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Abstract
The present paper aims at a systematic investigation of a new class

Sxun(a, B, A, B,m) of analytic functions in open unit disk ¢/. We have

derived several results like characterization property, distortion theorem

and other interesting properties of the same class.
Keywords and Phrases: Analytic functions, Distortion theorem, Hadamard
product.
1. Introduction, Definitions and Preliminaries

Let A be the class of functions f(z)
f(z):z—Zanz" (a, >0; ne N={1,2,3,...}), (1.1)
n=2

which are analytic in the open unit disk U := {z : |z| < 1}.
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We introduce a subclass Sy ., (c, 5, A, B, m) of analytic functions f(z) be-
longing to A and satisfying the condition

A f(z) — 1
(B+ (A= B)(1—a)) — BAZL"f(2)

<B (zel), (1.2)

where
0<A<L,0<a<], u<1,0<pf<1, -1<B<A<1,0<A<1l,meN

and
n > max(A, u) — 1, (1.3)

where the function A" f(z) is defined by
AXRTf(2) = Ly, m)zm = DEt f(z), (1.4)
such that 0 < A <1, p <1, m €N, n>max{\ u} —1 and

F'l—p+m)T(1+n—X+m)

L(A =

(1.5)

where the operator D(’)\’g "l f(z) is modified fractional derivative operator of

Saigo et al. [9] and is defined as follows.
Definition 1. For0 < a <1,8,n € R and m € N

d m
Dyl f(z) = 42

Sl 4 {r(l(ij)) /OZ(Zm ) f ()R <ﬁ P R P j::) d(tm)} ,
(16)

The function f(z) is analytic in simply connected domain of the z-plane
containing the origin, with the order f(z) = O(|z]°),z — 0. where € >
max{0, m(5 —n)} —m. The multiplicity of (2™ —t™)~* in (1.6) is removed by
requiring log(z™ —t™) to be real when (2™ —t™) > 0, and assumed to be well
defined in the unit disk.

The operator defined by (1.6) include the well known Riemann- Liouvlle
and Erdelyi-Kober operator of fractional calculus. The theory of fractional
calculus has recently found interesting applications in the theory of analytic
functions. The classical definition of Riemann- Liouville in fractional calculus
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operator [13,14] and their various generalization have fruitfully been applied in
obtaining , for example, characterization properties, coefficient estimates, dis-
tortion inequalities and convolution structure for various subclasses of analytic
functions . We investigate here several basic properties and characteristics of
a general subclass Sy ,.,(a, 3, A, B,m) . These include for example, sharp
bounds on coefficients, distortion theorem and result concern with Hadamard
product. We note that our subclass generalizes several classes studied earlier
by Gupta and Jain [3], Raina and Bolia [7,8], Bhatt and Raina [1] and Srivas-
tava and Aouf [11] and others ([4], [5], [6]) as well as several works presented
in the recent research monographs [13] and [14].

2. Characterization

Before stating and proving our main result , we need the following result to
be used in the sequel.

Lemma 1. [f0<a<1,méeN, g,n7e€R and k > max{0,m(F —n)} —m,
then

k k
Da,ﬁ,nzk . F<1 + n_l)r(l +n - ﬁ + E) Zk_mﬁ-

1 = 2.1
S VTR N 3y p——— 21

We investigate characterization property of the function f(z) to be belong-
ing to the class Sy, ,(a, 3, A, B, m), thereby obtaining coefficient bounds.

Theorem 1. A function defined by (1.1) is in the class Sy (o, 3, A, B,m)
of and only iof

> @, (A, pn,m)(1 = BB)a, < (A— B)B(1 - a) (2.2)
n=2
where
(A, gy m,m) = L(A, p,m,m) M(X, g, m,m,n) (2.3)

with L(\, p,n,m) defined by (1.5) and

IF'1+nm)I'(1+n—p+nm)

M(A = .
A1, 1) L(1+n—A+nm)(1—p+nm)

under the conditions given by (1.3). The result (2.2) is sharp.
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Proof. Suppose that (2.2) holds true, and let |z| = 1. Then using (1.4), (1.5)
and (2.1), we have

[AZEf(2) = 1| = B[(B+ (A= B)(1 — a)) = BAZL"f(2)]

= '— Z @, (N, pt,m,m)a,2" "
n=2

—p

(A=B)(1-a)+B Z @, (A, 1,1, m)an 2"

