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Department of Mathematics, Faculty of Science and Arts,

University of Dicle, Diyarbakir, Turkey

and
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Abstract

In this paper we define a new general integral operator for certain
holomorphic functions in the unit disc U and give some properties for
this integral operator on some classes of univalent functions

Keywords and Phrases: Integral operator, Holomorphic functions, Starlike
functions, Convex functions.

∗2000 Mathematics Subject Classification. 30C45.
†E-mail: dbreaz@uab.ro
‡E-mail: ozlemg@dicle.edu.tr
§E-mail: salagean@math.ubbcluj.ro
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1. Introduction

Let U = {z ∈ C, |z| < 1} be the open unit disc of the complex plane. Denote
by A the class of holomorphic functions in U of the form

f(z) = z +
∞∑
n=2

anz
n.

Recently, D. Breaz and N. Breaz in [3] introduced and studied the integral
operator

Fn (z) =

∫ z

0

(
f1 (t)

t

)µ1

· ... ·
(
fn (t)

t

)µn
dt, (1)

where µ1, . . . , µn are real numbers, n ∈ N = {1, 2, 3, . . . , }.
Sălăgean [2] has introduced the following operator Dk : A → A k ∈ N0 =

N ∪ {0} by
D0f(z) = f(z)

D1f(z) = Df(z) = zf ′(z)

Dkf(z) = D(Dk−1f(z)) = z +
∞∑
n=2

nkanz
n.

The purpose of this paper is to define a new integral operator which derive
from the above mentioned integral operators with the help of the operator Dk.

Definition 1. We define the general integral operator Ik,n,λ,µ : An → A by

Ik,n,λ,µ(f1, . . . , fn) = F, DkF (z) =

∫ z

0

(
Dλ1f1(t)

t

)µ1

· · ·
(
Dλnfn(t)

t

)µn
dt

(2)
where f1, . . . , fn ∈ A, λ = (λ1, . . . , λn) ∈ Nn

0 , µ = (µ1, . . . , µn) ∈ Nn, n ∈ N
and k ∈ N0.

Remark 1. If we take k = 0 or k = 1 and λ1 = ... = λn = 0 in Definition, we
obtain the definitions given by the first author and N.Breaz in [3].

In order to prove our results we need the following lemma:

Lemma. Let F = Ik,n,λ,µ(f1, . . . , fn), where f1, . . . , fn ∈ A, and k, n, λ, µ
are as in Definition 1; then

Dk+2F (z)

Dk+1F (z)
=

n∑
i=1

µi
Dλi+1fi(z)

Dλifi(z)
+ 1−

n∑
i=1

µi. (3)
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Proof. By (2) we have

Dk+1F (z)

z
=

(
Dλ1f1(t)

t

)µ1

· · ·
(
Dλnfn(t)

t

)µn
.

Also we obtain

Dk+2F (z)−Dk+1F (z)

z2

=
n∑
i=1

µi

(
Dλifi(z)

z

)µi
·
(
Dλi+1fi(z)−Dλifi(z)

zDλifi(z)

) n∏
j=1,j 6=i

(
Dλjfj(z)

z

)µj
Hence,

Dk+2F (z)−Dk+1F (z)

z2

Dk+1F (z)

z

=

n∑
i=1

µi

(
Dλifi(z)

z

)µi
·
(
Dλi+1fi(z)−Dλifi(z)

zDλifi(z)

) n∏
j=1,j 6=i

(
Dλj fj(z)

z

)µj
(
Dλ1f1(z)

z

)µ1

· · ·
(
Dλnfn(z)

z

)µn ,

or, after simplifications,

Dk+2F (z)

zDk+1F (z)
− 1

z
=

n∑
i=1

µi

(
Dλi+1fi(z)−Dλifi(z)

zDλifi(z)

)
and finally we obtain

Dk+2F (z)

Dk+1F (z)
−1 =

n∑
i=1

µi

(
Dλi+1fi(z)−Dλifi(z)

Dλifi(z)

)
=

n∑
i=1

µi
Dλi+1fi(z)

Dλifi(z)
−

n∑
i=1

µi.

Definition 2. ([5]). The class of k-starlike functions of order δ is defined by

Sk(δ) =

{
f ∈ A : Re

Dk+1f(z)

Dkf(z)
> δ, z ∈ U

}
,

where δ ∈ [0, 1) and k ∈ N0 .

