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Abstract

In this paper, five functionals fixed point theorem is extended and
applied to singular boundary value problem with p-Laplacian. The
existence of at least three positive solutions is obtained.
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1. Introduction

Nonlinear multi-point boundary value problems have been studied exten-
sively in the literature (see [?], [?], and [?], and the references cited therein).
Singular differential boundary value problems arise in many nonlinear complex
phenomena in the science, engineering and technology and have been studied
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extensively (see [1-4, 8, 9]).
Agarwal et al. [?] consider the following one-dimensional singular equation

{ (@) +q(t) f(t,y) =0, 0<t<1,
y(0) = y(1) = 0.

The existence of one positive solution have been obtained by using upper-lower
solution method.
Xian Xu [?] consider the following boundary value problems

{ v+ M f(ty) =0, 0<t<l,
y(0) = 0,y(1) = S0 awy (),

give some existence results for at least one positive solution by using Leray-
Schauder continuation theorem.
Motivated by the results mentioned, we study the existence of three positive
solutions for the following BVP
(@) +e(t)f(t,u) =0, 0<t<1, 0
u(0) =0, (1) = au(n),

where ®,v = [v[P?v,p > 1,0 < a < 1, f(t,u) : [0,1] x (0,00) — [0, 00), f may
have singularity at u = 0. e(¢) is a nonnegative measurable function defined
on (0,1), and e(¢) is not identically zero on any compact subinterval of (0, 1).
Furthermore e(t) satisfies 0 < fol e(t)dt < +oo. When a = 0, (1.1) becomes
the Dirichlet problem.

As far as we know, there were not any papers to consider singular 3-point
boundary value problem with p-laplacian operator by means of five functionals
fixed point theorem[19]. The main reason is that A : P(y,c¢) — P(7,c¢) is
difficult to verified. To implying the theorem we improve the condition of five
functionals fixed point theorem such that we only need to verify A : 9P (v, ¢) —
P(v,¢). At least three positive solutions for singular p-laplacian equation(1.1)
are obtained.

By a positive solution of problem (1.1), we mean a function y € C*(0, 1],
P,(y') € C*(0, 1] satisfying the boundary value problem (1.1) and that y(¢) > 0
for t € (0, 1].

The paper is organized as follows. Section 2 present some background
definitions and five functionals fixed point theorem. Furthermore, we extend
the five functionals fixed point theorem. The main result about the existence
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of solutions to BVP(1.1) are given in Section 3. Section 4 present the proof of
existence theorem.

2. Background Knowledge and Results

Let v, 8, 6 be nonnegative continuous convex functionals on K and let «, ¥
be nonnegative continuous concave functionals on K . Then for nonnegative
numbers h, a, b, d, and ¢, we define the following convex sets:

P(y,c) ={x € Kh(z) <c}, Ply,a,0,¢) = {z € Kla < afz),7(z) < c},

Q(y, 0,d,¢) = {x € K|B(z) < d,~(z) < ¢},
P(v,0,a,a,b,¢c) = {z € Kla < a(z),0(x) < b,v(x) < c},

Q(v, 8,4, h,d,c) = {z € K|h < (), B(z) < d,~(z) < c}.

Theorem 2.1[19]. Let K be a cone in a real Banach space E. Let o and
1 be monnegative continuous concave functionals on K and v,3, and 0 are
nonnegative continuous convex functionals on K such that for some positive
numbers ¢ and m,

alx) < B(x) and ||z|| < my(x) for all x € P(v,c).

Suppose further that A : P(~y,c) — P(v,c) is completely continuous and there
exist h,d,a,b > 0 with 0 < d < a such that each of the following is satisfied:

(A){z € P(7,8,a,a,b,¢)|a(x) > a} # D and a(Az) > aforz € P(v,6,a,a,b,c),
(A2){z € Q(7, B,¢, h,d, c)|B(x) < d} # 0 and B(Az) < dforz € Q(v, B, ¢, h,d, c),
(As)a(Az) > a provided z € P(y,a, a,¢) with §(Az) > b,

(A4)B(Az) < d provided = € Q(y, 8, d, ¢) with 1(Az) < h.

