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1. Introduction 
 

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh[13] 
and subsequently several authors have discussed various aspects of the theory and 
applications of fuzzy sets such as fuzzy topological spaces , similarity relations and 
fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming.  

Orlicz [15] used the idea of Orlicz function to construct the space ( ML ). 
Lindenstrauss and Tzafriri [16] investigated Orlicz sequence spaces in more detail, 
and they proved that every Orlicz sequence space Ml  contains a subspace isomorphic 
to ).1( ∞<≤ ppl  , where { }  .  sequencescomplex  all=w  

In this paper, we introduce and examine the concepts of Orlicz space of entire 
sequence of fuzzy numbers generated by non negative regular matrix.  

 
Definitions and preliminaries 
Let  be the set of all bounded intervals ,  on the real line  .   D A A A R⎡ ⎤= ⎣ ⎦  

( ) { }  . B-A ,  max, , BA and A ifonly  and if  define , ,For BABAdBBADBA −=≤≤≤∈
 

       Then it can be easily see that d defines a metric on D (cf[1]) and (D, d) is 
complete metric space. 

A fuzzy number is fuzzy subset of the real line R which is bounded, convex and 
normal. Let L(R) denote the set of all fuzzy numbers which are upper semi continuous 
and have compact support, i.e. if ( )RLX ∈  then for any [ ] αα X , 1,0 ∈  is compact 
where                             

( )
( )⎩

⎨
⎧

=>
≤<≥

=
.0 if  0:

,10 if :
α

ααα

tXt
tXt

X  

For each 10 ≤<α , the αα Xset  level−  is a nonempty compact subset of R. The 
linear structure of L(R) includes addition X + Y and scalar multiplication ,Xλ  (λ a 
scalar) in terms of level-α sets, by [ ] [ ] [ ] [ ] [ ]   ,  and ααααα λλ XXYXYX =+=+  for 
each   . 10 ≤≤α  

( ) ( ) ( ) ( ).,sup,by  : map a Define
10

αα

α
YXdYXdRRLRLd

≤≤
=→×   
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( ) [ ]  known that isIt  . 1,0any for   ifonly  and if  define ,For ∈≤≤∈ ααα YXYXRLYX
( )( ) [ ]( ) .7cf space metric  complete a is ,dRL   

( )  natural of set   thefrom function  a is numbersfuzzy  of  sequenceA NXXX k=
( ) and at function   theof  value thedenotes number fuzzy  The .  into numbers NnXRL n ∈

 sequence.  theof  term  thecalled is thn  

( ) ( )  . numbersfuzzy  of   sequences all ofset   theby   denote We kXXFw =  

Recall that ([15],[21] ) an Orlicz function is a function [ ) [ )∞→∞ ,0,0:M  which is 
continuous, non-decreasing and convex with ( ) ( ) ,0,00 >= xMM  for x > 0  and 

( ) ∞→xM as .∞→x  If convexity of Orlicz function M  is replaced by 
( ) ( ) ( )     , yMxMyxM +≤+  then this function is called modulus function.           

In this paper we define Orlicz space of entire sequence of fuzzy numbers by using 
regular matrices ( ) ( )L ,3,2,1, , == knaA nk  . By the regularity of  A  we mean that the 
matrix which transform convergent sequence into a convergent sequence leaving the 
limit (c.f.Maddox [28] ). 
 
 

2. Orlicz space of entire sequence  
 
Let X = (XK) be a sequence of fuzzy numbers, let ),3,2,1,)(( L== knaA nk  be a non 
negative regular matrix and M be a Orlicz function. In this paper we define the following   

[ ] ( )
1

, , : ,0 0 as , for some 0

kp
kk

M k nk
k

X
F A p X X a d M k ρ

ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟Γ = = → →∞ >⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

∑  

[ ] ( )
( )

1

, , : sup ,0 ,for some 0

kp
kk

M k nk
n k

X
F A p X X a d M ρ

ρ

⎧ ⎫⎛ ⎞⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎜ ⎟⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟∧ = = < ∞ >⎜ ⎟⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎝ ⎠⎩ ⎭

