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Abstract

In the present paper a general theorem on | N, p,;d |, summability factors
of infinite series, which generalizes some well known results, has been proved.
Also we have obtained a new result dealing with | C,1; |, summability factors.
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1. Introduction

Let > a, be a given infinite series with partial sums (s,). We denote by u2
and t% the n-th Cesaro means of order «, with o > —1, of the sequence (s,)
and (na,), respectively, i.e.,

1 n
uz — _Oc Ag:isvy (1)
n v=0
ty = = z": A% lva (2)
n A% — n—uv CH

*2000AMS Subject Classification. 40D15, 40F05, 40G99.
"E-mail: bor@erciyes.edu.tr, hbor33@gmail.com



292 Hiiseyin Bor

where
AY=0(n"), a>-1, Afg=1 and A%, =0 for n>0. (3)
A series ) a, is said to be summable | C, « |, k > 1, if (see [7], [10])

an_l | u® —u®_ | |F= Z —| :L| < 00. (4)
n=1 n=1
and it is said to be summable | C, ;4§ |,, k> 1 and § > 0, if (see [§])
D e < o, (5)
n=1

Let (p,) be a sequence of positive numbers such that

Pn:ZpU—m)o as n—oo, (Py=p_,=0,i>1). (6)
v=0
The sequence-to-sequence transformation
1 n
Opn = F vasv (7)
™ v=0

defines the sequence (a,) of the Riesz mean or simply the (N,p,) mean of
the sequence (s,,), generated by the sequence of coefficients (p,) (see [9]). The
series ) a,, is said to be summable | N,p, |, k > 1, if (see [2], [3])

S (Pufpn) | A [F< o, 0
n=1
and it is said to be summable | N,p,; 8 |,, k> 1 and § > 0, if (see [5])
S (/o) | A < oc, )
n=1
where .
Ao,y = —Pn]]);j” ;Pv_lav, n> 1. (10)

In the special case p, = 1 for all values of n (resp. § = 0) | N,pp; 6 |, summa-
bility is the same as | C,1;6 |, (resp. | N,p, |,) summability. Also if we take

d =0 and k =1, then we get | N, p, | summability.
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2. Known Results

Bor [4] has proved the following theorem for | N, p,, |, summability factors.

Theorem A. Let (X,) be a positive non-decreasing sequence and suppose
that there exists sequences ((3,) and (\,) such that

| Ad < B, (11)
Bn—0 as n— oo, (12)
> n|AB, | X, < o0, (13)
n=1
| A | X =0O(1). (14)
If
— | s |*
Z =0(X,) as n— o0, (15)
v
v=1
and (p,) is a sequence such that
P, = O(npy), (16)
P,Ap, = O(pnanrl)a (17)

then the series Y ", ap IZLP’\: is summable | N, p, |, k> 1.

If we take £k = 1 in Theorem A, then we get a theorem due to Mishra and
Srivastava [12] concerning the | N, p, | summability factors.

Recently Bor [6] generalized Theorem A for | N, p,;d |, summability in the
following form.

Theorem B. Let (X,,) be a positive non-decreasing sequence and the sequences
(Bn) and (\,) are such that conditions (11)-(17) of Theorem A are satisfied
with the condition (15) replaced by:

i(P”)MM:()(Xn) as n— oo, (18)

Py

v=1 v
and »
- P, 1 P, 1
> (=) =0((=)* =) as m — oo, (19)
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then the seriesy - aniip’:f is summable | N,pp; 8|, , k>1and0 <6 < 1/k.

Remark. It should be noted that if we take § = 0, then we get Theorem A. In
this case condition (18) reduces to condition (15) and condition (19) reduces
to

m—+1 D m—+1 1 1 1
P Zl(P Pn) (P) as m— oo, (20)

which always holds. Also it may be noticed that , under the conditions on the
sequence (A,) we have that ()\,) is bounded and A\, = O(1/n) (see [4]).

3. Main Result

The aim of this paper is to prove Theorem B under weaker conditions. For this
we need the concept of almost increasing sequence. A positive sequence (b,,) is
said to be almost increasing if there exists a positive increasing sequence (c;,)
and two positive constants A and B such that Ac, < b, < Be, (see [1]). Ob-
viously every increasing sequence is almost increasing. However, the converse
need not be true as can be seen by taking the example, say b, = ne(=1",
Now, we shall prove the following theorem.

Theorem. Let (X,,) be an almost increasing sequence. If the conditions (11)-
(14) and (16)-(19) are satisfied, then the series Y -, anlszi" is summable
| N,pu; 6 |, k>1and 0 <6 < 1/k.

