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1. Introduction

Throughout, R and Rn denote the set of real numbers and the n−dimensional
Euclidean space, respectively. LetD = {(x1, · · · , xn) ∈ Rn : ai < xi < bi (i = 1, · · · , n)}
and D be the closure of D. For a function u (x) : Rn → R, we denote the

first order partial derivative by ∂u(x)
∂xi

(i = 1, · · · , n) and
∫

D
u (x) dx the n−fold

integral
∫ b1

a1
· · ·
∫ bn

an
u (x1, · · · , xn) dx1 · · · dxn.

In 1938, Ostrowski [3, p.468] established the following integral inequality:
Let f : [a, b]→ R be continuous on [a, b] and differentiable on (a, b). If the

derivative f ′ is bounded on (a, b), that is,

‖f ′‖∞ = sup
t∈(a,b)

|f ′ (t)| <∞,

then

∣∣∣∣f (x)− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤
[

1

4
+

(
x− a+b

2

)2
(b− a)2

]
(b− a) ‖f ′‖∞ (1.1)

for all x ∈ [a, b] .
The inequality (1.1) is known in the literature as the Ostrowski inequality.
For some recent results which generalize, improve and extend the inequality

(1.1) , see [1− 8].
In [8] Pachpatte established the following two theorems about new multi-

variate Ostrowski type inequality:

Theorem A. Let f, g : Rn → R be functions continuous on D, differen-
tiable on D and whose derivatives ∂f(x)

∂xi
and ∂g(x)

∂xi
(i = 1, · · · , n) are buonded,

i.e., ∥∥∥∥ ∂f∂xi

∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∂f (x)

∂xi

∣∣∣∣ <∞
and ∥∥∥∥ ∂g∂xi

∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∂g (x)

∂xi

∣∣∣∣ <∞
for all i = 1, · · · , n. Let the function w (x) be nonnegative, integrable for every
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x ∈ D and
∫

D
w (y) dy > 0. Then for every x ∈ D,∣∣∣∣f(x)g(x)− 1

2M
f (x)

∫
D

g (y) dy − 1

2M
g (x)

∫
D

f (y) dy

∣∣∣∣
≤ 1

2M

n∑
i=1

[
|f (x)|

∥∥∥∥ ∂g∂xi

∥∥∥∥
∞

+ |g (x)|
∥∥∥∥ ∂f∂xi

∥∥∥∥
∞

]
Ei (x) (1.2)

and ∣∣∣∣f(x)g(x)−
[
f (x)

∫
D
w (y) g (y) dy + g (x)

∫
D
w (y) f (y) dy

2
∫

D
w (y) dy

]∣∣∣∣
≤

∫
D
w (y)

n∑
i=1

[
|f (x)|

∥∥∥ ∂g
∂xi

∥∥∥
∞

+ |g (x)|
∥∥∥ ∂f

∂xi

∥∥∥
∞

]
|xi − yi| dy

2
∫

D
w (y) dy

, (1.3)

where M = mesD =
n∏

i=1

(bi − ai) , dy = dy1 · · · dyn and Ei (x) =
∫

D
|xi − yi| dy.

Theorem B. Let f, g, ∂f(x)
∂xi

and ∂g(x)
∂xi

(i = 1, · · · , n) be defined as in The-

orem A. Then for every x ∈ D,∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y) dy

M

−
g (x)

∫
D
f (y) dy

M
+

∫
D
f (y) g (y) dy

M

∣∣∣∣
≤

∫
D

[(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)]
dy

M
(1.4)

and ∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y) dy

M

−
g (x)

∫
D
f (y) dy

M
+

∫
D
f (y) dy

∫
D
g (y) dy

M2

∣∣∣∣
≤ 1

M2

[(
n∑

i=1

∥∥∥∥ ∂f∂xi

∥∥∥∥
∞
Ei (x)

)(
n∑

i=1

∥∥∥∥ ∂g∂xi

∥∥∥∥
∞
Ei (x)

)]
, (1.5)
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where M, dy and Ei (x) are defined as in Theorem A.
The main purpose of the present paper is to establish some generalizations

of Theorems A and B.