∑  

and call them respectively the spaces of strongly A -Orlicz space of entire sequences 
and strongly A-Orlicz space of analytic sequences of fuzzy numbers 

( ) can   We. kXX = specialize these spaces as follows. 
If A = I, the unit marix, then we get another set of new sequence spaces for fuzzy 

number, for some arbitrarily fixed ,0>ρ    
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[ ] ( )
1

, : ,0 0 as 

kp
kk

M k
X

F p X X d M k
ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟Γ = = → →∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

 

[ ] ( )
1

, : sup ,0  ; 

kp
kk

M k
k

X
F p X X d M

ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟∧ = = < ∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

 

[ ] [ ]which on further taking  for all  , are reduced to ,  and ,  respectively . k M Mp p k F p F p= Γ ∧

[ ] ( )
1

, : ,0 0 as 

p
kk

M k
X

F p X X d M k
ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟Γ = = → →∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

 

[ ] ( )
1

, : ,0  ; 

p
kk

M k
X

F p X X d M
ρ

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟∧ = = < ∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

 

[ ] [ ]and taking 1 for all  , are reduced to  and  respectivelyk M Mp k F F= Γ ∧  which 
are called  The Orlicz space of entire sequences of fuzzy numbers and Orlicz space of 
analytic sequences of fuzzy numbers. 
       If  A =  (ank) is a Cesaro matrix of order 1, ie 

⎪⎩

⎪
⎨
⎧

>

≤
=

nk

nk
nank

 ,  0

 ,  1
 

then we get 

( ) ( )
1

1

1, : ,0 0 as 

kp
n kk

M k
k

X
F p X X d M k

n ρ=

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟Γ = = → →∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

∑  

( ) ( )
( )

1

1

1, : sup ,0

kp
n kk

M k
n k

X
F p X X d M

n ρ=

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟∧ = = < ∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

∑  
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and further on taking  for all  , kp p k= these are  reduced to ( ),M F pΓ  and  

( ),M F p∧ , 

( ) ( )
1

1

1, : ,0 0 as 

p
n kk

M k
k

X
F p X X d M n

n ρ=

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟Γ = = → →∞⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎩ ⎭

∑  

( ) ( )
( )

1

1

1, : sup ,0

p
n kk

M k
n k

X
F p X X d M

n ρ=

⎧ ⎫⎛ ⎞⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎜ ⎟⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟∧ = = < ∞⎜ ⎟⎨ ⎬⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦⎪ ⎪⎝ ⎠⎩ ⎭

∑  

A metric 
−

d on L(R) is said to be a translation invariant if =++
−

),( ZYZXd  

),( YXd
−

 for ).(,, RLZYX ∈  
 
Proposition 2.1.  ( )  then on  metricinvariant on  translatia is  If RLd  

( ) ( ) ( ) ( ).0,0,0, YdXdYXdi +≤+  
( ) ( ) ( ) .1 , 0, 0, >≤ λλλ XdXdii  

 
Theorem  2.2. ),( pFMΓ is a complete metric space under the metric 

                     ,0,1sup),(
1

1

)(

p

n

k

k
Kk

n

YX
Md

n
YXd

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
= ∑

=

−

ρ
 where  

( ) ( ) ( ) ( ),  and ,  are the sequence of k M k MX X F p Y Y F p= ∈Γ = ∈Γ sequence of 
fuzzy numbers. 

