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1. Introduction

Polynomial interpolation is the interpolation of a given data set by a polyno-
mial. As we know there is a unique interpolating polynomial which can be
written in different forms. Here we use the Lagrange form.

The main result of this paper is a general interpolating formula. We show
that the Lagrange interpolating polynomial is only a special case of this general
formula. Using this formula we can obtain many particular interpolating for-
mulas. In this paper we use the formula to obtain few corrected interpolating
polynomials, as an illustration. Some corrected interpolating polynomials are
given in [11] and [12]. In [12] we can find the following corrected interpolating
formula

i
f(.]?) :L +wn Z 2] 1 )|92j 1[$0,l’1,...,l’n]+Rk(l’),
=1

.

where L, (z) is the Lagrange interpolating polynomial, w,(z) = (x—x¢) - - - (x—
Tn), G (t) = (x =)™ fM(ZE) g, [20; 21 ...; 2] denote the divide difference
of order m and Ry(z) is a remainder term. We also suppose that we have a
given partition of the interval [a,b] (A = {a =29 <21 <--- <z, =b}) and
that f € C*1(a,b).

In [11] we can find the following formula

)
) = Ln(e) = wnlie) 3 D S i ] + Rale),

where E;(x) are Euler polynomials, g,,(t) = (z — t)™ 1 f(™(¢) and Ry () is
a remainder term. (Note that g,,(t) = g (t,2). We use this simplification in
the rest of this paper.) We show that the above formula is a special case of
the mentioned general interpolating formula. In [11] many error inequalities
for the above formula are derived. Here we improve some of these inequalities.

In section 2 we give a general interpolating formula. In section 3 we give few
particular corrected interpolating polynomials. We specially mention Corol-
lary 5 in which we show that the Lagrange interpolating polynomial is only
a special case of the general formula. In section 4 we give some general error
inequalities for the general interpolating formula. In section 5 we give vari-
ous error bounds for these corrected interpolating polynomials. Similar error
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inequalities are obtained in numerical integration. For example see [3]-[6],
[9] and [10]. In some of these paper it is shown that the obtained error in-
equalities are superior to bounds obtained in more standard ways. Thus we use
these kind of inequalities in this paper to obtain error bounds for interpolating
polynomials.

Finally, we emphasize that the usual error inequalities in polynomial in-
terpolation (for the Lagrange interpolating polynomial L, (z)) are given by
means of the (n + 1)th derivative while in this paper we can find these error
inequalities expressed by means of the kth derivative for £k =1,2,...,n.

2. A General Corrected Interpolating Polyno-
mial

Let A ={a=12¢<x; <---<x, =0} be a given subdivision of the interval
la,b] and let f : [a,b] — R be a given function. The Lagrange interpolation
polynomial is given by

Ln(x) = me(ﬂ?)f(afi), (1)

where
(x —@o) -+ (& —2i1) (@ — @iga) -+ (& — )

, (2)
2 —x0) (T — i) (T — Tiga) - (0 — )
for i =0,1,...,n. Here we always use the notation L, (x) for the Lagrange in-
terpolating polynomial and p,;(z), i = 0,1,2,...,n, denote the basic Lagrange
interpolating polynomials. We have the Cauchy relations ([7, pp. 160-161]),

n

i=0
and

me(a:)(:c —z;Y =0, j=1,2,...,n. (4)
i=0

Let A ={zg=a<x; <--- <z, =0b} be a given uniform subdivision of
the interval [a, b], i.e. ; = g +ih, h = (b—a)/n,i=0,1,2,...,n. Then the
Lagrange interpolating polynomial is given by
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Lo(z) = Ly(wo+th)
= (_1)nt(t_ 1)"'(t_n) (_1)1‘ (n) f(mz)

n! i) t—1i’

where t ¢ {0,1,2,...,n}, 0 <t < n.
As we know the divided difference of the first order of the function f is

given by
f(z1) — f(®o)

flroyw] = ———.
1 — Zo

The divided difference of order n is defined via the divided differences of order
n — 1 by the recurrence formula
flexos s an] — f ooy 2. 2]

fleosza; .2y = .
Tpn — X9

The following lemma is valid ([2, p. 68]).
Lemma 1. The nth-order divided difference satisfies the relation

Ta: Tt ‘o — - f(‘IZ)
Flwos s s ) Z (z; —x0) - (2 — 1) (@ — Tig1) -+ (x5 — @)

=0

The interpolating polynomial can be written in the Newton form as

Lale) = J(o0) + (o —a0) - (r— w0 [ 5]

= flwo) + Zwi(x)f [T0; - Tig1] s
where
wi(x) = (. — zo)(z — 1) -+ (2 — ), (5)

fori=0,1,2,...,n.