Then A has at least three fixed points x1,xo,x3 € P(7,¢) such that

B(x1) < d,a < aza), and d < f(x3) with a(zrs) < a.
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Theorem 2.2. Let K be a cone in a real Banach space E. Let o and ¢ be
nonnegative continuous concave functionals on K and v, 3, and 6 are nonneg-
ative continuous convex functionals on K such that for some positive numbers
c and m,

a(z) < p(x) and ||z|| < my(x) for all z € P(y,c).

Suppose further that A : P(y,c) — K, is completely continuous, Alpp(y.c)

OP(v,c) — P(v,c) and there exist h,d,a,b > 0 with 0 < d < a such that each
of the following is satisfied:

(C1){z € P(v,0,a,a,b,¢c)la(x) > a} # 0 and (O o Azx) > a for z €
P(/Y707a7a7b7c)7

(Co){z € Q(,B,%,h,d,c)|B(x) < d} # 0 and B(© o Az) < d for = €
Q(v,B,¢, h,d, c),

(C3)a(© o Ax) > a provided = € P(7v, a,a,c) with 8(© o Ax) > b,

(C4)B(O© 0 Az) < d provided x € Q(~, 5,d, ¢) with (O o Azx) < h,

where © : K — P(v,c¢) is a contraction operator such that

Ou=u for u € P(v,c); Ou € OP(v,c) for u ¢ P(v,c).

Then A has at least three fixed points x1,xo,x3 € P(7,c) such that
B(x1) < d,a < a(xs), and d < [(zr3) with a(zs) < a.

Proof. By the definitions of A and ©, © 0 A : P(v,c¢) — P(v,¢) is completely
continuous. By Theorem 2.1 and (Cy) — (C4), © o A has at least three fixed
points, i.e., (@ o A)x; = z;,i = 1,2,3. We claim Ax; = z;.

In fact, if Az; € P(7v,¢), then (© o A)x; = Ax; = x;; if Az, & P(v,c¢), then
;= (©oA)x; € OP(v,c). So Ax; € P(v,c), a contradiction.

Thus Az; € P(v,c) and Az; = x;,1 = 1,2, 3.

3. Main Result

In this paper we will use the following conditions
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(H1) the nonlinear term f(¢,y) satisfies f(t,y) < g(y) + h(y) for t € [0, 1]
with f continuous on (0,00),¢9 > 0 continuous, non-increasing on (0, 00) and
h continuous on [0, 00),

(H2) there exists an ¢ > 0 such that f(¢,u) is non-increasing in u < ¢ for
all ¢ € 0,1],

(H3) fol e(s)g(ms)ds < oo, ¥V m > 0,

(H4) for each constant r > 0, there exists a function ¢, continuous on [0, 1]
and positive (0,1) such that f(t,u) > ¢,(t) on [0,1] x (0,7].

The main result of this paper is the following

Theorem 3.1. Suppose (H1)-(H4) hold. If there exist

t
O<h<b§1ﬂﬂ<m§1ﬂﬁ<d<a<5agq
1

such that
q)p(?_a> (I)p(12__i) to
t,u) > max T, — 2 , (t,u 0,1 tia, —a + 1],
(b, w) T e T g | (0 £ X e
1 )
[ eto) (stantt = nao) + max n))as < a0, @
[ et0) (stentt = eo) + max nw))ab < 0 (W

Then problem (1.1) has at least three positive solutions u; € C*[0,1], ®u; €
CY(0,1], with u; € P(v,c), i =1,2,3 such that

u2(t1) + Ug(tg) >

= a,

t)<d
Zigm = 2

and

t t
max uz(t) > d, with us(ty) + us(to)

<
te[0,1] 2 =4
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4. Related Lemmas and Proof of Theorem 3.1

To prove the main result, we need some lemmas as follows:

Lemma 4.1. Suppose y : [0,1] — (0,00) is continuous, 0 < o < 1. Then
boundary value problem