2. Main Results

Theorem 1. Let f, g, w,M, dy, ∂f(x)
∂xi

, ∂g(x)
∂xi

and Ei (x) (i = 1, · · · , n) be defined

as in Theorem A and α, β ∈ R with α + β = 1. Then for every x ∈ D, we
have

∣∣∣∣f(x)g(x)−
αf (x)

∫
D
g (y) dy + βg (x)

∫
D
f (y) dy

M

∣∣∣∣
≤

n∑
i=1

[
|αf (x)|

∥∥∥ ∂g
∂xi

∥∥∥
∞

+ |βg (x)|
∥∥∥ ∂f

∂xi

∥∥∥
∞

]
Ei (x)

M
(2.1)

and ∣∣∣∣f(x)g(x)−
[
αf (x)

∫
D
g (y)w (y) dy + βg (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

]∣∣∣∣
≤

∫
D
w (y)

n∑
i=1

[
|αf (x)|

∥∥∥ ∂g
∂xi

∥∥∥
∞

+ |βg (x)|
∥∥∥ ∂f

∂xi

∥∥∥
∞

]
|xi − yi| dy∫

D
w (y) dy

. (2.2)

Proof. Let x = (x1, · · · , xn) and y = (y1, · · · , yn)
(
x ∈ D, y ∈ D

)
. By the

assumptions on f, g and the n−dimensional version of the mean value theorem,
we have (see [4, p. 121] or [9, p. 174])

f (x)− f (y) =
n∑

i=1

∂f (c)

∂xi

(xi − yi) (2.3)

and

g (x)− g (y) =
n∑

i=1

∂g (d)

∂xi

(xi − yi) , (2.4)

where
c = (y1 + γ (x1 − y1) , · · · , yn + γ (xn − yn))
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and
d = (y1 + ρ (x1 − y1) , · · · , yn + ρ (xn − yn))

for some γ, ρ ∈ (0, 1) .
Multiplying both sides of (2.3) and (2.4) by βg (x) and αf (x) respectively

and adding the resulting identities, we get

f(x)g(x)− αf (x) g (y)− βg (x) f (y)

= αf (x)
n∑

i=1

∂g (d)

∂xi

(xi − yi) + βg (x)
n∑

i=1

∂f (c)

∂xi

(xi − yi) . (2.5)

Integrating both sides of (2.5) with respect to y over D and using M =

mesD =
n∏

i=1

(bi − ai) , we obtain

f(x)g(x)−
αf (x)

∫
D
g (y) dy + βg (x)

∫
D
f (y) dy

M

=

αf (x)
∫

D

n∑
i=1

∂g(d)
∂xi

(xi − yi) dy + βg (x)
∫

D

n∑
i=1

∂f(c)
∂xi

(xi − yi) dy

M
. (2.6)

By (2.6) and the properties of modulus, we have∣∣∣∣f(x)g(x)−
αf (x)

∫
D
g (y) dy + βg (x)

∫
D
f (y) dy

M

∣∣∣∣
≤

n∑
i=1

[
|αf (x)|

∫
D

∣∣∣∂g(d)
∂xi

∣∣∣ |xi − yi| dy + |βg (x)|
∫

D

∣∣∣∂f(c)
∂xi

∣∣∣ |xi − yi| dy
]

M

≤

n∑
i=1

[
|αf (x)|

∥∥∥ ∂g
∂xi

∥∥∥
∞

+ |βg (x)|
∥∥∥ ∂f

∂xi

∥∥∥
∞

] ∫
D
|xi − yi| dy

M

=

n∑
i=1

[
|αf (x)|

∥∥∥ ∂g
∂xi

∥∥∥
∞

+ |βg (x)|
∥∥∥ ∂f

∂xi

∥∥∥
∞

]
Ei (x)

M

which is the inequality (2.1).
Multiplying both sides of (2.5) by w (y) and integrating the resulting iden-

tity with respect to y on D and following the proof of inequality (2.1), we
obtain the inequality (2.2).
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This completes the proof.

Remark 1. If we choose n = 1. α = 0, β = 1 and g (x) ≡ 1 in Theorem 1,
then (2.1) reduces to (1.1).

Remark 2. If we choose α = 1
2

and β = 1
2

in Theorem 1, then Theorem 1
reduces to Theorem A.

