Tamsui Oxford Journal of Mathematical Sciences 24(1) (2008) 109-122
Aletheia University

The Orlicz Space of Entire Sequence of Fuzzy
Numbers

N. Subramanian’
Department of Mathematics, SASTRA
University, Tanjore-613 402, India.

and

Metin Basarir*
Department of Mathematics, Sakarya University,
Sakarya-54187 (Turkey).

Received August 9, 2006, Accepted March 6, 2007.

Abstract
In this paper, we introduce and study Orlicz space of entire sequence of
fuzzy numbers generated by non negative regular matrix

A=(a,)(nk=12).

Keywords and Phrases : Fuzzy numbers, Orlicz space, Entire sequence, Analytic
sequence, Paranorm.

* 2000 Mathematics Subject Classification: 40A05, 40D25.
" E-mail: nsmaths@yahoo.com
* E-mail: basarir@sakarya.edu.tr



110 The Orlicz Space of Entire Sequence of Fuzzy Numbers

1. Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh[13]
and subsequently several authors have discussed various aspects of the theory and
applications of fuzzy sets such as fuzzy topological spaces , similarity relations and
fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming.

Orlicz [15] used the idea of Orlicz function to construct the space (L'VI ).
Lindenstrauss and Tzafriri [16] investigated Orlicz sequence spaces in more detail,
and they proved that every Orlicz sequence space ¢,, contains a subspace isomorphic

to ¢, (L<p<w). , Where w={all complexsequences |.

In this paper, we introduce and examine the concepts of Orlicz space of entire
sequence of fuzzy numbers generated by non negative regular matrix.

Definitions and preliminaries
Let D be the set of all bounded intervals A= A, A | on the real line R .

For A, B e D, define A< Bif and onlyifAsgandﬂgﬁ,d(A,B):max{A—@,K—E}.

Then it can be easily see that d defines a metric on D (cf[1]) and (D, d) is
complete metric space.

A fuzzy number is fuzzy subset of the real line R which is bounded, convex and
normal. Let L(R) denote the set of all fuzzy numbers which are upper semi continuous
and have compact support, i.e. if X e L(R) then for any ae[O,l], X“ is compact
where

y e _{t:X(t)Zaif0<a§1,
t:X(t)>0 if & =0.

For eachO < <1, the o —levelset X“ is a nonempty compact subset of R. The
linear structure of L(R) includes addition X + Y and scalar multiplication AX, (1a
scalar) in terms of « - level sets, by [X +Y]|* =[X]* +[Y]* and [AX ] = A[X]*, for
each 0<a<l.

Defineamapd : L(R)x L(R)— Rby d(X,Y)=supd(X“,Y“)

0<a<l
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For X,Y e L(R)define X <Y if andonlyif X“ <Y foranya €[0,1]. Itis known that
(L(R),d)isa complete metricspace (cf[7])

A sequence X = (X, )of fuzzy numbers is a function X from the set N of natural
numbers into L(R). The fuzzy number X, denotes the value of the function at n e N and
is called the ™ term of the sequence.

We denote by w(F )the set of all sequences X = (X, )of fuzzy numbers.

Recall that ([15],[21] ) an Orlicz function is a function M :[0,.0) - [0,.c) which is
continuous, non-decreasing and convex with M(0)=0,M(x)>0, for x>0 and
M(x)>o as x—oo. If convexity of Orlicz function M is replaced by
M(x+y)<M(x)+M(y), then this function is called modulus function.

In this paper we define Orlicz space of entire sequence of fuzzy numbers by using
regular matrices A=(a,),(nk =1,2,3,---) . By the regularity of A we mean that the

matrix which transform convergent sequence into a convergent sequence leaving the
limit (c.f.Maddox [28] ).

2. Orlicz space of entire sequence

Let X = (Xk) be a sequence of fuzzy numbers, let A=(a,, )(n,k=12,3,---) be a non
negative regular matrix and M be a Orlicz function. In this paper we define the following

Pk
_ |xk|%
Ty [F A p]={X =(Xg): Y an|d| M| =—"—.0 — 0 as k — oo, for some p >0
K P

(n)

r Pk
_ H
Am [F. A p]=4 X =(Xg):sup Z Ank d{M[%,OB <o ,for some p >0
k

and call them respectively the spaces of strongly A-Orlicz space of entire sequences
and strongly A-Orlicz space of analytic sequences of fuzzy numbers
X =(X,).Wecan specialize these spaces as follows.