{ (@,u) +y(t) =0, te0,1],

u(0) = 0, u(1) = au(n) (5)

has a unique solution u € C*0, 1], ®,u’ € C[0,1],

[ [ vwanyis

0<t<oy,<1,1n=<0y;

o /t1 (IDq(/:y(G)dG)ds + a/on <I>q(/:y y(0)d0)ds, o

Y

0<o,<t<1,n<o0y

/t1 éq(/azyw)dﬁ)ds e — /nl <1>q(/0:y(g)d9)d3

L 0<o,<t<1,0,<n,

where
/Ogy o, (/0 y(e)de) ds = /Ul o, (/U:y(Q)cw) ds+a /077 o, (/J y(e)de) ds

:/U:q>q (/J:y(e)d(?) ds—i—%/nl(l)q </J:y(9)de> ds.

Proof. Firstly, integrating BVP(4.1) from 0 to s, then integrating again from
0 to t in s, the solution of BVP(4.1) may be represented as :

t oy
u(t) = / P, (/ y(@)d@) ds (7)
0 s
where o, satisfies

/nl o, ([ o) asv - ) [Co, ([ eran) as o
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i.e.

/01 P, </U y(e)de) ds = a/()n P, </U y(e)de) ds (8)
Set
Flo) = /01 ®, (/:y(e)de> ds—oz/on@q (/:y(Q)cw) ds
~ (1-a) /On% (/:y(e)de) ds+/nl b (/:y(e)cw) ds.

Clearly F'(o) is continuous and increasing with respect to ¢ and
F(o1) <0 for oy = 0; F(o9) >0 for o9 = 1. (9)

So there exists a unique o, € [0, 1] satisfying F'(o,) = 0. Thus there is a unique
solution u to BVP(4.1).

If n <oy, by (4.3) (4.4) and ¢t > o, we have

ult) = —/t1 ®, (/U y(e)d9> ds+oz/0n o, (/:yy(é)dH) ds
_ /t1 B, (/U:y(e)aw) ds~|—a/0n o, (/:yy(Q)cm) ds.

If n > oy, by (4.3) (4.4) and ¢t > 0, we have

u(t) = — /t1 o, (/U y(e)de) ds + a/on o, (/U y(e)de) ds
:/tl B, (/U y(@)d@) ds—l—oz/ogy o, < :yy(e)de) ds (10)
+ a/: o, (/(, y(e)de) ds.
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Then
/Ogy P, (/U y(9)d6) ds
— u(oy)
el ()
ta /, n o, ( / " y(e)d9> ds.

/Ogy o, (/:yy(Q)dH) ds
_ 1ia </U:q>q </U:y(9)d9> ds+oz/g:<1>q (/:yy(e)de) ds>.

So (4.6) becomes

u(t):/tli)q (/U:yw)ode>ds+ a(/ o, </ (0 6>ds
+a/:q>q</sy )ds—i—a/n@q(/ o de)ds
:/th)q (/U (9)d9>ds+ a/léq (/ y(0 0>ds.

Thus (4.2) holds.

Let E = C[0,1], ||u]]| = sup |u(t)| for u € E,
te(0,1]

K ={u € E : u(t) is nonnegative, concave valued on [0, 1], u(0) = 0,u(1) = au(n)}.

Finally on K we define the nonnegative continuous concave functionals «,
and nonnegative continuous convex functionals 3,8,y by

— ' —  mi t — t
v(u) %3%“( ), (u) te[gljrit3]“< ), Bu) = tem[g>1<]U()
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M’ O(u) = max u(t),

a(U) - 2 te[t1 tg}

57

for 0 <t <ty <1/2,0 <t <1/2. It is obvious that for each u € P, a(u) <

Blw).

Lemma 4.2 Let v € K. Then u(t) > an(1l —n)|ullt, ¥ t € [0, 1].

Proof. Without loss of generality, suppose u(§) = u(1). By the concavity of

u we have
u(t) = u(@)t = u(L)t, t € [0,¢].
In addition, u(t) > u(1) > u(1)t for ¢ € [¢, 1].
By u € P, we have u(1) = «
[0, 1].