Theorem 2. Let f1, f2,··· ,fm : Rn → R be functions continuous on D, differ-

entiable on D and whose derivatives ∂fk(x)
∂xi

(i = 1, · · · , n, k = 1, · · · ,m) are

bounded. Further,let α1,α2,· · · ,αm in R with
m∑

k=1

αk = 1. Then for every

x ∈ D, we have ∣∣∣∣∣∣∣∣
m∏

k=1

fk (x)−

m∑
k=1

αk

m∏
l=1,l 6=k

fl (x)
∫

D
fk (y) dy

M

∣∣∣∣∣∣∣∣
≤

m∑
k=1

{
n∑

i=1

[∣∣∣∣∣αk

m∏
l=1,l 6=k

fl (x)

∣∣∣∣∣ ∥∥∥∂fk

∂xi

∥∥∥
∞

]
Ei (x)

}
M

(2.7)

and ∣∣∣∣∣∣∣∣
m∏

k=1

fk (x)−

m∑
k=1

αk

m∏
l=1,l 6=k

fl (x)
∫

D
fk (y)w (y) dy∫

D
w (y) dy

∣∣∣∣∣∣∣∣
≤

m∑
k=1

∫
D
w (y)

{
n∑

i=1

[∣∣∣∣∣αk

m∏
l=1,l 6=k

fl (x)

∣∣∣∣∣ ∥∥∥∂fk

∂xi

∥∥∥
∞

]
|xi − yi|

}
dy∫

D
w (y) dy

. (2.8)

Proof. Let x = (x1, · · · , xn) and y = (y1, · · · , yn)
(
x ∈ D, y ∈ D

)
. By the

assumptions on fk (k = 1, · · · ,m) and the n−dimensional version of the mean
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value theorem, we have

f1 (x)− f1 (y) =
n∑

i=1

∂f1 (c1)

∂xi

(xi − yi) , (2.9)

f2 (x)− f2 (y) =
n∑

i=1

∂f2 (c2)

∂xi

(xi − yi) , (2.10)

...

fm (x)− fm (y) =
n∑

i=1

∂fm (cm)

∂xi

(xi − yi) , (2.11)

where ck = (y1 + γk (x1 − y1) , · · · , yn + γk (xn − yn)) (k = 1, · · · ,m) for some
0 < γk < 1 (k = 1, · · · ,m).

Multiplying both sides of (2.9.k) by αk

m∏
l=1,l 6=k

fl (x) (k = 1, · · · ,m) and

adding the resulting identities, we get

m∏
k=1

fk (x)−
m∑

k=1

[
αk

m∏
l=1,l 6=k

fl (x)

]
fk (y)

=
m∑

k=1

{[
αk

m∏
l=1,l 6=k

fl (x)

][
n∑

i=1

∂fk (ck)

∂xi

(xi − yi)

]}
. (2.12)

Integrating both sides of (2.10) with respect to y over D and using M =

mesD =
n∏

i=1

(bi − ai) , we obtain

m∏
k=1

fk (x)−

m∑
k=1

αk

m∏
l=1,l 6=k

fl (x)
∫

D
fk (y) dy

M

=

m∑
k=1

{[
αk

m∏
l=1,l 6=k

fl (x)

][∫
D

n∑
i=1

∂fk(ck)
∂xi

(xi − yi) dy

]}
M

. (2.13)
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By (2.11) and the properties of modulus, we have∣∣∣∣∣∣∣∣
m∏

k=1

fk (x)−

m∑
k=1

αk

m∏
l=1,l 6=k

fl (x)
∫

D
fk (y) dy

M

∣∣∣∣∣∣∣∣
≤

m∑
k=1

{∣∣∣∣∣αk

m∏
l=1,l 6=k

fl (x)

∣∣∣∣∣ ∫D n∑
i=1

∣∣∣∂fk(ck)
∂xi

∣∣∣ |xi − yi| dy

}
M

≤

m∑
k=1

{∣∣∣∣∣αk

m∏
l=1,l 6=k

fl (x)

∣∣∣∣∣ n∑
i=1

∥∥∥∂fk

∂xi

∥∥∥
∞

∫
D
|xi − yi| dy

}
M

≤

m∑
k=1

{
n∑

i=1

[∣∣∣∣∣αk

m∏
l=1,l 6=k

fl (x)

∣∣∣∣∣ ∥∥∥∂fk

∂xi

∥∥∥
∞

]
Ei (x)

}
M

(2.14)

which is the inequality (2.7).
Multiplying both sides of (2.11) by w (y) and integrating the resulting

identity with respect to y on D and following the proof of inequality (2.7), we
obtain the inequality (2.8).

This completes the proof.

Remark 3. If we choose n = 2 in Theorem 2, then Theorem 2 reduces to
Theorem 1.

Remark 4. If we choose n = 2 and α1 = α2 = 1
2

in Theorem 2, then Theorem
2 reduces to Theorem A.