< S 0.\ m)(1 - BB)ay — (A= B)(1—a) <0,

by hypothesis, where ®,,(\, i1, 7, m) is given by (2.3). Therefore, it follows that
f(Z) € S)x,u,n(au 67 A: Ba m)
Conversely, suppose that f(z) defined by (1.1) be such that f € Sy . ,(a, 5, A, B,m).
Then, in view (1.2), we have
AMES(2) — 1
(B+ (A—B)(1—a)) — BAXK"f(2)
‘EZO:Q D, (A, 1,1, m)anz”_ly
(A= B)(1 = a)) + B30, Pu(A p,n,m)anz"|
Since R(z) < |z|, for all z, we get
> ®n A7 ) Y n n-l
(A= B)(1 =)+ B3y PulA p,n,m)anz"""
Now choosing the value of z on real axis, simplifying and letting 2 — 1~
through the real values , we get

<pB (z€l).

> @ (A pn,m)an, < B(A-B)1—a)+ BB (N pn,ma, (2.6)
n=2 n=2
which yields (2.2). We also note that the assertion (2.2) is sharp and extremal
function is given by
(A-B)(1-a)f

f(z)=2— (1—Bﬁ)¢n()\,ﬂ,ﬁ,m)zn’ (n>2). (2.7)

|
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Remark 1. If p = X = m = 1, then in view of (1.4), (1.5) and (1.6), we
have,

AL f(z) = f(2) (2.8)
and also we note that for B = —1, and A = 1, we get the class studied by
Bhatt and Raina as follows

Sxaunla, 8,1, —1,m) =Sy ., (a, 5,m). (2.9)
Corollary 1. Let the function defined by (1.1) belongs to the class Sy ,.n(c, 5, A, B, m).
Then,
A—B)(1-
g < — )1 = a)B (Vn > 2). (2.10)

(1 - Bﬁ)q)n()H Ky 1, m) 7
where O, (A, p,m,m) is given by (2.3).

Remark 2. From (2.10) , we express

W < (A-B)(1—a)p _ Fl4+n—X+nm)I'(1 —p+nm)
"= (1 - BB)®,(\, p,m,m) (14 nm)I'(1+n—p+nm)

where
(A-B)(1—a)fTQ1+m)I'(1+n—p+m) <1

A-BB) T(A+n—A+mI(1—p+m) -~

which is observed to be true for

K =

0<A<pu<l,0<a<1,0<pB<1, -1<B<A<1,0<A<1 meN,neR".

Using the asymptotic for the ratio of gamma function. For finite large n , we
note that

Fl+n—A+nm)I'(1 — p+nm)

~ (mn) ™ < <A<1).

The assertion (2.10) of corollary 1 therefore satisfies

(A= B)(1—-a)s

S T BR Oy = (22 (211)

for
0<A<pu<1,0<a<1,0<pB<1, -1<B<A<1,0<A<1 meN,neR".
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Thus, if T denote the class of functions f(z) of the form
2)=z+) Cut", (z€U) (2.12)
that are analytic and univalent inU , then there do exist function f € Sy ,,(a, 5, A, B,m),
with
0<A<u<l,0<a<1,0<p<1, -1<B<A<1,0<A<1 meN, neR",

not necessarily in the class T, for which the celebrated Bieberbach conjecture
(de Branges Theorem,)
IChl <n (n>2) (2.13)

holds true [2].

3. Distortion Theorem

Theorem 2. Let the function f(z) defined by (1.1) be in the class Sx ., (o, 5, A, B,m).

fhen (A—B)(1 - )3

162 = oo (3.1)
and

f) <l 4 AZBUZF (3.2)

(1 - Bﬁ)@g()\,ﬂ,?],?ﬂ) :
for z € U, where ®o(\, p,m,m) is given by (2.8) holds under the conditions
given by (1.3).

Proof. If f € Sy ,,(a, 8, A, B,m), then by virtue of Theorem 1, we have

q’z(A,M,U,m)(l_Bﬁ) Zan < Z@n(A,u,n,m)an(l—Bﬁ) < (A_B)<1_Oé)ﬁ

(3.3)
This yields

S (A= B)(1 - )3
2 S G5 m) (= BB (34)

n=2

Now,

: TU-B s,
)] 2 1ol - |2 Zan_m s (G R CE)
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Also,
N (A=-B)1-a) | »
2 < |z + 2|2 an, < |z| + z|%, 3.6
NS B R < o+ g S 39
which proves the assertion (3.1) and (3.2). O

Theorem 3. Let the function f(z) defined by (1.1) be in the class Sx ., (a, 5, A, B,m).