Consider boundary value problem

{ (®,0) + (&) f (£, [u]* + %) —0, 0<t<l,
z(0) = 0,z(1) = ax(n),

Define the operator T by

[ ([ oo + b as
t |

0<o,<t<1,n<o0y
1 s
P, e(0)f (0, [u(d)]" + E>d9) ds
t ou
P /1<1> / O)F(0, (@) + 2)d0) ds
l—a/, * Jue 1Y n ’
{ 0<o0,<t<1,00,<17

u(n) = an(l=n)lull. Sou(t) = an(l—n)|lullt,t €

(11)

(12)
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Lemma 4.3. Suppose the conditions in Theorem 3.1 hold, then T has at least
three fized points, uy, € P(v,c),i = 1,2, 3 satisfying

nlt n(t
max uy,(t) < d, Uan(ty) + tzn(F2) > a,
te[0,1] 2

n(t n(t
and max ug,(t) > d, Usn(ty) + Ugn(t2) <a
te0,1] 2

Proof. We will finish the proof applying Theorem 2.2.

First we show T : OP(vy,¢) — P(v,c¢).

For any u € OP(v,c), we have ¢ > u(t) > an(l —n)||ul|t = an(l —n)ct,t €
0,1], by Lemma 4.2. So [u]* = u.

By Lemma 4.1, (H1), (H3) and (3.3) we have

V(Tu) = max Tult) = (T)(0,) = /0 "o, ( / " e0)£(0, [u<9)]*+1)d9) ds

te[0,1] n

< @, (/01 e(0)£(0, u(0) + %)d&)
< @, ( /0 ") (g(om(l—n)c@)—l— max h(u)) d@) <e

u€(0,c+1]

So T : OP(~,c) — P(v,c).

In addition, standard argument shows that 7" : P(v,c) — K is completely
continuous.

Following we will show (C}) — (C4) hold. Therefore T" has at least three
fixed points.

Let b = ;—fa, h = dts,
{ue P(v,0,a,a, #a,c)|a(u) > a} # 0
{u€Qv,B,¢,dts, d, c)|B(u) <d} #0 .

In the following claims, we verify the remaining conditions of Theorem 2.2.

Let (©u)(t) = min{u(t),c}. So © : K — P(v,c) is a contraction operator.

Claim 1. If u € P(v,0,a,a, i—fa, ¢), then a(© o Tu) > a.
By u € P(v,0,,a, #a,c), we claim u(t) € [tia, 2a] holds for t € [t t,]. In
fact, by u € K we have

rflin]u(t) =u(ty) > ti|lu|| > tia(u) > tia, for ¢ <ty < oy;
telti,ta
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rflin]u(t) = u(ty) > (1 —ta)|Ju|| > tia(u) > tia for o, <ty <ty
te|ty,ta

min u(t) = min{u(ty), u(t2)} > tia for t; <o, < ts.
te[tl,tz]

When t; <ty < gy, it follows from (3.1) that

a(©ory) = ©eDult) ; ©cThult) _ (g o ryuh)

— min { /0 o, ( / O £(0. [u(O)] + %)dG) ds, c}
min {/gt o, (/tt e(0)£(6, u(0) + %)d@) ds, c}

to (b 2a
> min {tl(lf)q (/t e(@)ftﬁg%dﬁ) ,c} > a.
1 2 e(s)ds

t1

v

When o, < t; < iy, similar to the above process we obtain

© 0 T)u(tr) + (8 o Thu(ts) _
2

When t; < g, < 1o, it follows from (3.1) that

(O o Tu) = (80 Tu(t) ‘g (© 0 T)u(t,)

> %min {/Ot o, (/U e(0)£(0, [u]" + %)d@) ds, c}
+ min { /t: o, ( / e(0)F (0, [u]" + %)d&) ds, c}

> %min {wpq (/ e(0)£(0, u(0) + %)d&) ,c}

or% min {(1 ), (/t+ e(0)£(6, u(0) + %)d@) ,c} >a.