Remark 2. Particularly, S1(0) is the class of convex functions and S0(0) is
the class of starlike functions ([5]).
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Definition 3. ([2], [4]). We define the class of k-uniform starlike function of
order δ and type α by

USk(α, δ) =

{
f ∈ A : Re

Dk+1f(z)

Dkf(z)
≥ α

∣∣∣∣Dk+1f(z)

Dkf(z)
− 1

∣∣∣∣+ δ; z ∈ U
}

where α ≥ 0, δ ∈ [−1, 1), α + δ ≥ 0, k ∈ N.

Remark 3. ([2], [4]). The geometric interpretation is that if f ∈ USk(α, δ),
then, for all z ∈ U , the values of Dk+1f(z)/Dkf(z) belongs to the convex
domain ∆α,δ included in the right half plane {w : Rew > α+δ

α+1
}, where ∆α,δ

is the half plane {w : Rew > δ} for α = 0, a hyperbolic region for 0 < α < 1,
a parabolic region for α = 1, or an elliptic region for α > 1. From this we
deduce that USk(α, δ) ⊂ Sk

(
α+δ
α+1

)
and USk (0, δ) = Sk (δ) .

Definition 4. ([1]). We define the class SHk(α) by

SHk(α)

=
{
f ∈ A :

∣∣∣∣Dk+1f(z)
Dkf(z)

− 2α
(√

2− 1
)∣∣∣∣ < Re

{√
2
Dk+1f(z)
Dkf(z)

}
+ 2α

(√
2− 1

)
, z ∈ U

}
,

(4)

where α > 0 and n ∈ N0.

2. Main results

Theorem 1. Let k, n, λ, µ be as in Definition 1, let δi ∈ [−1, 1), αi ≥ 0,
αi + δi ≥ 0 for i = {1, ..., n} and suppose that

∑n
i=1 µi

1−δi
1+αi

≤ 1. If fi ∈
USλi(αi, δi) for i = {1, ..., n} , then F = Ik,n,λ,µ belongs to Sk+1(0)..

Proof. Since fi ∈ USλi(αi, δi), from Remark 3 and Definition 2 we have

Re
Dλi+1fi(z)

Dλifi(z)
>
αi + δi
αi + 1

(5)

From (3) and (5) we have

Re
Dk+2F (z)

Dk+1F (z)
=

n∑
i=1

µi Re
Dλi+1fi(z)

Dλifi(z)
−

n∑
i=1

µi + 1 >
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n∑
i=1

µi
αi + δi
αi + 1

−
n∑
i=1

µi + 1 =
n∑
i=1

µi
δi − 1

αi + 1
+ 1 ≥ 0, z ∈ U

and by Definition 2 it follows that F ∈ Sk+1(0)

Corollary 1. Let k, n, λ, µ be as in Definition 1, let δ1, . . . , δn ∈ [0, 1) and
suppose that

∑n
i=1 µi(1 − δi) ≤ 1. If fi ∈ Sλi (δi) for i = {1, ..., n} , then

F = Ik,n,λ,µ ∈ Sk+1(0).

Proof. In Theorem 1 we put αi = 0 for i = {1, ..., n} .

Theorem 2. Let k, n, λ, µ be as in Definition 1, let δi ∈ [−1, 1), αi ≥ 0, αi+
δi ≥ 0 for i ∈ {1, ..., n} and suppose that

∑n
i=1 µi ≤ 1. If fi ∈ USλi(αi, δi) for

i = {1, ..., n} , then F = Ik,n,λ,µ belongs to Sk+1(δ
∗), where δ∗ =

∑n
i=1 µi

αi+δi
αi+1

.

The proof is similar to those of Theorem 1 and is omitted.

Corollary 2. Let k, n, λ, µ be as in Definition 1, let δ1, . . . , δn ∈ [0, 1)
and suppose that

∑n
i=1 µi ≤ 1. If fi ∈ Sλi (δi) for i ∈ {1, ..., n} , then F =

Ik,n,λ,µ ∈ Sk+1(δ
∗), where δ∗ =

∑n
i=1 µiδi.

Proof. In Theorem 2 we put αi = 0 for i = {1, ..., n} .
Remark 4. In the particular case n = µ1 = 1, k = δ1 = λ1 = 0 and
f1 = f we reobtain the well-known result: if f is a starlike function and
f(z) = zF ′(z), then F is a convex function.

Theorem 3. Let k, n, λ, µ be as in Definition 1, let α ≥ 0, δ ∈ [−1, 1), α+
δ ≥ 0 and suppose that

∑n
i=1 µi ≤ 1. If fi ∈ USk (α, δ) for i = {1, ..., n},

then F = Ik,n,λ,µ belongs to USk+1 (α, δ) .

