≤ 1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t|

∫ 1

0

[(1− λ) |f ′i (x)|+ λ |f ′i (t)|] dλ

)
dt

]
dx

}
(2.26)

=
1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t|

[
|f ′i (x)|+ |f ′i (t)|

2

])
dt

]
dx

}

≤ 1

2 (b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

× (|f ′i (x)|+ ‖f ′i‖∞)

∫ b

a

|x− t| dt

]
dx

}

=
1

2 (b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)| (|f ′i (x)|+ ‖f ′i‖∞) E (x)

]
dx

}
which is the inequality (2.23), where E (x) is defined as in (1.7).

(b) Since |f ′i | (i = 1, · · · , n) are log-convex on [a, b], from (2.26) we get that

|Tα (f1, · · · , fn)|

≤ 1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t|

∫ 1

0

[
[|f ′i (x)|]1−λ

[|f ′i (t)|]λ
]
dλ

)
dt

]
dx

}

=
1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t| |f ′i (x)|

∫ 1

0

[
|f ′i (t)|
|f ′i (x)|

]λ

dλ

)
dt

]
dx

}
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=
1

(b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

×
∫ b

a

(
|x− t| |f ′i (x)|

(
Di − 1

ln Di

))
dt

]
dx

}
which is the inequality (2.24), where Di (i = 1, · · · , n) are defined as in (2.5).

This completes the proof.

Let α =
(

1
n
, · · · , 1

n

)
in Theorem 3, then we have the following corollary:

Corollary 3. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous
functions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Tα (f1, · · · , fn)|

≤ 1

2n (b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|fj (x)| (|f ′i (x)|+ ‖f ′i‖∞) E (x)

]
dx

}
where E (x) is defined as in (1.7) for x ∈ [a, b].

(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, b]
, then

|Tα (f1, · · · , fn)|

≤ 1

n (b− a)2

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|fj (x)|

×
∫ b

a

(
|x− t| |f ′i (x)|

(
Di − 1

ln Di

))
dt

]
dx

}
where Di (i = 1, · · · , n) are defined as in (2.5).

Remark 3. If we choose n = 2, then Corollary 3 reduces to Theorem C.

Theorem 4. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous func-
tions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Tα (f1, · · · , fn)|
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≤
n∑

i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

{(
x− a

b− a

)2(
1

6
|f ′i (a)|+ 1

3
|f ′i (x)|

)

+

(
b− x

b− a

)2(
1

3
|f ′i (x)|+ 1

6
|f ′i (b)|

)}]
dx

}
. (2.27)

(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], then

|Tα (f1, · · · , fn)|

≤
n∑

i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

{(
x− a

b− a

)2

|f ′i (a)| Ii ln Ii + 1− Ii

(ln Ii)
2

+

(
b− x

b− a

)2

|f ′i (b)| Ji ln Ji + 1− Ji

(ln Ji)
2

}]
dx

}
(2.28)

where Ii, Ji (i = 1, · · · , n) are defined as in (2.11).

Proof. From the hypotheses of fi (i = 1, · · · , n), the identity (2.14) holds.
Integrating both sides of (2.14) with respect to x from a to b and rewriting it,
we have

Tα (f1, · · · , fn)

=
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

αifj (x)

[
(x− a)2

b− a

∫ 1

0

λf ′i [(1− λ) a + λx] dλ

− (b− x)2

b− a

∫ 1

0

λf ′i [λx + (1− λ) b] dλ

]
dx

)}
. (2.29)

(a) Since |f ′i | (i = 1, · · · , n) are convex on [a, b], from (2.29) we get that

|Tα (f1, · · · , fn)|

≤
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

|αifj (x)|

[
(x− a)2

b− a

∫ 1

0

λ |f ′i [(1− λ) a + λx]| dλ

+
(b− x)2

b− a

∫ 1

0

λ |f ′i [λx + (1− λ) b]| dλ

]
dx

)}
(2.30)
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≤
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

|αifj (x)|

×

[
(x− a)2

b− a

∫ 1

0

(
λ (1− λ) |f ′i (a)|+ λ2 |f ′i (x)|

)
dλ

+
(b− x)2

b− a

∫ 1

0

(
λ2 |f ′i (x)|+ λ (1− λ) |f ′i (b)|

)
dλ

]
dx

)}

=
n∑

i=1

{∫ b

a

[
n∏

j=1,j 6=i

|αifj (x)|

{(
x− a

b− a

)2(
1

6
|f ′i (a)|+ 1

3
|f ′i (x)|

)

+

(
b− x

b− a

)2(
1

3
|f ′i (x)|+ 1

6
|f ′i (b)|

)}]
dx

}
which is the inequality (2.27).

(b) Since |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], from (2.30)
we get that

|Tα (f1, · · · , fn)|

≤
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

|αifj (x)|

[(
x− a

b− a

)2 ∫ 1

0

(
λ [|f ′i (a)|]1−λ

[|f ′i (x)|]λ
)

dλ

+

(
b− x

b− a

)2 ∫ 1

0

(
λ [|f ′i (x)|]λ [|f ′i (b)|]1−λ

)
dλ

]
dx

)}

=
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

|αifj (x)|

[(
x− a

b− a

)2(
|f ′i (a)|

∫ 1

0

λIλ
i dλ

)

+

(
b− x

b− a

)2(
|f ′i (b)|

∫ 1

0

λJλ
i dλ

)]
dx

)}

=
n∑

i=1

{∫ b

a

(
n∏

j=1,j 6=i

|αifj (x)|

[(
x− a

b− a

)2

|f ′i (a)| Ii ln Ii + 1− Ii

(ln Ii)
2

+

(
b− x

b− a

)2

|f ′i (b)| Ji ln Ji + 1− Ji

(ln Ji)
2

]
dx

)}
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which is the inequality (2.28), where Ii, Ji (i = 1, · · · , n) are defined as in
(2.11).

This completes the proof.

Let α =
(

1
n
, · · · , 1

n

)
in Theorem 4, then we have the following corollary:

Corollary 4. Let fi : [a, b] → R (i = 1, · · · , n) be absolutely continuous
functions on [a, b] .

(a) If |f ′i | (i = 1, · · · , n) are convex on [a, b], then

|Tα (f1, · · · , fn)|

≤ 1

n

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|fj (x)|

{(
x− a

b− a

)2(
1

6
|f ′i (a)|+ 1

3
|f ′i (x)|

)

+

(
b− x

b− a

)2(
1

3
|f ′i (x)|+ 1

6
|f ′i (b)|

)}]
dx

}
.

(b) If |f ′i | (i = 1, · · · , n) are log-convex on [a, x] and [x, b], then

|Tα (f1, · · · , fn)|

≤ 1

n

n∑
i=1

{∫ b

a

[
n∏

j=1,j 6=i

|fj (x)|

{(
x− a

b− a

)2

|f ′i (a)| Ii ln Ii + 1− Ii

(ln Ii)
2

+

(
b− x

b− a

)2

|f ′i (b)| Ji ln Ji + 1− Ji

(ln Ji)
2

}]
dx

}
where Ii, Ji (i = 1, · · · , n) are defined as in (2.11).

Remark 4. If we choose n = 2, then Corollary 4 reduces to Theorem D.
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