 

Proof. Let ( ){ } ( )be a cauchy sequence in , .n
MX F pΓ  

Then given any 0ε > there exists a positive integer depending on  such that N ε  

,),( )()( ε<mn XXd  Nn ≥∀ and .Nm ≥∀  

Hence  
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N.m   and  Nn      0,1
1

1
)()(

)(
sup ≥∀≥∀<

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
∑
=

−

ε
ρ

p

n

k

km
k

n
k

n

XX
Md

n
 

Consequently  ( ){ } ( ) is a cauchy sequence in the metric space .n
kX L R  

But ( ) ( ) is complete . So ,  as .n
k kL R X X n→ →∞   

Hence there exists a positive integer 0n  such that  

.nn    0,1
0

1

1
)()(

≥∀<
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
∑
=

−

ε
ρ

p

n

k

km
k

n
k XX

Md
n

    

In particular, we have  

 

( )0
1

1

1 ,0  

p
kn

n k k

k

X X
d M

n
ε

ρ=

⎡ ⎤⎛ ⎞⎛ ⎞−⎢ ⎥⎜ ⎟⎜ ⎟
<⎢ ⎥⎜ ⎟⎜ ⎟

⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

∑ . 

Now  

( ) ( )0 0
1 1

1

1 1 1

1 1 1, 0 , 0 , 0

 
 
 

p p
p

k kn n
kn n nk k kk

k k k

X X XX
d M d M d M

n n nρ ρ ρ= = =

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞⎡ ⎤⎛ ⎞⎛ ⎞ −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟ ≤ +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

∑ ∑ ∑

 0 as .nε≤ + →∞  

Thus  

1

1

1 ,0  as  .

p
kn

k

k

X
d M n

n
ε

ρ=

⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟ < →∞
⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
∑  

That is ( ) ( ), .k MX F p∈Γ  
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Therefore ),( pFMΓ is a complete metric space. 

This completes the proof. 

 

Theorem 2.3.  If 
−

d transition invariant metric and M is a modulus function, 
that ),( pFMΓ  is a linear set over the set of complex numbers.  
Proof.  translation invariant implies that  d  

( ) ( ) ( ) ( )0,0,0, YdXdYXdi +≤+  

( ) ( ) ( )  .scalar  a  , 0, 0, λλλ XdXdii ≤  

Let C.   , and  ),()(YY  ),( Mk ∈Γ∈== βαpFXX k  

3In order to prove the result , we need to find some  such that ρ  

( )
1

1 3

1 ,0 0 as  .

p
kn

k k

k

X Y
d M k

n
α β

ρ=

⎡ ⎤⎛ ⎞⎛ ⎞+⎢ ⎥⎜ ⎟⎜ ⎟ → →∞⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
∑                         (2.1)  

Since ),,()(),( pFYYXX Mkk Γ∈== there exists some positive 1ρ and 2ρ such that 

1

1 1

1 ,0 0 as   and 

p
kn

k

k

X
d M k

n ρ=

⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟ → →∞
⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
∑  

1

1 2

1 ,0 0 as    .

p
kn

k

k

Y
d M k

n ρ=

⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟ → →∞
⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
∑                             (2.2)  

 Since  is a non decreasing modulus function ,  we have    M  
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( )
1 1 1

1 13 3 3

 1 1,0 ,0

p p
k k kn n

k k k k

k k

X Y X Y
d M d M

n n
α β α β

ρ ρ ρ= =

⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞+⎢ ⎥⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟≤ +⎢ ⎥⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎢ ⎥⎝ ⎠ ⎣ ⎦⎝ ⎠⎣ ⎦
∑ ∑                                            

1 1 1 1

1 3 3

1 ,0

p
k k k kn

k k

k

X Y
d M

n
α β

ρ ρ=

⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟≤ +
⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
∑                                                                         

1 1

1 3 3

1 ,0

p
k kn

k k

k

X Y
d M

n
α β

ρ ρ=

⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟≤ +
⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
∑  

Take   such that ρ 3  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
213  

1 
  
1 , 

 
1 

 
1min1

ρβραρ pp                                                      (2.3)  

Then              

( )
1 1 1

1 13 1 2

1 1,0 ,0

p p
k k kn n

k k k k

k k

X Y X Y
d M d M

n n
α β

ρ ρ ρ= =

⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞+⎢ ⎥⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟≤ +⎢ ⎥⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎢ ⎥⎝ ⎠ ⎣ ⎦⎝ ⎠⎣ ⎦
∑ ∑  

