Tamsui Oxford Journal of Mathematical Sciences 25(4) (2009) 369-376
Aletheia University

Some Further Properties of Certain Class of
Multivalent Analytic Functions®

Jin-Lin Liu!
Department of Mathematics, Yangzhou University
Yangzhou 225002, Jiangsu’s Republic of China

Received May 18, 2008, Accepted october 16, 2008.

Abstract

The main object of the present paper is to give several further in-
teresting properties of the class T} (p, a) which was recently introduced
and studied by Aouf et al [Computers Math.Applic. 39(2000)39-48].
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1. Introduction and definitions

Let A(p) denote the class of functions of the form

FE) =2+ apt™, (pe N={1,2,3,---}), (1.1)
k=1

which are analytic and p-valent in the open unit disk U = {z: z € C' and |z| <

1.
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For functions f € A(p), given by (1.1), and g € A(p) given by
g(z) = 2"+ Z bp+k2p+k,
k=1
we define the Hadamard product (or convolution) of f and g by
(f*xg)(z) = 2"+ Z apkbp iz,
k=1

A function f € A(p) is said to be in the class S*(p, «) of p-valently starlike
functions of order « if it satisfies the condition

() en
Re{ 15 }>a, (zeU;0<a<p). (1.2)

Next we denote by T'(p) the subclass of the class A(p) consisting of functions
of the form

2)=2P — Zap+kzp+k, (apsr > 0) (1.3)
and define further class T*(p, ) by
T"(p,a) = 5*(p, ) N T(p). (1.4)
For the class T*(p, ), the following characterization was given by Owa [8].

Lemma 1. (see [8]). Let the function f be defined by (1.3). Then f is in the
class T*(p, ) if and only if

Zp+k—aap+k<p—oz (1.5)
k=1

The result is sharp.
For a function f defined by (1.3) and in the class T*(p,«) , Lemma 1

immediately yields

p—

pri—a (16)

Qp41 S
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In view of the coefficient inequalities (1.6), Aouf et al [3] recently introduced
and studied a subclass T5 (p, a) of T*(p, o) consisting of functions of the form

f(z)=2P — (p——(x Za PR (1.7)

p+1—a

(apsr > 0;0 << p;0 <A <1).

In particular, the class Ty («) = T5(1, ) was considered earlier by Silver-
man and Silvia [10].

Many interesting properties such as integral inequalities, coefficient esti-
mates, closure theorems, radius of convexity for the class T5(p, o) were given
by Aouf et al [3]. In the present sequel to these earlier works, we shall derive
several interesting properties and characteristics of the - neighborhood and
partial sums associated with the class T5 (p, «).

2. Main results

We begin by recalling the following lemma which will be required in our present
investigation.

Lemma 2. (see [3]). Let the function f be defined by (1.7). Then f is in the
class T5(p, @) if and only if

Zp—l—k’ Q)apr < (p—a)(1—2A), 0<a<p0<A<]). (2.1)
k=2

The result is sharp for the function f given by

) L p-a)-N),
fle) = = EoE0 - Pt (ke NA{L). (22)

Following the earlier works ([4],[9]; see also [1],[2],[5],[6],[11]), we now define
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the 0—neighborhood of a function f € A(p) of the form (1.7) by

p—i—l—a

Ns(f) = {g € A(p) 1 g(z) = 2P — (— Zb k2" TE (bpyr > 0) and

p+k—a
(p—a)(1—A

)|ap+k—bp+k|§(5, (0§a<p;0§)\<1;5>0)}.

e

(2.3)

Theorem 1. Let f € T (p,«) be given by (1.7). If f satisfies the inclusion
condition

(f(z)+eP)1+e) €T (p,a), (c€C;le| <8;6 >0), (2.4)
then
Ns(f) C I (p, ). (2.5)

Proof. It is not difficult to see that a function f belongs to T5(p, «) if and

only if
2f'(z) — pf(2) . i . o
Zﬂ@%+@—2®f@)% , (zeUioeC o[ =1), (2.6)
which is equivalent to
(f#h)(2)/2" 20, (z€U), (2.7)

where, for convenience,

o
z) =2+ E CprrTE
k=1

= (2p+k—2a)0 —k
— P ptk 2
2P+ g 20(p—a) 2P (2.8)

We easily find from (2.8) that

(2p+k—2a)0 — k <p+k—a
20(p — ) p—a

__@éZ;;?M,(k:LZ~qO§A<1) (2.9)

epel = \
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Furthermore, under the hypotheses of the theorem, (2.7) yields the following
inequality:

’(fz# >0, (2€U;6>0). (2.10)
Now, if we let
o(z) = 2 = L= o Zb € Ny(1),

then

k
E (@p+r = bpik)Cpinz
=

<25 )Iap+k —byei] - |2]F
k=2

< 0, (ZGU;OS)\<1;(5>0).