Lemma 2. Let P, (t) be any polynomial of degree < m and let A be a given
partition of the interval [a,b]. Then

> o) / Po(t)dt =0, (6)

for 0 < m < n—1, where p,;(x) are basic Lagrange polynomials and = € [a,b].



A General Interpolating Formula and Error Bounds 107

Proof. Let x be a real number. Then we have

m

Pu(t) =) cj(x—t),

for some coefficients ¢; = ¢;(z), j = 0,1,...,m. (This is a consequence of the
Taylor formula.) Thus,

/ P, (t)dt = ch/ (z — t)’dt.
Ty j=0 T

We have

It follows that

Finally, we get

ZZZ:pm(a:) /xl t)dt = Z

for 0 <m <n — 1, since (4) holds. O
In what follows (to simplify notations and records) we denote

Py(t, x;) = Pi(t)
such that ot )
Py — \l Ts
J ( ) otm )
where z; € [a, b].

Theorem 3. Under the assumptions of Lemma 2 suppose that f € C**1(a,
Let {Py(t)} be a harmonic (or Appell) sequence of polynomials, i.e. P[(t)
Pk_l(t), P[)(t) =1. Then

b).

k n
= (=n" ) Pnil) [P (2) f™ () = Pa(3) f 7 () |+ Ric (),

" 7)



108 Josip Pecari¢ and Nenad Ujevié

where
Rii(w) = me ) [ o0 - Qo) e ®

for any polynomial Q;(t) such that 0 < j+k <n—1.
Proof. Integrating by parts, we obtain
—1)* /w FED )Py (t) dt
= (D [AEY@) - RO @) + 0 [ 0P 0 a

In a similar way we have

kl/ f(k Pkl

= (=) [Peca(x) f* 1)( ) = Po1(m:) f* 1 ()]
+(=1)k 2/ FED) Py () dt.

Continuing in this way we get

/ f k+1

Y (B ) - w)+ [ s
= > (1) [Pu(@) f™ (@) = Pu(a) f™(2:)] + f(2) — f(2s)

Then we have
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+3 pule) Y1 [Pa)f @) = Pl fw0)]
= flz) — Lu(2)
+ Z(_l)m pm(x) [Pm(x)f(m)(x) - Pm(x )f(m)(%)}

If we define S,,(t) = Q;(t) Py (t), m = j + k, then we also have

(—1)* me'(ﬂf) /x Q;(t)Pe (t) dt = (=1)" me-(at) /x S (t)dt =0,

for 0 < m <n —1, since (6) holds.
From the above two relations we easily conclude that (7) is valid. a

Remark 4. Note that we can choose £ = 0 in the above theorem. In this
case we have no perturbation of the Lagrange interpolating polynomial. (Of
course, the corresponding sum in (7) is empty, if £ = 0.) If Q;(¢) = 0 then we
can set k < n.

3. Particular Corrected Interpolating Polyno-
mials

If we substitute the polynomials

Pi(t) = A

in Theorem 3 then we get the following result. (Recall that we have adopted
the notation Py (t) = Py(t,x;) - mostly to simplify records.)
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Corollary 5. Under the assumptions of Theorem 3 we have

f(x) = Ln(x) + Ry 5(2), (9)
where Ry, ;(x) is given by (8).

Hence, we got the Lagrange interpolating polynomial (without perturba-
tion). See also Remark 4.
If we substitute the polynomials

Pi(t) = (2= 2)" (t_xi), (10)

k! T — T

(Ex(t) are Euler polynomials) in Theorem 3 then we get the following corrected
interpolating polynomial.

Corollary 6. Under the assumptions of Theorem 3 we have
k mE )
f(x) = Lo(7) + wa(z Z m (05 215 oy 2] + Ry (), (11)
m=1

where wy(z) = (x — o) -+ - (x — xp),

(_kl!) > paile)(z = )" / [FE () - Qi(1)] Bn (t - x) dt

Ry j(x) = £ i T — 1,
(12)

and

gn(t) = (x =)™ 2@, m=1,2,.. k.

This result is proved in [11]. (Recall that we have adopted the simplification
gm(tv [E) = gm(t)')

It is obvious that we can substitute infinitely many harmonic sequences of
polynomials in Theorem 3 to obtain various corrected interpolating formulas.

