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Abstract

We introduce several new subclasses of functions analytic with re-
spect to symmetric conjugate points, which are defined by using sub-
ordination for analytic functions ¢ and % on the unit disk. The object
of this paper is to investigate some structural formulas and various
interesting properties of Hadamard product in these subclasses. Fur-
thermore, the upper bounds on the coefficient functional |ag — pa3| for
functions f(z) = 2 + a2z + a3z® + .-+ in these subclasses are also
obtained.
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1. Introduction and Definitions

Let A denote the class of functions f(z) normalized by

f2) =2+ an", (1.1)

which are analytic in the open unit disk
U={z:2€Cand |2| <1}

Also let S, C, S*(vy) and K(v) denote, respectively, the subclasses of A con-
sisting of functions which are wunivalent, close-to-convex, starlike of order ~,
and convezx of order v in U (see, e.g., [9]). In particular, the classes

S*(0) =87 and  K(0) =K

are the familiar classes of starlike and convex functions in U, respectively.

Given two functions f and g, which are analytic in U with f(0) = ¢(0),
the function f is said to be subordinate to g in U if there exists a function w,
analytic in U such that

w(0) =0, |w(z)]<1(z€el) and f(z)=g(w(z)) (z€U).
We denote this subordination by

f(z) <g(z) inU.
We also observe that
f(z)<g(z) inU
if and only if
f(0)=g(0) and  f(U) Cyg(U)
whenever g is univalent in U.

Let M be the class of analytic functions ¢(z) in U normalized by ¢(0) = 1,
and let NV be the subclass of M consisting of those functions ¢ which are
univalent in U and for which ¢(U) is convex and Re ¢(z) > 0 (z € U).
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Making use of the principle of subordination between analytic functions,
Ma and Minda [6] and Kim et al. [5] investigate the subclasses &*(¢), K(¢),

and €(¢, 1)) of the class A for ¢, 1» € N, which are defined by

&*(¢) := {f cA: ZJ{(S) < é(z) in [U} ,
A(¢) = {f cA: 1+ ZJ{é’? <é(z) in U} ,
and
= : S '(2) z) in
C(h, 1) == {feA.ngﬁ(gb) gty <) IU}.

Obviously, for special choices for the functions ¢ and v involved in these

definitions, we have the following relationships:

6*(1+Z>=S*, ﬁ(1+z>:IC,
1—=2 11—z
1+2 14z
¢(l—z7 1—2) <G

&* (1+(1—2’y)z
1—2

and
)=s0) 0a<n,

Since
f(2) € R(¢) = 2f' € &7(¢),

we also have

feC(ov) <= The&()) st Z;:;S) <¢(z) inT.
For the functions f and g given by

(1.2)
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the Hadamard product (or convolution) f * g is defined, as usual, by

o0

(f29)(2) =3 anbuz" = f(2) % g(2).

n=0
We now introduce two operators D and 7 as follows [2] (see also [10]):

(1) The Operator T. For f € A, let

TH(z) = % {f(z) - f(—z)} — %[an —(~D"a@) 2 (14)

(2) The operator D. For f € Aandn € N:={1,2,3,---}, let

Df(z) = f(2),  Df(z) =2f"(2),
D" f(z) =D(D"f(z))  (n€N).
It is easily verified that the operators 7 and D are well defined on A and have
the following properties:
(I) 7 and D are linear operators on A.
(I) DT =7D.
Ity 77 ="1T.

Next, by using the operators 7 and D, we introduce the following new
classes of analytic functions for « = 0 and ¢, ¥ € N:

DD, f(2)

Sl (a, ) = {f cA: DTf() < ¢(z) in U} : (1.5)

and

DD.f(z)

Coolar, 9, 10) = {f €A:IheCla0) st pom

<¥(z) in IU} ,(1.6)
where D, = aD + (1 — a)D°.
We note that D, f = (1—a) f+azf € Afor f € Aand f € &%.(a, ¢) (Cse(, P, 7))

is equivalent to Daf S 6:8(07¢> = 6:c(¢) (Q:SC(O’¢7w) = Q:SC<¢7 ?/1)) In par-
ticular, by taking

_1+z
T 1—z

az20 and ¢(z) =Y(2) (z € U)
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in (1.5) and (1.6), we have the relationships

* 1 +Zz o
6sc (O[, 1 — Z) - Ssc(a) (17)

and

1+2z 142z
Qtsc (Oé, :7 1_2) —Csc(a>7

which were studied by Chen et al. [2]. Furthermore, putting o = 0 in (1.7),
then &%, ((1+2)/(1 —2)) = S2.(0), which is the class of functions starlike
with respect to symmetric conjugate points due to El-Ashwah and Thomas [4]
(see also [2]).