2

a(@oTu) = ( (© o T)u(ty) > a.

Claim 2. If u € Q(v, 5,1, dts,d, c), then 3(© o Tu) < a.
Foru € Q(v, 8,4, dts,d, c), we have B(u) = max u(t) < d,¢(u) = min wu(t) >

t€[0,1] te(ts,1—ts]
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dts. Tt follows from Lemma 4.2 that u(t) > an(1—n)||lu|/t > an(l —n)dtst,t €
[0,1]. So [u]* = u. By (H1) (H3) (3.2) we have

B(OoTu) = trg[a}ﬁ(@ o Tu(t) = min{max Tu(t), c} = min{Tu(oy), c}

te(0,1]

< min {cpq ( /0 "e(0) (g(om(l _)disf) + max h(u)) de) ,c} <d

u€[0,d+1]

Claim 3. If u € P(y,,a,c) with 0(© o Tu) > a, then a(0 o Tu) > a.
For n < o,,0, < t; we have

a(©oTu) = (O 0 T)ults) ; (O 0 T)ulte) > (© o T)u(ts)

~ min {/tl o, (/ e(0) £(0, [u(6)]" + %)d&) ds
ta /On o, (/ e(0)F(0. [u(O)] + %)d&) ds,c}
min { 1 - Z /t: o, </U e(O)£(0. [u(0)]" + %)d&) ds

+ oz/on o, (/ e(0)F(0. [u(O)]" + %)d&) ds, c}

= 1zh max © o Tu(t) = 1_t29(@oTu)> t—le(@oTu)>a.

1 — tq tefti,ta) N 11—t [

IV

For n < o,,ts < 0, we have

(6 0 Ty = L2 Tult) ; ©cT)ult) _ (g o yuh)

— min { /0 "o, ( / O £(0. [u(O)] + %)d@) s, c}
> min {% /OtQ o, (/U e(0)£(0, [u(0)]" + %)d&) ds, c}

t t
= 2 min OoTu(t) = 20O oTu) > a.
to tefty ta] to

For n < o,,t; < 0, < tg, similar to the above process we have

(© 0 Tyu(ts) + (O o Thu(ts) _

a(©@oTu) = 5
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For n > o,,0, < t; we have

0(6 0 Tu) = o Dult) 2+ ©0T)ul2) _ (g o Tyu(ty)

_ min {/tl o, (/ e(0)F(0. [u(O)]" + %)d&) ds

o /n 0, ( / ()10, [u(6))" + %)d&) s, c}

u

win {120 [, ([ corso. oy + Dan) s
e 0, ([ csoluon + Lrav) as.c}

1—-t 1—-1
2 max ©oTu(t) = 2
1-— tl te(tr,ta]

v

Vv

0(©oTu) > ?0(@ oTu) > a.

1-% 2

For the case n > o,,ts < o, and n > o,,t; < 0, < ty. The proof is similar to
N <oyt <oy and n <oy, t; <o, <1y, respectively. So we omit it here.

Claim 4. If u € Q(v, 5, d, ¢) with ¥(© o T'u) < dts, then 5(0 o Tu) < d.
For u € Q(v, 8.d,c),u(t) € [0,d],t € [0,1]. So [u]* = u.

Forn < o,,1 —t3 < 0, we have

B(© o Tu) = (0o Tu)(ou)

~ min { /0 "o, ( / " O £(0. [u(O)] + %)d@) ds, c}
min {(;—3 /O ", ( / " e (0) (0, (@) + %)d&) ds, c}

lrnin{ min  Tu(t),c} = l@(w(Tu)) = lw(@ oTu) < d.

t3 te(ts,1—t3] t3 t3

IA

IN
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For n < o,,0, <t3 <1 —t3 we have

B(OcTu) = (©oTu)(oy)

_ min {/01 o, (/U e(0) £(0, [u(0)]* + %)d&) ds
+a /077 o, (/g e(0)1(0, [u(8)]" + %)d@) ds,c}
min { ! L /1 ;3 o, ( / e(0) £(6, [u(6)]" + %)d@) ds

ta /0 "o, ( / " O F(0. (O] + %)d@) ds,c}

_ 1 min{ min Tu(t),c} = tl¢(® oTu) <d.

tg te(ts,1—t3] 3

IN

For n < oy,t3 < o0, <1 —t3, we have the following two inequlities hold.

