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Abstract  
    In the present note we establish a new inequality which in special 
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1. Introduction 
 
The inequalities 
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which hold for all convex functions [ ] Rbaf →,: are known in the literature as 
Hadamard’s inequalities. 
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If f is a positive function on[ , ]a b such that for all , [ , ]x y a b∈ and [0,1]λ∈  
1
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then we say that f is r-convex.  
 

The definition of r-convex naturally complements the concept of r-concavity, in 
which the inequality is reversed (cf. Uhrin [5]) and which plays an important role in 
statistics. 
 

We note that 0-convex function is simply log-convex function and 1-convex 
function is ordinary convex function. 
 
We recall that： 
(I) If f is positive integral function on[ , ]a b , then the integral power mean ( )pM f of 
f is define by  

1
1 ( )        ,   p 0;

( )
1exp ln ( )   ,   0.

pb p

a

p
b

a

f x dx
b aM f

f x dx p
b a

⎧⎡ ⎤⎪ ≠⎢ ⎥⎪ −⎣ ⎦= ⎨
⎡ ⎤⎪ =⎢ ⎥⎪ −⎣ ⎦⎩

∫

∫
 

 
(II) The extended logarithmic mean PL of two distinct positive numbers ,a b is define 
by 
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and ( , )PL a a a= . 
 
(III) The alternative extended logarithmic mean ( , )rF a b of two distinct positive 
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numbers ,a b is define by  
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and ( , )rF a a a= . 
    
(IV) The Stolarsky mean ( , , , )E x y r s (see [4]) of two distinct positive numbers ,x y  is 
define by 
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      ( , ,0,0)E x y xy= , 
and 

( , , , )   0E x y r s x if x y= = > . 
 

If q is a positive integral function on[ , ]a b , then 
(V) The power mean of f on[ , ]a b with respect to q is defined by  
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and 
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( ,1) ( )p pM f M f= . 
 
(VI) The Stolarsky mean ( )qsrbaE ,,,,  of two distinct positive numbers ba,  with 
respect to q  is defined by 
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The following are extensions of Hadamard’s inequality: 
C. E. M. Pearce and J. Pečarić. ([2]) proved the following theorem. 
 
Theorem A. If [ ] Rbaf →,: is positive, continuous and convex, then       

( ) ( ( ), ( ))       p pM f L f a f b≤  
while if f is positive r-concave, the inequality is reversed. 
 
We note that if 1p = , then 
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P. M. Gill, C. E. M. Pearce and J. Pečarić. ([1]) proved the following two theorems 
 
 
Theorem B. If [ ] Rbaf →,: is positive r-convex, then  
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while if f is positive r-concave, the inequality is reversed. 
 
We note that if 1r =  then  
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Theorem C. If f is a positive r-convex function on[ , ]a b , then 
          ( ) ( ( ), ( ), , )       pM f E f a f b r p r≤ +  
while if f is r-concave, the inequality is reversed. 
 

We note that Theorem C reduces to Theorem A and Theorem B when 
1  1r and p= = , respectively. 

The main purpose of this note is to establish a Generalizations of Theorem C.  
 
 
 
2. Main Results 
 
Theorem If f is positive r-convex function on[ , ]a b , q is a positive integrable function  
and ( , ) :[0,1]G t q R→  is defined by  
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then  

(i) ( , )G t q  is monotonically increasing on [0,1] , 
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Case 1. For 0r ≠  and 0p ≠  , it follows from (1) , (2) and the r-convexity of f  
that 
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Case 2. If 0  0r and p= ≠ , then f  is log-convex , it follows from (1) and (2) that  
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Case 3. If 0 and 0r p≠ = , using (1) and (2) , we have  
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This completes the proof of (i). 
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− −
− −

⎧ ⎫
⎪ ⎪⎡ ⎤⎪ ⎪= ⋅ +⎢ ⎥⎨ ⎬

⎢ ⎥⎪ ⎪⎣ ⎦
⎪ ⎪⎩ ⎭

=

= +

∫
∫

 

 
Case 3.  If 0  0r and p≠ = , then 
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( )
( ) ( ) ( )

( ) ( )( )
( ) ( )( )

1/1(1, ) exp ln

, , , ,

, , , , .

r b r r
 b  a

 a

b x x aG q q x f a f b dx
b a b aq x dx

            E f a f b r r q

            E f a f b r p r q

⎧ ⎫
⎪ ⎪− −⎡ ⎤⎪ ⎪= ⋅ +⎨ ⎬⎢ ⎥− −⎣ ⎦⎪ ⎪
⎪ ⎪⎩ ⎭

=

= +

∫
∫

 

 
Case 4.  If 0  0r and p= = , then 

( )
( ) ( ) ( )

( ) ( )( )
( ) ( )( )

1(1, ) exp ln

, , 0, 0,

, , , , .

b x x a b
b a b a b  a

 a

G q q x f a f b dx
q x dx

            E f a f b q

            E f a f b r p r q

− −
− −

⎧ ⎫
⎪ ⎪⎡ ⎤⎪ ⎪= ⋅ +⎢ ⎥⎨ ⎬

⎢ ⎥⎪ ⎪⎣ ⎦
⎪ ⎪⎩ ⎭

=

= +

∫
∫

 

       
This completes the proof of (ii). 
 
Remark 1. If f is a positive r-concave function, then ( , )G t q  is monotonically 
decreasing on [0,1] . 
 
Remark 2. If ( ) 1≡xq , then our Theorem reduces to Theorem C. 
 
Remark 3. If ( ) 1≡xq , then our Theorem reduces to a theorem proved by Yang and 
Hwang [6]. 
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