In this paper, we investigate various convolution properties and some struc-
tural representations of functions in the classes &%, (a, ¢) and C.(a, @, ).
Moreover, the coefficient bounds of these classes are also considered.

2. Some results of the classes G .(«, ¢) and €. (a, ¢, V)

We begin by recalling the following results.

Lemma 1. Let p;i(z) < ¢(2) (¢ € N5i=1,2) in U and «, 3 any positive real
numbers. Then
1

ot {api(2) + Bp2(2)} < ¢(2) (z € U).

Proof. This follows easily from the definition of N.

Lemma 2. (Ruscheweyh and Sheil-Small [8]). Suppose either g € KC, h € S§*
or else g,h € §*(1/2). Then for any analytic function G in U, we have

(g * hG) (=)
(g *h)(2)
where ¢oG(U) is the closed convex hull of G(U).

Lemma 3. (Ma and Minda [6]). Let ¢ € N. For g € K and h € &*(¢), we
have g * h € &*(¢).

€ coG(U) (z € U),
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Lemma 4. If f € &%.(¢) for g € N, then T f € &*(9).
Proof. Let f € &%,(¢) for ¢ € N. If we set

Df(z) 2zf'(2)

S ERTE )
then p(z) < ¢(2) in U and

Since ¢ € N, we also have p(—z) < ¢(z) in U. Applying the method of proof
of the aforementioned result of Chen et al. [2, Lemma 2] with Lemma 1, we

obtain
2 (gf((;))) _ % (p(z) +H) <é(z) (z€l),

and hence the proof is complete.

By virtue of (1.3) and Lemma 4, we observe that if f € &*.(¢) for ¢ € N,
then f € €(¢, ¢). Furthermore, it follows from (1.2) that &% .((1+2)/(1—2)) C
C.

First, by using Lemma 4, we prove

Theorem 1. Let o« =2 0 and ¢ € N. If f € &* (o, d), then DT f € &*(¢)
and T f € & (a, ).

Proof. Since f(z) € &%.(a,¢) if and only if D, f(z) € &%.(¢), by applying
TD = DT and Lemma 4, we have

D, T f(z) =TD,f(z) € &"(¢) (p e N;zeU). (2.1)
Furthermore, from 77 =7 and (2.1) we obtain

D(Do(T f(2)))  D(Du(T f(2))) . .
DTTfR)) Do) &  (0ENizeD)

Hence 7 f(z) € &%.(«, ¢), which completes the proof of Theorem 1. 0

Remark 1. In its special case when

_1+z
I

¢(2)

(Z E[U)u
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Theorem 1 would reduce immediately to a known result due to Chen et al. [2,
Theorem 1].

Theorem 2. Let a = 0.

(a) Let p € N. If f € &*.(a,¢) and g € K with real coefficients, then
g+ f € Bl(a,0).

(b) Let ¢ € N and Re ¢(z) > 1/2 (2 € U). If f € &% (a,¢) and g €
S*(1/2) with real coefficients, then g * f € &%.(«, ¢).

Proof. First, we prove (a). Let f(z) € &*.(a, ¢) and set

DD, f(z)

)= D.78)

(a2 0;2z € D). (2.2)

Then G(z) < ¢(z) in U. Since g(z) € K with real coefficients, we can easily
verify that

DaT (g f)(2) = g(2) * DaT f(2)
DD, (g f)(2) = g(=) » DDLJ (2). (23)

Making use of (2.2) and (2.3), we get
Da(g* [)(2) _ 9(2) *DDaf(2) _ g(2) * G(2)(DaT f(2))
oT(g* )(2)  g(2) * DaT f(2) 9(z)* DT f(2)
(