Thus, for any complex number o such that |o| = 1, we have

(pxh)(2)/z" #0, (z€U),

which implies that ¢ € T5(p, ). The proof of the theorem is thus complete.
Next, we prove

Theorem 2. Let f € A(p) be given by (1.7) and define the partial sums s,(z)

by
. (1’*1_0‘)/\2134-1 =1
sn(2) = Sy PR — ’ (2.11)

Suppose also that

- (p— )
S ey <1 2O
P p+1—a

p+k—a

( where Ly, =

0<a<p0<A<]). (2.12)

(p—a)1—N)
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Then for n > 2, we have

f(2) p—a)d+n+1
he (sn(2)> ~ p+n+1l—a (2.13)
and
$n(2) p+n+1l—a
re(53) > G rT 21

FEach of the bounds in (2.13) and (2.14) is the best possible.

Proof. From (2.12) and Lemma 2, we have immediately that f € T5(p, «).
Under the hypothesis of the theorem, we can see from (2.12) that

lp+k+1 > lp-‘rk’ > 1a (k = 2737 T )

Therefore, we have

n

S S (p— )\
kz:; Ap+k + lp+n+1 k:;—i_l Aptk < ; lp+kap+k <1- m (2.15)

by using (2.12) again.
Set

hi(2) = lpsnia {% —(1- lpjwl)]

o] k
lp+n+1 Zk:n+1 Aptk~

1— (p—a)X

=1- .
_y k
PTa? — k=2 Uprk?

(2.16)

By applying (2.15) and (2.16), we find that

hn(z) =1} _ ~lpint1 Dopepit Apsha”
hi(z) +1 ’ Cla— Z;ﬂ—f)a’\z -9 2222 Ay ? — lpinsi Zzo:nﬂ ay et
< lptnt1 Zzoznﬂ Ap+k
2= %—f)j =23 o Ok — pnt1 Doy Optk
<1, (z€eU;n=>2), (2.17)

which shows that Rehi(z) >0 (z € U). From (2.16), we immediately obtain
the inequality (2.13).
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If we take
(P—a)A
— o)\ — —
fo) = - o e (02, (28)
p -« p+n+1

then f(z) satisfies the condition (2.12) and f € T5(p, «). Thus

1— (p—a)x
p+1—a Zn+1
f(Z) 1 lptnt1

Sn(z _ (p—a)r
( ) |:1 p+l—a Zi|
I (p—a)A+n+1

, (asz—17), (2.19)

—1—

lptnt1  ptn+l-a

which shows that the bound in (2.13) is the best possible.
Similarly, if we put

nlZ lp n+1
hao(2) = (1 + lptnt1) [Sf((z)) 1 +JE : +1}

(1+ lp+n+1) Zzoan aP+ka

1— (p—a)A

o St
p+1—az k=2 ap_|_k-2'

(2.20)

and make use of (2.15), we can deduce that

ho(2) — 1 (14 i) 00 api®
hal2) +1 ‘ 2= Zp(ﬁ—f)iz =23 o k2™ + (L4 bppns1) D gty Opek?®
(14 bpnt1) Dopeps Apa?”
2- 219(-1;;—?)0:\2 —2 ZZ=2 ap+k2* + (lp4nt1 — 1) Zi’inﬂ Apy k2"
(1 + lp+n+1) ZZOZ”H Ap4k
2= Zp(ﬁ—fff =23 o pik — (lprnt1 — 1) 250701 Gpr

<1, (zel), (2.21)

which leads us immediately to assertion (2.14) of the theorem.
The bound in (2.14) is sharp with the extremal function given by (2.18).
The proof of the theorem is thus completed.
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