1 1

1 11 2

1 1                                                     ,0 ,0

p p
k kn n

k k

k k

X Y
d M d M

n nρ ρ= =

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟≤ +
⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
∑ ∑

                                                             ( )( )2.2by  0→                                     

( )
1

1 3

1 Hence ,0 0 as  .

p
kn

k k

k

X Y
d M k

n
α β

ρ=

⎡ ⎤⎛ ⎞⎛ ⎞+⎢ ⎥⎜ ⎟⎜ ⎟ → →∞⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
∑                            (2.4) 

( ) ( ) .,     So pFYX MΓ∈+ βα  

( ) linear. is  ,  Therefore pFMΓ     

proof.  thecompletes This     
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3. Main Results  
 
Theorem 2.4. 

( ) ( )If  be a sequence of fuzzy numbers . Then , ,k MX X F A p= Γ complete with 
respect to the topology generated by the paranorm defined by h  

( )
( )

1
1

sup ,0

kp
k

k
nk

k

X
h X a d M

μ

ρ

⎛ ⎞⎡ ⎤⎛ ⎞⎛ ⎞⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟= ⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦⎝ ⎠

∑  

where 
( )

=max 1,sup  , where  translation invariant . k

k

p dμ μ
⎧ ⎫⎛ ⎞⎜ ⎟⎨ ⎬⎝ ⎠⎩ ⎭

 

Proof .  Clearly ).()(,0)( XhXhh =−=θ  It con also be seen easily that 

≤+ )( YXh )()( YhXh +  for X = ( Xk ), Y = ( Yk ) in ),,,( pAFMΓ  since 
−

d  translation 
invariant. 

Now for any scalar ,λ  we have |},|sup,1max{ λλ μ <
kp

 so that  
)( Xh λ |},|sup,1max{ λ<  λ  fixed implies .θλ →X  New let ,θλ →  X fixed. 

for 1||sup <λ we have 

( )

1
1

,0     for 

kp
k

k
nk

X
a d M N N

μ

ε ε
ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟ < >⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

∑ . 

Also, for 1  , since n N≤ ≤

1
1

,0  ,   

kp
k

k
nk

X
a d M

μ

ε
ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟ <⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

∑ there exists 

m such that 

1
1

,0

kp
k

k
nk

k m

X
a d M

μ

λ
ε

ρ

∞

=

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟ <⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

∑ . 

Taking λ small enough we then have  
1

1

,0 2  for all .

kp
k

k
nk

k m

X
a d M k

μ

λ
ε

ρ

∞

=

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟ <⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

∑  
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Hence ( ) ( )0 as 0. Therefore  is a paranorm on , , .Mh X h F A pλ λ→ → Γ  

To show the completeness, let ( )( ) ( )be a Cauchy sequence in , , .i
MX F A pΓ  

Then for a given 0 there is  such that r Nε > ∈  

( ) ( )

1
1

,0  for all , .

kp
ki j

nk

X X
a d M i j r

μ

ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥−⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥ <∈ >⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦

∑       (2.5)  

Since d is a translation invariant , So (2.5) implies that   

( ) ( )

1
1

,0  for all ,  and each .

kp
ki j

k k
nk

X X
a d M i j r n

μ

ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥−⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥ <∈ >⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦

∑  (2.6)  

Hence 
( ) ( )

1

,0  for all ,  .
ki j

k kX X
d M i j r

ρ

⎡ ⎤⎛ ⎞⎛ ⎞−⎢ ⎥⎜ ⎟⎜ ⎟ <∈ >⎢ ⎥⎜ ⎟⎜ ⎟
⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦

 

Therefore ( )( ) ( ) is a Cauchy sequence in . iX L R  

Since L(R) is complete, ,lim k
j

kj
XX =

∞→
say.  