By using ¢(z) € N and Theorem 1, we observe that ¢(U) is convex with
Re ¢(z) > 0 (2 € U) and D,7 f(z) € S*. Therefore, using (2.4) and Lemma
2, we obtain

(2.4)

DDu(g* f)(2) _ =
DT (g* )(2) € coG(U) C ¢(U).
Since DD, (g * f)(2)/DaT (g * f)(z) is analytic in U, we have
DDa(g * f)(2)
.7+ N -
which yields that
DDa(g * f)(2)
.1+ N O EED)

Hence, (g * f)(z) € &%.(a, ¢). Assertion (b) can be shown similarly. O
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Corollary 1. Let 0 <« <1 and ¢ € N. Then
Sl 9) C 6L(0,¢) = GL.(0).
Proof. Let f(z) € &%.(c, ¢), and let

= 2" vy+1 [* Y
K.(z) = = dt U), 2.5
T Y - B e

where ¥ = 1/ae—1 2 0. Then, by virtue of ¢(z) € N and Theorem 1, we have
D.T f(z) € §*, and it is well known that K,(z) € K with real coefficients (see
[1]). Since D, (K, * f)(2) = f(z) and

Df(z) _ Ka(z) * (DDaf(2)/DaT f(2))(DaT f(2))

[e=]

T f(=) Ko(2) * DT f(2) ’
by applying Lemma 2, we obtain
Df(z)
< ¢(z z € U).
T <o) (e
Hence f(z) € &%.(¢), which evidently proves Corollary 1. O

Theorem 3. Let « =2 0 and ¢ € N. A function f € &*.(a, @) if and only if
there ezist a function p(z) < ¢(z) in U and a function F' € &*(¢p) with real
coefficients satisfying

o =5 () +3@)  zev)

such that

f'(z) =
Z.’y+ 1

/zp(t)F(—z't)tV—ldt (a >0),

where y =1/a—1> —1.

Proof. By using Lemmas 3, 4 and Theorem 1, the proof of Theorem 3 is
similar to the corresponding results obtained by Chen et al. [2]. The details
may be omitted. O
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Next, by using arguments similar to those above with (1.6), we can prove
the following results for the class €,.(a, ¢, ).

Theorem 4. Let ¢, € N.

(a) If f € €se(9, ), then T f € &(¢, 7).
(b) If [ € Cola,p,0) for a« = 0, then D,Tf € €(p,0) and Tf €

Q:sc(aa ¢7 w)'
Remark 2. If we take

_1+z
11—z

¢(2) = ¢(2)

(z € U)

in Theorem 4 (b), we infer the result due to Chen et al. [2, Theorem 7].

Theorem 5. Let o = 0.

(a) Let p,p e N. If f € Cse(r, p,0) and g € K with real coefficients, then
gx f € Csla,d, ).

(b) Let ¢, € N and Re ¢(z) > 1/2 (z € U). If f € €sl,0,7) and
g € 8*(1/2) with real coefficients, then g * f € Cs(a, @, ).

Corollary 2. Let 0 < a < 1 and ¢,v € N. Then €,.(a, d,) C Coe @, ).

Theorem 6. Let a =2 0 and ¢, € N. A function f € C.(,p,v) if and
only if there exist a function p(z) < ¥(z) in U and a function F' € &*(¢) with
real coefficients such that

f'(z) =
Z.7+ 1

/ OF(—i0ldE (o> 0),

where y =1/a—1 > —1.

3. Coefficient bounds for the classes &%, («, ¢)
and C..(a, ¢,1))

In order to prove the coefficient bounds for the classes &%, (a, ¢) and €.(, ¢, 7)),
we now recall the following lemma due to Kim et al. [5].
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Lemma 5. Assume that n(z) = ey +egz+- - is analytic in U with |n(z)| < 1.
Then |ei|* + |es| < 1.