Theorem 3. Let f, g, w, dy, ∂f(x)
∂xi

and ∂g(x)
∂xi

(i = 1, · · · , n) be defined as in
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Theorem A. Then for every x ∈ D, we have∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y)w (y) dy∫

D
w (y) dy

−
g (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

+

∫
D
f (y) g (y)w (y) dy∫

D
w (y) dy

∣∣∣∣
≤

∫
D

[(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)
w (y)

]
dy∫

D
w (y) dy

(2.15)

and ∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y)w (y) dy∫

D
w (y) dy

−
g (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

+

∫
D
f (y)w (y) dy

∫
D
g (y)w (y) dy(∫

D
w (y) dy

)2
∣∣∣∣∣

≤ 1(∫
D
w (y) dy

)2
(

n∑
i=1

∥∥∥∥ ∂f∂xi

∥∥∥∥
∞

∫
D

w (y) |xi − yi| dy

)
×(

n∑
i=1

∥∥∥∥ ∂g∂xi

∥∥∥∥
∞

∫
D

w (y) |xi − yi| dy

)
. (2.16)

Proof. From the hypotheses, as in the proof of Theorem 1, the identities (2.3)
and (2.4) hold. Multiplying the left and right sides of (2.3) and (2.4), we have

f(x)g(x)− f(x)g(y)− g(x)f(y) + f(y)g(y)

=

[
n∑

i=1

∂f (c)

∂xi

(xi − yi)

][
n∑

i=1

∂g (d)

∂xi

(xi − yi)

]
. (2.17)

Multiplying both sides of (2.15) by w (y) and integrating the resulting
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identity with respect to y on D, we get∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y)w (y) dy∫

D
w (y) dy

−
g (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

+

∫
D
f (y) g (y)w (y) dy∫

D
w (y) dy

∣∣∣∣
≤

∣∣∣∣∣
[

n∑
i=1

∂f (c)

∂xi

(xi − yi)

][
n∑

i=1

∂g (d)

∂xi

(xi − yi)

]∣∣∣∣∣
≤

∫
D

[(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)(
n∑

i=1

∥∥∥ ∂f
∂xi

∥∥∥
∞
|xi − yi|

)
w (y)

]
dy∫

D
w (y) dy

which is the required inequality in (2.13) .
Multiplying both sides of (2.3) and (2.4) by w (y) and integrating the re-

sulting identities with respect to y on D, we get

f (x)−
∫

D
f (y)w (y) dy∫
D
w (y) dy

=
1∫

D
w (y) dy

∫
D

n∑
i=1

∂f (c)

∂xi

(xi − yi)w (y) dy (2.18)

and

g (x)−
∫

D
g (y)w (y) dy∫
D
w (y) dy

=
1∫

D
w (y) dy

∫
D

n∑
i=1

∂g (d)

∂xi

(xi − yi)w (y) dy, (2.19)
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respectively. Multiplying the left and right sides of (2.16) and (2.17), we have

f(x)g(x)−
f (x)

∫
D
g (y)w (y) dy∫

D
w (y) dy

−
g (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

+

∫
D
f (y)w (y) dy

∫
D
g (y)w (y) dy(∫

D
w (y) dy

)2
=

1(∫
D
w (y) dy

)2
[∫

D

n∑
i=1

∂f (c)

∂xi

(xi − yi)w (y) dy

]
×[∫

D

n∑
i=1

∂g (d)

∂xi

(xi − yi)w (y) dy

]
. (2.20)

By (2.18) and the properties of modulus, we have∣∣∣∣f(x)g(x)−
f (x)

∫
D
g (y)w (y) dy∫

D
w (y) dy

−
g (x)

∫
D
f (y)w (y) dy∫

D
w (y) dy

+

∫
D
f (y)w (y) dy

∫
D
g (y)w (y) dy(∫

D
w (y) dy

)2
∣∣∣∣∣

≤ 1(∫
D
w (y) dy

)2
[∫

D

n∑
i=1

∣∣∣∣∂f (c)

∂xi

∣∣∣∣ (xi − yi)w (y) dy

]
×[∫

D

n∑
i=1

∣∣∣∣∂g (d)

∂xi

∣∣∣∣ (xi − yi)w (y) dy

]

≤ 1(∫
D
w (y) dy

)2
(

n∑
i=1

∥∥∥∥ ∂f∂xi

∥∥∥∥
∞

∫
D

w (y) |xi − yi| dy

)
×(

n∑
i=1

∥∥∥∥ ∂g∂xi

∥∥∥∥
∞

∫
D

w (y) |xi − yi| dy

)

which is the inequality (2.14).
This completes the proof.

Remark 5. For w (y) ≡ 1, Theorem 3 reduces to Theorem B.
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