Here we consider the polynomials

pt) = E= ) (t_""”"), (13)

k! T — T

where By(t) are Bernoulli polynomials. For these polynomials we can get
applicable results.
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We now recall some properties of Bernoulli polynomials. The Bernoulli
polynomials are defined by the relation

te:tt 0 tk
ot — 1 = ZBk(‘T)Ev ’t| < 27T7
k=0
such that . )
Bo(x) =1, Bi(z) =z — 2 By(r) = 2° —x + 6 (14)
We have
Bk+1(l')
B =kB B dx = =1,2 15
() =kBa@) o [ B = 2 ko120 )
B Bu(t)d min! 16
| BB = 1y (16)
1
/Bn(t)dtzo,nzl,z (17)
0
Bon(®)] < |Banl, n = 1,2,... (18)

. 2(2n +1)! 1 1
0 < (=1)"Bagns1(t) < (2t (1 — an) , 0<x< g = 1,2,... (19)

The numbers By, = By(0) are Bernoulli numbers. We have By = 1, B; =
—1/2, BQ = 1/6,, B2j+1 =0 for j = 1,2, ... and

By,(0) = (=1)"B(1). (20)

Further properties of Bernoulli polynomials can be found in [1].
If we substitute the polynomials (13) in Theorem 3 then we get the follow-
ing result.

Corollary 7. Under the assumptions of Theorem 8 we have

k m
f(z) = L,(z) + wy(z Z B m (05 15 . T ] + Ry (), (21)
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where
Ry (x) = k' me (x — ;) /: [F&D 1) — Q;(1)] By (;:‘Z)
and
gm(t) = (=)™ LfFM@), m=1,2,.. k.
Proof. If P,,(t) are defined by (13) then we have
Py () f () = P () f™) ()
= B [, (1))  Ba0)) )]
such that
D =D puil) [Pulw) f(x) (i) f") ()]
= Y E S )~ ) [Ba)F @) ~ Ba(0)f(w)]
k m n
- >5 Bu(0) Y- pua) (o = )" ()
me x - .13 mBm(l)f(m)(x) =0,
for 1 <m <n. Wehave
me I—l‘ mf ( )
- w (l‘) - (ZL’—J} )m—lf m)<x1>
e (= wo) o (= mim) (i — @) o (@ — )
and
i ] - (z — )™ ) ()
D R T Er | N Ers ey

dt

(22)
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by Lemma 1, such that

m=1 =0
~ (1"
= Wn<x>z m) Bm(o)gm [xo;ﬁl;‘u;l’n] :
m=1
From (7), (8) and the above relation we see that (21) holds. O
Remark 8. Since By,.1 =0, m=1,2,..., and By = —1/2 we can write
1 G
F@) = Lo(x) + =wn(@)g1 [10; 215 i To] + wn(2) Y o G [X03 213 ov; ]
n 2 n ) I )y N n — (Qm)' m ) I )y N
+Rk7j(l').
We also consider the polynomials
t—x)F
Py =0 (23)
Corollary 9. Under the assumptions of Theorem 3 we have
"1
)= Lalo) +enfe) 32 om ol + Ref), (1)
where
Rilz @ [ 0 - @) - ata (25)
and

gn(t) = (x =)™ 1M (@), m=1,2,.. k.
Proof. If we substitute the polynomials (23) in Theorem 3 then we get

fx) = Lu(x) me P i )<xz)+Rk1()

anz — X mf (:Ez) + Rk,j(x>7
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since Pp,(x) = 0 and

Ry ;(z

@) [ 100 - Q0] ¢ - o),

The above formula can be written in the form

flz) = +Z me (w — @)™ [ (2;) + Ry (x)

k
1
= Ly(z) + wy(zx) %gm [o; 15 .5 0]

m=1

where
gm(t) = (x =)™ (@), m=1,2,.. k.

4. General Error Inequalities

Let g € C(a,b). As we know among all algebraic polynomials of degree < j

there exists the only polynomial Q) (t) having the property that

il < llg =@l
where Q; € II; is an arbitrary polynomial of degree < j. We define

— inf —0.
ook 9= Qill

Here we use the above notation G; without referring to its definition.
We also introduce the notations

max |g(t)|, = > xz;

te[x;,z]
||g||ool = max |g<t)|7 T < Z;
’ te[z,x;]
l9(x)l, T =T

||9||1,z‘ =

/ l9(0)] |

Specially, if [x;, 2] = [0, 1] then we use the notations ||g||,, , and |[|g]|, ;.