/O "o, ( / 010, () + %)d&) ds

<2 [, ([" s+ as) as < T
and

[ o ([ oo wor + ) as < Lru -1
Then

B(©oTiu) = (0o Tiu)(o,)

~ i { /0 "o, ( / 0 £(0, [u(O)] + %)d@) ds, c}

< min {lTU(t:g), lTu(l — t3), c} < 1 min{Tu(ts), Tu(l — t3),c}
t3 t3 t3
= D inu(Tu), ¢} = L@ Tu) < d
ts t

For o, <n,1 —t3 < 0y, 0y < 7,0, <tz and o, <1,t3 <0, < 1—13, we can
show (O o T'u) < d similarly. Therefore the hypotheses of Theorem 2.2 are
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satisfied and there exists three fixed points uy,,, usn, us, € P(7,c¢) such that

At (t
Bluy,) = tIél[(EJl)li] U1, (t) < d, a(ug,) = tzn(t1) ;—UQ (t2) > q. (13)

t
Blu) = max usa(t) > 4, afuy,) = ) )
€0,

Lemma 4.5. Set
S = {u,|unis a fizred point of operator T},

A= {0y, |0u, € (0,1),u,(0,,) = 0,u,is a fived point of operator T}.

Then 0 < infA < supA < 1.

Proof. For any u, € S, by the conclusion of Lemma 4.1, for n < o,,04,
satisfies

[ e ([ 000+ 2y as
-/ </ Ol + b‘“’) dsta [T ([ o0+
If o, —> 1, taking limits on both sides of (4.12), we have
[ ([ corsoar + o) as
= oo, ([T ot ) as< [, ([ corso. + i) o

a contradiction. For o, < 7, similarly we get a contradiction. The proof is
completed.

n

Lemma 4.6. Let u, be a fized point of operator T. Suppose (H4) holds, then
there ezists m > 0 (independent of n) such that u,(t) > mt.

Proof. Noticing u,(0) = 0,u"(0) < 0,t € [0, 1], we have u,(t) > u,(1)t. So it
is sufficient to prove there exists m (independent of m) such that w, (1) > m.
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u, (1) satisfied

) {aﬂ®dﬁwd@ﬂﬁwwﬁ+ﬂwﬂa 1< 0

e ey ([ eO)F6. (@) + 2)db) ds o, <,

{ a [ g ([T e(@)p (0)d) ds, 1< o,

> S
=L o (S @ @)a0) ds o, <

So there exists m (independent of n) such that w,(1) > m. The proof is com-
pleted.

Proof of Theorem 3.1. The proof is achieved in three steps.

Step 1. Let the operator T be defined by (4.8) for every n € N. It follows
from Lemma 4.4 that T has at least three fixed points u;,,7 = 1, 2, 3 such that
Uin € P(7,¢), i.e. 0 < wu(t) < con 0,1] and satisfied

(Byu,) + e(0) (6 w0+ ) =0,

win(0) =0,  up(1) = aup,(n).

Step 2. Let S, A be defined as Lemma 4.5, we will show there exists an infinite
subset NT of S such that {u;, },en+ is a relative compact set of C[0, 1].
From (4.10), (4.11), Lemma 4.2 and Lemma 4.6 we obtain

(16)

d > uy,(t) > mt, ¢ > ugp(t) > an(l —n)||us,||t > an(l — n)dt,

¢ > ugp(t) > an(l —n)||lug.||t > an(l — n)a(ug,)t > an(l — n)at.

Thus {u, }n+,7 = 1,2,3, are uniformly bounded. Without loss of generality,
we suppose m't < u,(t) < ¢t €0,1],i=1,2,3.