We require the following lemma for the proof of the theorem.

Lemma 1 ([11]). If (X,) be an almost increasing sequence, then under the
conditions (12)-(13) we have that

nXnf, = O(1), (21)
iﬁan < 0. (22)

Lemma 2 ([12]). If the conditions (16) and (17) are satisfied, then

(o) =0 () &
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4. Proof of the Theorem

Let (7},) be the sequence of (N,p,) mean of the series Y o7 %‘ Then, by
definition, we have

1 & ! arP Ar 1 — a, P, )\
n — F Po = P Pv 1)
moy=1 r=1 " oy=1 UPv
Then
n = Po_1Pyag)
T, —Th1= b vl n>1? (P—l_o)

PP, - UPwy ’

Using Abel’s transformation, we get

w10 Ay AnSn
T, =T, = P, P st ( . >‘|‘ ns
n—1

Sn)\n + Pn — Pv+1PvA>\v
Sy
n PPy (v + 1)pyaq

n—1 n—1
Pn b, Pn 1
Pv 'u)\vA - vpv)\'u_
_'_PnPn—l; ° (Upv) PnPn—l ;S v

= Tn,l + Tn,? + Tn,3 + Tn,47 say.
Since
| Tn,l + Tn,Z + Tn,3 + Tn,4 |k§ 4k(| Tn,l |k + | Tn,? |k + | Tn,3 |IC + | Tn,4 |k)

to complete the proof of the Theorem, it is sufficient to show that

00 P Ok+k—1
Z (—n> | T |F< 00, for r=1,234. (24)
Pn
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Firstly, by Abel transformation, we have

“— \ Pn
m Pn k—1 Pn ok B |Sn |k
SRS
“— \npn Pn
S ZANENL
_ o<1>2(—) |
“— \ Dn
m—1 n ok
P, | sy |"“
= 01 AN, v
WA \Z(p) :
P\ | s, B
+O(1) | A, (—”) -
(1) | !; o -
m—1
= 0(1)2|A)‘n|Xn+O(1>|>‘m|Xm
n=1

m—1
= O(1) > BXu+O0(1) | Ay | X
n=1

= 0O(1), as m — oo,

by the hypotheses of the Theorem and Lemma 1.
Now, using the fact that P,.; = O((v+1)p,+1) by (16), and applying Hélder’s
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inequality we have

m+1 Ok+k—1

P
S () Imat
n=2

m+1 P ok—1 1 n—1
_ on) (—" Y R,
n=2 DPn P”]f_l vXZ;
m+1 ok—1 n—1 k
P, 1 P,
= 01 (—n == Sv | P A)‘U
m+1 0k—1 n—1 k
P, 1 P,
= 0(1) (— 5 (-) | 55 |" Do | AN, |F
n=2 DPn n—1 v=1 Do

m P'u k m—+1 Pn dk—1 1
— 0(1)2(—> [ so [P po [ AN M <—) o
v=1 P n=v+1 n n
P AN T P\
- 0(1)2(—) AT G P an
v=1 Py Py
m Pv ok Pv k—1
- omY () s pran (o)

= 0(1))_v[Af | X, +0(1 ZX|m+O<>mﬁm X =0(1),

v=1 v=1
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as m — 00, by the hypotheses of the Theorem and Lemma 1.
Again, as in T}, 1, we have

VPv

=1

Pv . . m+1 Pn 0k—1 1
— [ v >\v —

DY lstnin Y -

n=v+1 n

(
= o3 (B s (BY
(

v

Pv k—1 Pv ok ) k
) |Av|’f-1|Av|(—) [ "

— Pv

m P ok ’ s ’k
- omY al (1) L

v=1 Pv v

m—1

= 0(1))) XB,+01)Xu|An|=0(1), as m — oo,
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by the hypotheses of the Theorem, Lemma 1 and Lemma 2.
Finally, using Holder’s inequality, as in 7}, 3, we have

m+1 Sktk—1
by

) O RNE
D

n=2 n
0k—1 n—1
Iz Z%ﬂv |

-5

(]

P (PN L 1w
- | S0 " Do | Ao | 20
UPy Do v U
P,U k—1 B P,U ok ‘ Sv |k

T \UDv Do v

- 0<>§;|A (B) et

(2

= 0(1)) X,B,+0)Xp | An|=0(1), as m — oc.

S
Il
—

Therefore we get that

m

P ok+k—1
> (-") | Ty "= O(1), for r=1,2,3,4.
Pn
n=1

This completes the proof of the Theorem.
Finally if we take p, = 1 for all values of n in the Theorem, then we get a new
result concerning the | C, 1;0 |, summability factors.
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