Then
" |2 (A-B)8(1 — o)
)D(]’Z?%f(Z)‘ 2 L(\, pi,m,m) ll a 1-0B |Z|} ’ (3.7)
i iz (A—-B)B(1 - a)
’Doggf(Z)’ = L(\, p,m,m) [1 * 1- /B ’Zl] ’ (3:8)

forze U, if u <m, and z € U\ {0} if p > m, where L(\, u,n,m) is given by
(1.5), under the condition given by (1.3).

Proof. Using (1.1),(1.5) and (2.1) , we observe that

LAty m) = DY F(2)| =

z— Z D, (A, p,m, m)a,z"
n=2

Z |Z‘ - Z(bn(Aauanam)an’Z'n
n=2

> |Z| - |Z|22q)n()‘7ﬂ7n’m)an
n=2

A—-B)3(1 -
> |Z|—|Z|2< )5( a)
(1-pB)
because f € Sy ,.n(a, 5, A, B,m), by hypothesis. Thus, the assertion (3.7) is
proved. The assertion (3.8) can be proved in similar manner. O

Corollary 2. Under the hypothesis of Theorem 2,f(z) is included in a disk
with its centre at the origin and radius r given by

(A= B)3(1 - a)
(1= BB)®n(A, p,n,m)
Corollary 3. Under the hypothesis of Theorem 3, D(/)\:Z 1 f(2) is included in a
disk with its centre at the origin and radius R given by

1 (A—B)B(1 — )

B=Toummm 1T 1-5B)

r=1+ (3.9)

(3.10)
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4. Properties of the class S, ,(a, 3, A, B,m)

We next study some interesting properties of the class.

Theorem 4. Let 0 < A< 1l,u<1, 0<a<],0<p<1, -1<B<AKL
,0<A<1,0<d<1,0<f <1, -1<B <A<, 0<A<1 me
N, n > max{\, u} — 1. Then

S}\,,U,,?’](a’ ﬁv A: Ba m) = S/\,u,n(ala 5/7 Al) Blv m)a (41)

if and only if
(A—-B)S(1 — «) _ (A= B)F(1-d)
(1-p3B) (1—pB)

Proof. First assume that f € S, ,,(a, 5, A, B,m), and let the condition (4.2)
hold true. By using assertion (2.2) of Theorem 1, we have then

(4.2)

(A-B)s(1 —a) (A= B)B(1 - )
(1-pB) (1-74'B)

Z D, (A, p,m,m)a, < (4.3)
n=2

which readily shows that f € S, ,,(c/, 5, A", B',m), making use of Theorem
1.

Reversing the above steps , we can establish the other part of the equiva-
lence of (4.1). Conversely, the assertion (4.1) can easily be used to imply the
condition (4.2) and this completes the proof of Theorem 4. O

Remark 3. For0 <A< l,u<1,0<a<1,0<p<1, -1<B<AL

1, 0<A<1, meN,n>max{\ u} —1, it follows that from (4.1) that

1—-AB+ (A— B)ag
(1-pB)

Theorem 5. Let 0 < A< 1L,u <1, 0< o <<ay<1,0<p<1, —1<
B<A<1,0<A<1 meN, n>max{\ pu}—1. Then

S)u/t,n(aaﬁa A, B, m) = S)\’H’n ( s ]., ]., _].,m> . (44)

S)\,,u,n(ala ﬁa A7 Bu m) o S)\,M,T)(OQ; ﬁu A7 Ba m) (45)

Proof. The result follows easily from Theorem 1. O
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5. Results involving Hadamard Product

In this section we study interesting properties and theorems for the class of
the

functions S\ .., (e, 8, A, B, m) involving the modified Hadamard product of
several functions. Let f(z) be defined by (1.1) and let

g9(z) =2z — Z byz" (b, > 0). (5.1)
n=2
Then the modified Hadamard product of f(z) and g(z) is given by

(fxg)(2) =2=> anbp2". (5.2)

The following result reveals an interesting property of the modified Hadamard
product of several functions.