Standard argument shows that {w;,}nen+,7 = 1,2,3, are equi-continuous
family on [0,1]. The Arzela-Ascoli theorem guarantees the existence of the
subsequence N of S and a function u; € C|0, 1] with u;, converging uniformly
on [0, 1] to u; as n — oo through N*. Also u;(0) = 0,u;(1) = au;(n),i = 1,2, 3.
u;(t) > 0 for t € (0,1]. In addition,

mt < uy(t) <d, an(l —n)at < us(t) <ec, an(l —n)dt < us(t) <c,

and

ug(t) + us(t2) > a, max us(t) > d ug(ty) + ug(ta) <4
2 = ey VT 2 -
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Step 3. For any u, € {ui, tnen, We have

vlt) =€)+ [ 00 (800, = [ O)0.00)+ 0} as (1)

for t € (0, 1)\{¢} where £ = 3,

/5 ' o, (q)pu;n(g) _ /5 " e(0) (0, um(0) + %)dQ) ds = tin(t) = tin(£).

Fixed t € (0,1)\{¢{}. Without loss of generality, suppose t = #;. Let
Uz, — u; uniformly on [¢,1] U [t,€]. Following we show lim wu;, (€) = u;(€).

Uz‘rz(to) — win(§) — ui(to) + wi(§)
_ /5 "o, (@,,u;n(g) _ /£ e (0)£(0, usn(0) + %)d@)

~2, (0,00 [ 0110, (0)0) s
3
By the mean value theorem for integrals then implies that there exists
Nin € [0, 1] with
Uin(to) — tin(§) — ui(to) + ui(§)

ICTGE [ 6.0+ nas )

2, (i) - / " )70, u(0))09)

and now let u;, — u; uniformly on [€, o] U [to, €], we have lim u;, (&) = u;(€).

n—oo

So we have
w;(t) = u;(§) +/g P, (Cbpui(f) _/5 e(@)f(G,ui(H))cM) ds,t € (0,1)\{¢}.

By direct computation, we have for t € (0, 1)\{¢{},
(@pu;) + e(t) f(t,wi(t) =0 (4.15)

If we take £ = 1/4 in (4.16), in a similar way above we see that (4.15) also
holds for ¢t = 1/2. Obviously u;(0) = 0, u;(1) = au;(n). So w;(t),i =1,2,3 are
three positive solutions of BVP (1.1).



66

1]

2]

3]

[9]

Ti-An Yu and Wei-Gao Ge

References

R. P. Agarwal and D. O'Regan, Singular boundary value problems for
superlinear second order ordinary and delay differential equations, J. Dif-
ferential Equations 130 (1996), 333-355.

R. P. Agarwal and D. O’Regan, Second-order initial value problems of
singular type, J. Math. Anal. Appl. 229 (1999), 441-451.

R. P. Agarwal, H. Li and D. O'Regan, Eigenvalues and the one-
dimensional p-Laplacian, J. Math. Anal. Appl. 266 (2002), 383-400.

R. P. Agarwal, Haishen Li and D. O'Regan, Existence theorems for the
one-dimensional p-Laplacian equation with sign changing nonlinearities,
Appl. Math. Comput. 143 (2003), 15-38.

C. P. Gupta, A note on a second order three-point boundary value prob-
lem, J. Math. Anal. Appl. 186 (1994), 277-281.

R. Ma, Positive solutions of a nonlinear m-point boundary value problems,
J. Math. Anal. Appl. 256 (2001), 556-567.

J.Wang and W. Gao, A singular boundary value problem for the one-
dimensional p-Laplacian, J. Math. Anal. Appl. 201 (1996), 851-866.

Xian Xu, Positive solutions for singular m-point boundary value problems
with parameter, J. Math. Anal. Appl. 291 (2004), 352-367.

Q. Yao and H. Lii, Positive solutions of one-dimensional singular p-
Laplace equation, Acta Math. Sinica 41 (1998), 1255-1264.