Lemma 6. Let A € R and ¢(z) =1+ Az + Ayz* + -+ € N with ¢'(0) > 0.
If f(2) = 2+ ag2® + azz® + - - - € &*(9), then |az — Aa3| < K(\, Ay, As), where

(Ag —20\AT+ A2)/2  if 20A2 < Ay + A2 — Ay
(2MA2 — A2 — A5)/2  if Ay + A2 4+ Ap S 2)\A2

Proof. Set 2)
z2f(z
p(z) = z e ).
=% e
Then, by using same argument of [6, Theorem 3], we can easily verify Lemma
6, and so we omit it. O

By applying Lemmas 5 and 6, we derive

Theorem 7. Let o = 0 and p € R. Suppose that ¢(z) = 1+ A12+Ax22+- -+ €
N and ¢'(0) > 0. If f(z) = 2z + a2* + azz® + - -- € &%.(a, ), then

las — pa3| £ M(a, p, A1, As) + N(a, 1, Ay, As),

where
( 1 31420) 5
= (A, T
6(1 + 2a) ( 2 Y0 apt A
if 3(1+20)pA] £ 2(1+ a)*(Ay + AT — A))
Ay
6(1 + 2a)
M(O{, /L?Ala AZ) = 3(1 + 2&) (31)

if Ay+ A2 — A, < A2 < Ay + A2+ A

21+ a)2!

1 3(1+2a) ,
A2 _ A, —
6(1 + 20) (2(1+a)2“ - Az

if 2(1+a)*(Ay + A7 + Ay) S 3(1 + 20)pA?

and
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N(Oé, 2 A17 A?)
( 1 3(1+20)p 5 3(1 + 2a)p
— Ay —— A+ ATl — ————
3(1—}—204){‘ 2T Yl tap YT 2(1 + a)?
, 3(1+ 2a)p 3(1+2a)p
M- 22 (A — Ay - A2
AT = ( LR S VAR C )
2
3(1+20)
Al A? (1 B 2(1+a)‘u> .
—3(1 " oa) R otherwise.
\ (- [ - Seieat])
Proof. Let f(z) € &%.(c, ¢), and set
DDaf(’Z) 2
_ -1 .. . .
p(2) D.T1(2) +c1z+ ez + (z € U) (3.3)
Then, from (1.5) we see that
p(z) = o(w(z))  (z€0), (3.4)

where w is an analytic in U such that w(0) = 0 and |w(z)| £ |z| for z € U.
Since Do f(z) = 2+ > 2 ,(1 4+ (n — 1)a)a,z", by virtue of (1.4) and (3.3),
DD, f(z) = p(2)D,T f(z) and simple calculations show that

a4 1(a as)
ag = —— + —(as —
2T 2(l4a) 4P
. (1+a)(az—73) | 1
. C2 a1+ a)lay —as _
=31+ 20) 60 +20) gt ®)

Therefore, we obtain

2
as — pa; =

1
6(@3 +G_3) - ﬂ

(a2 —T3)? + 3(142a)p %)

1
3(1 + 2a) (CQ T4l t a2 €

n 1+«
6(1 + 2a)

41+« (3:5)

a )) c1(ag —a3).
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By applying Theorem 1 and Lemma 6 with A = 3(1 + 2a)pu/4(1 + «)?, it is
easily observed that D,7 f(z) € &*(¢), which yields

1
6((13 -+ a3) — %(ag — ag) é M(Oé, /,L,Al,Ag). (36)
In view of (3.3) and (3.4), if we write w(z) = e;2 + €922 + - -+, then ¢; = Aje;

and ¢y = Ajes + Age?. Since

DD.T f(z)

DTIC) <¢(z) (2€0)

by Theorem 1, Rogosinski’s result [7] (see also [3] (p.192)) implies |as — @3] <
2A;/(1 + «). Thus we have

1 1+2a 1+« I e1(as — T3)
_— c — —
31+2a) \ ° 6(1+2a) 4(1+a)) 72 7

: mw@‘* - ifi o e}
i '6(11(21@) - 4(1i Q)' |Arer||az — a2

= M{Amu AQ_% }
+'3(1i2a) - 2(1i&)2 AT ey.