Theorem 6. Let the functions fi(z), fo(2),f3(2), -, f-(2) defined by
fiz) =2=) Cpiz" (Cni>0) (5.3)
n=2
be in the class Sy (o, Bi, Ai, Bi,m), i =1,2,3, ..., respectively. Also, let

B3\ 1,17, m) (1 ~ max @Bi) > (5.4)

1<i<r
Then ' ' T T
fos foxeon fo(2) € Svpn([ [ e [ 80 ] A0 [ Bom)- (5.5)
i=1  i=1 =1 i=1
The result is sharp.

By hypothesis, f;j(z) € Sx un(i, 5i, Ai, Bi, m), for all ¢ = 1,2, - ,r
therefore, by Theorem 1, we have
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and
- (A; — B;)Bi(1 — o) .
Chi < , forall, i =1,2,---. 5.7
2 O S G5 m) 0 B (&1)
For j3; satisfying 0 < 6 <1, i =1, 2, ---, we observe that

n=2 =1 i=1

Z D, (A, 1, m, m)[1 — B, H Ch,i
n=2 1=1

IN

= Z {@n(A, 1, m, M)[L = BB ]C  } Hcmi‘
n=2 i=1

Using (5.6) for any fixed ¢ = r, and (5.7) for rest, it follows

Z (I)n(Aa HJ» 777 m) [1 - H Bzﬂz H Cn,i
n=2 i=1 =1
r—1

51”(147‘ - Br)(l - ar) Hﬁz(Az - Bz)(l - ai)

S r—1 =
H(l - Blﬁz){q)Q(A? H, 1, m)}ril
i=1
r—1
T T T 1
< 57” (AT - BT) (1 - ai)
< Hﬁi HAi - HBi H(l - ai)]
i=1 i=1 i=1 i=1
because in view of (5.4)
1
0< < 1. 5.8
{@2(/\; s 17, m)[l - maX(1§z‘§r)(1 - @'Bi)]} o ( )

Hence with the aid of Theorem 1, the assertion (5.5) is proved. For a; =
o, Bi=p0,A =A, B,=B,1=1,2,3---r, Theorem 6 yields the following
result. O
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Corollary 4. Let the functions fi(z), f: ( ), f3(2), - fr(z) defined by (5.3)

be in the same class Sy ,.n(o, 3, A, B m) =1,2,3,. ,. Also, let
Do (A, ym,m) (1 —max GB) > 1. (5.9)
Then
fik fos fare o fo(2) € Sapnla”, B, AT BT m). (5.10)

Theorem 7. Let the functionsf;(z) (i = 1,2) , defined by (5.83) be in the class
Sxun(a, 3, A, B,m). Then

(fi * f2)(2) € Sapn(o, B, A, B,m), (5.11)
where

(A—B)B(1 — a)
@2(/\7:“’7777”) (1 - ﬁB)

o=o(a,B,A B\ punm)=1-— (5.12)

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [10 |,
we need to find the largesto such that

(I)n(/\v Hs n>m> (1 - 63)
(A—B)B(L—0)

where o is the function given by (5.13). By Cauchy-Schwarz inequality it
follows from (2.2) of Theorem 1 that

hE

CppiCrg < 1. (5.13)

n=2

[e.9]

O, ( A 151, (fl_—afB)m <1 (5.14)

Ng

Let us find o such that

— O, (X, p1,m,m) (1 — BB) Aun, ) (1—BB)
S R ey O < 3 G P O
(5.15)

which implies that

V Cn10n2 < i

? with n > 2. (5.16)
a
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In view of (5.15) it is sufficient to find largest o such that

(A—B)f(1 — ) <1—0

&, mm) (- AB) S1—a’ 5:17)
which yields 2
oS G T (518)
e (A= B)3(1 —ap
o<1 o) (5.19)
where 1
00 = § (5.20)

Noting that ©(n) is decreasing function of n(n > 2) for a fixed A, u,n,m
satisfying 0 < A< pu <1, m €N, and € R since we have for large

A
}<1

O1(n+1) (n—i—l)_A _ [ B
n+1

©1(n)  (n)™
for n > 2, 0 < X < 1 and under aforementioned constraints. Hence,

(A—B)S(1 —a)
(1-5B)

In view of (5.14), (5.18), (5.20), and (5.22) , the assertion (5.12) is hence
proved. Lastly, by considering the function

(A-B)B(1 —a)?

2
o<o(a,p,A B\ u,n,m)=1-— ©1(2). (5.21)

fi(2) = 2 — 2 (i=1,2), 5.22
it can be shown that the result is sharp. O
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