Fixing  that (2.6)obtain   we,  letting and 0 ∞→≥ jrr  

( )
1

0,0  for all ,  
ki

k k
nk

X X
a d M r r

ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞−⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟ <∈ ≥⎢ ⎥⎢ ⎥⎜ ⎟⎜ ⎟
⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

∑                       (2.7)  

since  is a translation invariant . Hence d  

( )

1
1

,0  

kp
ki

nk

X X
a d M

μ

ρ

⎡ ⎤⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥−⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥ <∈⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦

∑  

( ) ( ) ( ) ( )i.e   in , ,  . It is easy to see that , , .i
MX X F A p X F A p→ Γ ∈Γ  

Hence ( ), ,M F A pΓ is complete.  
This completes the proof.  
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The completeness of  ),,( pAFM∧  can be similarly obtained. 
 
Theorem 2.5. Let ( ) ( )  ,3 ,2 ,1  , L== knaA nk be an infinite matrix with complex 
entries. Then ( )( )pAFA M ,,:ΓΓ∈  if and only if given 0>ε there exists ( ) 0MM >= ε  
such that ( ),   ,3 ,2 ,1  , M L=< kna kn

nk ε  where )( kXX =  be a sequence of fuzzy 

numbers and d  translation invariant. 
Proof.

( ) ( )
1

1
Let  and let ,0  , 1,2,3, . ..   . Then  

p
k

k
k n nk

k

X
X X Y a d M n

ρ

∞

=

⎛ ⎞⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟= ∈Γ = =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
∑

( ) ( )   usingby  Msuch that  0MM  0any given  ifonly  and if kn
nkn aY εεε <>=∃>Γ∈  

. [26] of 4 Theorem ( )( )Thus : , ,  if and only if the condition holds .MA F A p∈ Γ Γ  
 . proof  thecompletes This  

 
Theorem 2.6. Let )( nkaA =  transforms Γ  into ) , ,( pAFMΓ then 0)(lim =

∞→

n
nkn

qa  for 

all integers q>0 and each fixed . ,3 ,2 ,1 L=k  where )( kXX =  be a sequence of fuzzy 

numbers and d  translation invariant. 
 

Proof.  Let ( ) ,   ,3 ,2 ,1   0,
1

1

L=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
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⎝

⎛

⎟⎟
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⎠

⎞
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⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
= ∑

∞

=

n
X

MdaY
k

p
k

k
nkn ρ

 for mally.  

Let Γ∈)( kX  and ),,()( pAFY Mn Γ∈ . Take ),0,0,1,,0,0,0()( LL== k
kX δ , 1 in 

the thk  place and zero’s elsewhere. Then Γ∈)( kX . Hence ∞<∑
∞

=

n

k
nk qa ||

1
 for every 

positive q. In particular 0)(lim =
∞→

n
nkn

qa for all positive integers q and each fixed 

.,3,2,1 L=k  

 . proof  thecompletes This  
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Theorem2.7. If )( nkaA =  transform ) , ,( pAFMΓ  into Γ . Then 0)(lim =
∞→

n
nkn

qa  

∀ positive integers q, where )( kXX =  be a sequence of fuzzy numbers and d  
translation invariant. 

Proof. ( ) ( )  .  ,  with 0,Let 
1

1

Γ∈Γ∈
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
= ∑

∞

=
nMk

k

p
k

k
nkn tX

X
Mdat

ρ
 

( )  .   0,
0

1

1

Γ∈
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
= ∑
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( ) .0, and ,  0,Then 
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( ) ( ) [ ].27by  ,  as 0 fore There  . Hence knqaY n
nkn ∞∀→→Γ∈  

 . proof  thecompletes This  

 
Theorem 2.8. If )( nkaA =  transform ) , ,( pAFMΓ  into ) , ,( pAFMΓ then 0→n

nk qa  

where )( kXX =  be a sequence of fuzzy numbers and d  translation invariant. 
 
Proof.  From Theorem (2.6) and (2.7) we have 0→n

nk qa  as ∞→n , for all positive 
integers kq ∀ and . 

This completes the proof. 
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