Then, the same techniques as in the proof of [4, Theorem 3.1] show that

‘m (CQ - %CQ * (6(1 i ;a) - 4(1/ia)) (a2 ~ @)

é N(O‘muaAlaAQ)' (37>
Hence, making use of (3.6) and (3.7) in equality (3.5), we obtain
|a’3 - /j’a%| é M(av Hs Ala AQ) + N(Oé, 2 Ala AZ)?

which proves Theorem 7. O
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Corollary 3. Let « 20,0 = v < 1/2 and p € R. If

1+ (1—29)z
1—2

) e,

f(2) =z4 a2 +azd+--- € G (a,

then

( 3—2v 41 —v)u , (1+ a)?
(1- )<1+2@_ (1+a)2) i 1= 300

(1—7)? (41 +a)*)(1—7) 1+2y 3a(l 4 2a)(2 + a)u
3(1 + 2a) ( T (1+a) )
. (1+a)? 2(1 + «a)?
U320 =M 50k 20)
(1—7) [4y—-1 4(1 4 a)?
3(1+ 20) <1—7 o 3(1+2a)u+3(1+20‘)“>
it 21+ «a)? <u< 2(1 + «)?
3(1+2a) = "= 3(1+2a)(1 - )

|as — paj| <

1—~ (1 1—)2 201 +a)—3(1+ 204)/1]2)
12(14+ )2 = 9(1 + 2a)(1 —y)pu

14+ a)*(3 —2v)

2(1 4 a)? (
3(14+2a)(1 —7)

3(1+2a)(1 —7)

1—vy 9(1 +20)(1 —7)p
3<1+2a)<‘”_5+ 1+a)? )

A
I

if

1

(14 a)*(3—27)
3(1+2a)(1—7)

401+ 20)(1 — 7)#)
(14 «)?

Sus

if

l—x
( 1+ 2«

<2’y—3+

Proof. Setting

o) = 1+ (1—2v)z

- =142(1—7) (z+2*+-) (0<y<1;2€0)
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in Theorem 7, we have Corollary 3. O

Remark 3. In view of (1.2), (1.3) and Lemma 4, we see that &%.((1+2)/(1—
z)) C C. Hence, taking @ = v = 0 in Corollary 3, we obtain a result due to
Kim et al. [5, Corollary 3.2].

Finally, we prove

Theorem 8. Let o =2 0 and p € R. Suppose that ¢(z) = 1+ Az + Ag2? +
o€ N with ¢'(0) > 0 and ¥(2) = 1+ Biz + Bo2®> +--- € N. If f(2) =
2+ ap2® +az2® + - € Cooa, 4,0), then

‘CLg o /LCL%‘ é M<057/*L7A17A2> + N<Oé7/jl7 BluBQ)u

where M (a, pi, A1, A2) and N (o, pu, By, Be) are given in (3.1) and (3.2).

Proof. Let f(z) € Cy(a,d,9). In view of (1.6), there exists a function
h(z) € &%.(a, ¢) such that

DD.f(z)
DThz) < Y(2) (z € U).

We set h(z) = z + do2® + d32® + -+ and

p(z) = —gfgigz =14zt e+ =¢w(z),

where w is analytic in U such that |w(z)| < |z| for z € U. Then, by simple
calculations, we obtain

¢ =(1+a) (2&2 _ %(d2 - d_z))

and

(14 a)

¢y = (14 2a) (3a3 - %(d3 +d_3)) - (dy — dy) (2a2 - %(d2 — d_g)) ,

so that az = ¢,/2(1 + @) + (dy — d3)/4 and

Co (1 + OC)CI
+
3(1+2a) | 6(1+ 2a)

_ 1 _
(dg - dg) + 6(6[3 + d3)

az —
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Thus we have

1 - M - Ca P
— pay = ~(ds + ds) — +—(dy — dy)? — 3
az — Hay 6(3+ 3) 16(2 2) +3(1+2a) 4(1+a>201
1+« o )

terlds — o) (6(1 +2a)  4(1+a)

Since h(z) € &%.(«a, @), by applying Theorem 1, we observe that D,7 h(z) €
S*(¢), which implies

1 — _
lg(dg + dg) - %(dg — d2)2’ § M (Oé, 1, Al,Ag) s (38)

where M (v, u, Ay, Ay) is given by (3.1). Furthermore, by using similarly way
of the proof of Theorem 7, we obtain

C2 H 2 - l+a H
_ dr —d _
‘3(1+2a) T apa Talk-d) (6(1+2a) 4(1—|—oz)>’

g N(O‘mua Bl>B2)7 (39)
where N(a, p, By, By) is given by (3.2). Hence, from (3.8) and (3.9) we have
the desired result. O
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