If A =1, the unit marix, then we get another set of new sequence spaces for fuzzy
number, for some arbitrarily fixed p >0,
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Ty [F.p]=1X =(X¢):|d| M

Am [F. p]=1 X :(Xk):Sl;p d

Pk
bt
[Xulk
P

Pk
|Xk|%
M| 2K
P
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—>0ask >

<0

which on further taking py = p for all k , are reduced to I'y; [F, p] and Ay [F, p] respectively .

Iy [F.op]=X =(Xk):|d| M

A [Fop]= X =(Xg):| d

p
e
Xl o
Yol

p
X, [
M|———0
Yo

—>0ask >

<0

and taking py =1for all k , are reduced to T'y; [F] and Ay [F] respectively which
are called The Orlicz space of entire sequences of fuzzy numbers and Orlicz space of

analytic sequences of fuzzy numbers.

If A= (an) isa Cesaro matrix of order 1, ie

1
ank: n
0

then we get

Iy (F,p)=<X=(Xg):

k<n
Jk>n

Pk
*
M,O > 0ask >
Y2

<0

Pk
dl m M,O
Yol
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and further on taking p, = p forallk , these are  reduced to I'y (F,p) and
AM (F,p),

p
X, [k
Xkl *

k=1 P

—0asn— oo

< o

i p
_ |xk|}/k
d{M|———0

Y2

A metric d on L(R) is said to be a translation invariant ifd X+2,Y+2)=

d(X,Y) for X,Y,Z e L(R).

Proposition 2.1. If d is a translation invariant metricon L(R) then
(i)d(X +Y,0)<d(X,0)+d(Y,0).
(it)d (2x,0)<]4|d (X,0),[4| > 1.

Theorem 2.2. T, (F, p) is a complete metric space under the metric

1 p
|Xk _YK|E
—p )

d(X,Y)=sup %Zd M 0|, where
k=1

(n)

X=(X,)el, (F,p)andY =(Y,)el, (F, p) are the sequence of sequence of

fuzzy numbers.

Proof. Let {X<”)} be a cauchy sequence in T, (F, p).
Then given any ¢ > 0 there exists a positive integer N depending on & such that

d(X™, X™y<g, ¥n>Nandvm=N.

Hence



114 The Orlicz Space of Entire Sequence of Fuzzy Numbers

p

) _ y m| K
ro | [Ixe-xe
sup|-> d M| ———

(n)p ”kz‘ P

0 <¢ VY n=NandV m>N.

Consequently {Xk(”)} is a cauchy sequence in the metric space L(R).

But L(R) is complete . So, X, — X, asn — oo,

Hence there exists a positive integer n, such that

p
13d[m X e 0

<&V nzn,.
Nia P

In particular, we have

,0 <E .

Thus

}/ p
n k
12& M[|Xk| ,OJ <gasn—o.

N\

Thatis (X, ) ey, (F,p).
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Therefore T',, (F, p) is a complete metric space.
This completes the proof.

Theorem 2.3. |If & transition invariant metric and M is a modulus function,

thatT,, (F, p) is a linear set over the set of complex numbers.
Proof. d translation invariant implies that

(i)d(X +Y,0)<d(X,0)+d(Y,0)

(ii)d (21X ,0)< || d(X,0), 2ascalar.

Let X =(X,), Y=(Y,)el,(F,p) ande, feC.

In order to prove the result , we need to find some p, such that

KR (TR

kN Ps

—>0ask >ow. (2.2)

Since X =(X,),Y =(Y,) eI}, (F, p), there exists some positive p, and p,such that

p
n _ X %
1 d M ¢,0 —>0ask >0 and
kN %)
n 1 _ |Yk|% ’
Zld| M| 0o||| >0ask >0 . 2.2)
k= N P

Since M is a non decreasing modulus function , we have
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Z{J{M{Kaka)\ Om ) ;{J[M[w o Om
k=x 1 Ps k= N Ps Ps

1| of [l Dl | o] Om
k=1 N Ps Ps

53] ol Om

k1 N Ps P3

i=min ! 1, t ! (2.3)
P |a|p,01 |ﬂ |p:02

Then
ke N Ps k= N A1 P2
Szz[a[M(IXKI m $ [(um
k= N P k= N P>
— 0(by(2.2)) )
HenceZ%{d_{M{‘(axﬁﬂYk)‘ OJH —~>0ask —>w. (2.4)
k=1 Ps

So (@ X+BY)el,(F,p)
Therefore T, (F, p) is linear.

This completes the proof.
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3. Main Results

Theorem 2.4.
If X =(X,) be asequence of fuzzy numbers . Then T, (F, A, p) complete with

respect to the topology generated by the paranorm h defined by

Pk %
| [ D5
h(X):s(tig) D ay d{M [—OB

P

where y:max{l,sup(%j} , where d translation invariant .