Proof. By using (3) and Definition 3 we deduce

Re
Dk+2F (z)
Dk+1F (z)

− α
∣∣∣∣Dk+2F (z)
Dk+1F (z)

− 1
∣∣∣∣− δ

=
n∑
i=1

µiRe
Dki+1fi(z)
Dkifi(z)

−
n∑
i=1

µi + 1− α

∣∣∣∣∣
n∑
i=1

µi

(
Dki+1fi(z)
Dkifi(z)

− 1
)∣∣∣∣∣− δ

≥
n∑
i=1

µi

[
Re

Dki+1fi(z)
Dkifi(z)

− α

∣∣∣∣∣
n∑
i=1

Dki+1fi(z)
Dkifi(z)

− 1

∣∣∣∣∣− δ
]

+
n∑
i=1

µiδ −
n∑
i=1

µi + 1− δ

≥ (1− δ)

(
1−

n∑
i=1

µi

)
≥ 0, z ∈ U
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Theorem 4. Let k, n, λ, µ be as in Definition 1, let α ≥ 0 and suppose that∑n
i=1 µi ≤ 1. If fi ∈ SHλi(α) for i = {1, ..., n}, then F = Ik,n,λ,µ belongs to

SHk+1(α).

Proof. Since fi ∈ SHλi(α) for i = {1, ..., n}, from Definition 4 we have

Re

{√
2
Dλi+1f(z)

Dλif(z)

}
+2α

(√
2− 1

)
−
∣∣∣∣Dλi+1f(z)

Dλif(z)
− 2α

(√
2− 1

)∣∣∣∣ > 0, z ∈ U.

(6)
By (3) and (6) we have

Re
{√

2
Dk+2F (z)
Dk+1F (z)

}
−
∣∣∣∣Dk+2F (z)
Dk+1F (z)

− 2α
(√

2− 1
)∣∣∣∣+ 2α

(√
2− 1

)
=

n∑
i=1

µiRe
{√

2
Dλi+1f(z)
Dλif(z)

}
+
√

2−
√

2
n∑
i=1

µi

−

∣∣∣∣∣
n∑
i=1

µi
Dλi+1f(z)
Dλif(z)

+ 1−
n∑
i=1

µi − 2α
(√

2− 1
)∣∣∣∣∣+ 2α

(√
2− 1

)
=

n∑
i=1

µi

[
Re
{√

2
Dλi+1f(z)
Dλif(z)

}
+ 2α(

√
2− 1)

]
−

n∑
i=1

µi

[
2α(
√

2− 1) +
√

2
]

+
√

2

−

∣∣∣∣∣
n∑
i=1

µi

[
Dλi+1f(z)
Dλif(z)

− 2α
(√

2− 1
)]

+ 2α
(√

2− 1
) n∑
i=1

µi + 1−
n∑
i=1

µi − 2α
(√

2− 1
)∣∣∣∣∣

+2α
(√

2− 1
)

≥
n∑
i=1

µi

[
Re
{√

2
Dλi+1f(z)
Dλif(z)

}
+ 2α(

√
2− 1)−

∣∣∣∣Dλi+1f(z)
Dλif(z)

− 2α
(√

2− 1
)∣∣∣∣]

>
[
2α(
√

2− 1) +
√

2
](

1−
n∑
i=1

µi

)
−
∣∣∣1− 2α(

√
2− 1)

∣∣∣(1−
n∑
i=1

µi

)

>

(
1−

n∑
i=1

µi

)
min

{
(
√

2− 1)(1 + 4α),
√

2 + 1
}
≥ 0, z ∈ U.

Now by Definition 4 we obtain that F ∈ SHk+1(α).

Theorem 5. Let k, n, λ, µ be as in Definition 1, let α ≥ 0 and let fi ∈
SHλi(α) for i = {1, ..., n}. If

1−
n∑
i=1

µi

[
2α
(√

2− 1
)

+ 1
]
> 0
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then Fn ∈ Sk+1(0).

Proof.
Multiplying the equality (3) by

√
2 and using (6) we obtain

Re
√

2
Dk+2Fn(z)

Dk+1Fn(z)

= Re

[
n∑
i=1

√
2αi

Dk+1fi(z)

Dkfi(z)

]
+

n∑
i=1

2αiα
(√

2− 1
)

−
n∑
i=1

2αiα
(√

2− 1
)
−

n∑
i=1

√
2αi +

√
2

>
n∑
i=1

αi

∣∣∣∣Dk+1fi(z)

Dkfi(z)
− 2α(

√
2− 1)

∣∣∣∣
−

n∑
i=1

αi

[
2α(
√

2− 1) +
√

2
]

+
√

2

>
√

2

(
1−

n∑
i=1

αi

[√
2α(
√

2− 1) + 1
])

> 0

So, by Definition 2, F ∈ Sk+1(0).
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