(k)
Proof . Clearly h(8)=0,h(—X)=h(X). It con also be seen easily that
h(X +Y)<h(X)+h(Y) for X =( X«), Y =(Yx) in T}, (F,A p), since d translation
invariant.

Pk
Now for any scalar A, we have |ﬂ|4<max{1,sup|/1|}, so that

h(AX) <max{Lsup|A|}, A4 fixed implies AX —> 6. New let 1 — 0, X fixed.
forsup| 4 |<1we have

Pk_%l

7t

a |d M| 0o <g forN>N(g).
Ya, [['Xp' B ()

_ [ (x, [ _
Also, for I<n<N ,since | > a, d{M [ OH <&, there exists

Pk %l
msuch that | > a, | d| M| ——,0 <e.
k=m P

Taking A small enough we then have

Pk }/
Ee) _ |ﬂ’xk|% 8
> a,d| M| =——0 < 2¢ forall k.

k=m p
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Hence h(AX)—0as 2 — 0. Therefore h is a paranormon T, (F, A, p).
To show the completeness, let (X(i)) be a Cauchy sequence in T, (F, A p).

Then for a given & >0 there isr € N such that

pk%’

‘Xm_xm‘%
M| ———0 <e foralli,j>r. (2.5)

Da,|d

P

Since d is a translation invariant , So (2.5) implies that

Pk%

B ‘ka_xk(j)‘%
Da,ld| M ,0 <e foralli, j>r and each n. (2.6)
P
B ka_xk(n‘% N
Hence |d | M ,0(||<e foralli, j>r.
P

Therefore (X“)) is a Cauchy sequence in L(R).
Since L(R) is complete, lim ij = X,,say.
]

Fixing r, > r and letting j — o, we obtain (2.6) that

M —‘Xk(i)_xk‘% 0

Da,|d <e forallr, >, (2.7)
P
since d is a translation invariant . Hence
Py %J
_ \xm—x‘%
>a,|d| M| t——0 <e
Yo,

(i.e) X" — X inT(F,A p) . Itiseasy to see that X e T, (F, A, p).
Hence T, (F, A p)is complete.
This completes the proof.
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The completeness of A,, (F, A, p) can be similarly obtained.

Theorem 2.5. Let A=(a, )(n,k=12,3,---)be an infinite matrix with complex
entries. Then Ae(T":T,, (F, A, p)) if and only if given s > O there exists M = M(g)> 0
such that [a,|<&"M* (n,k=123, ---) where X =(X,) be a sequence of fuzzy

numbers and d translation invariant.
Proof.

» b ’
LetX =(X,)elandletY, = Zankd_LM [&OH ,(n=123,... ). Then
P

k=1

(Y,)eTif and only if givenany & >03M = M(¢) > Osuch that[a,, | < £"M* by using
Theorem 4 of [26]. Thus Ae(I':T,, (F, A, p)) if and only if the condition holds .
This completes the proof .

Theorem 2.6. Let A=(a,,) transforms T into T, (F, A, p)thenlim(a,)q" =0 for

all integers g>0 and each fixed k =1,2,3,---. where X =(X,) be a sequence of fuzzy
numbers and d translation invariant.

p
© . |Xk|%

Proof. LetY, =|> a,d| M| ——,0 (n=1,2,3,---), for mally.
k=1 P

Let (X, )eT and (Y,)eT,, (F,A, p). Take(X,) =5 =(0,0,0,---,1,0,0,---), 1 in

the k™ place and zero’s elsewhere. Then (X, ) eI". Hence ) |a, |q" < for every
k=1

positive q. In particular lim(a,, )q" = 0 for all positive integers q and each fixed
k=123

This completes the proof .
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Theorem2.7. If A=(a,) transform I,,(F,A, p) into ' . Then lim(a,)q" =0

V positive integers g, where X =(X,) be a sequence of fuzzy numbers and d
translation invariant.

P
X |
Proof. Lett = Zankd M[| p| J with (X, )eTl,, ,(t,)eT.

k=1 P

%) Y
ThenY, =(t, —s, Zankd M[| J* ] ,and d| Mp J* ] erl.
P

o,

REE
Zankd M 0 (s,)eT.

Hence (Y, )eT. Therefore(a, )q" — 0asn — coVk , by [27]

This completes the proof .

Theorem 2.8. If A=(a,) transform T, (F, A, p) intoT,, (F, A, p)then a,q" —0
where X =(X,) be a sequence of fuzzy numbers and d translation invariant.

Proof. From Theorem (2.6) and (2.7) we have a,,q" — 0 as n — oo, for all positive

integers g and VK.
This completes the proof.
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