(26)
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Theorem 10. Under the assumptions of Theorem 3 we have

f(z) = Ly(z) + Z( me P (m)(x) - Pm(%)f(m)@»} (29)

< G(f0+D) erm B,

Proof. Let Q;(t) = Qj(t), where Q}(t) is defined by (26) for the function

J

g(t) = f*+(t). Then we have

’RkJ(x)’ < Z’pnz

/x Z [FFI @) — Qi (t)] Pk(t)dt‘
Q! m;mm«xn /:\Pk<t>|dt)
= Gy Z @)l P (1) dt\ |

From (7), (8), (28) and the above relation we see that (29) holds. O

< Hf(k:-i—l) _

Theorem 11. Let the assumptions of Theorem & hold. If Vgi1, I'yi1 are real
numbers such that ypy1 < fEH(t) < Thpyr, t € [a,b], k=0,1,...,n — 1, then

k n
f(z) = Ly(z) + Z<_1)m me(x) {Pm(x)f(m)@) - Pm(xz)f(m)(xz)} ‘

Tit1 — Vet1 o
< PSS @) Pl

'f(»’lf) = Lu(2) + Y (=1)" me-(ﬂf) [Pra() f™ (@) = Prn(i) £ (1) ‘

IN

Z |pm ’ |Sk2 ’Wc—‘rl’ "T - xl| ||PkHoo,z
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and

Z 1Pni ()] [T — Shil |2 — @] [|[ Pl o 5 »

where Sy; = [f®(z) — fP(z)] /(x — ), i =0,1,...,n

Proof. We set Q;(t) = (41 + Yk+1) /2 in (8). Then we have

'f(:l,‘) - Ln( + Z me m (m)<x) - Pm(xl)f(m)(xz)} ‘
= |Re;(z)]

< im(:ﬂ)r | [f(’ﬂﬂ)(t)—%] e

U1 + e
S f(k—H % Z |pm | dt
0 =0
Since
D) Dir1 + Vgt < Dt — ep1
2 o 2
we get

+Z me >[Pm<x>f<m><x>—Pm<xi>f<m’<xi>}‘

=1
/ P (¢ ]dt‘

< Fig1 — 7k+1z| puil

The first inequality is proved.
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We now have

n

f(x) = La(z) + ) _(=1)" me-(x) [P (2) f ™ () = Pra(3) f ()]

m=1

= |Bi;()]

< Ipwi@)| 1Sk — Vel 2 = 3] || Pill oo+
=0

IN

/x [FED () = g ] P () dt‘

Z;

since

100~ ) o

T

- }f(k) () — fP(z;) = Ypur (T — xz)|
(Ski = 1) |2 — @il -

The second inequality is proved. The third inequality can be proved in a
similar way:. O

5. Particular Error Inequalities

In this section we give various error bounds for the particular corrected inter-
polating polynomials.
For that purpose, we introduce the notations

G =Y — (30
xT) =
’ i—0 lzi — 20| -+ - s — oa| |25 — Tiga] -+ - |2 — 2|
=0 |$z - iUo| te ‘Sﬂz - IE1‘71| ’951 - l’i+1‘ T ’xz - iUnV
Dk(l’) _ Zn: (Fk—i-l - Ski) |x - xz|k (32>
i—0 l2i — 20| -+ - |2 — i | |Ti — Tiga| - |2 — 2|

where Si; = [f(k)(:v) — f®) (wz)] [(x—x;),1=0,1,...,n and Y1, k41 are real
numbers such that vypy; < fEFN(t) < Tyyr, t € [a,0], k=0,1,...,n — 1.
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We also introduce notations for the remainders of the corrected interpolat-
ing polynomials. These interpolating polynomials are obtained in Section 3.

We define

R&( 3 3
= (x — x;) /x [f(k+1)(t) — Q](t)] By, <i:xxl> dt
= (o)~ Lal) ) 3B (),
Ry (x) (34)
IRV L z .
- ( k1‘> me(g;)(x — )k /m [f(k—i—l)(t) Q;(t)] Ex (i — xi) dt

Ry (x) = f(k+1 (t) = Q;(t)] (t — )"t (35)
i -
= f(z) = Ln(z) — wn(z Z% [To; 15 s ) -

In this section we use the above notations without referring to their definitions.
We now consider the interpolation formula given in Corollary 7.

Theorem 12. Under the assumptions of Corollary 7 we have

Bl
‘ - k!

Proof. We substitute the polynomials (13) in Theorem 10. If we use the fact

that
r t
/Bk<$_ )‘dt |m—xz|/|Bk )| dt (36)

then we easily find that the above inequality holds. O

|y () G(f*)Cr(@) lwn(2)]
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Corollary 13. Under the assumptions of Theorem 12 let k be odd, k = 2r —
1,r > 1. Then we have

2|By| 1—27%

|R/” ‘_ (2r — 1)! r

G(f*)Corr () |wn ()],

If k s even then we have

2A\;,
(k+1)!

| R (@)] < G(f S Crl(@) lwn(2)] (37)

where
Ak = 2[Bj1(to)] (38)

and ty € (0, %) is a unique zero point (in the interval ( —)) of the Bernoulli
polynomial By(-), k = 2r.

Proof. To prove the first inequality it is sufficient to note that
1 1 _ 2—27"
| Bl =22 B, (39)
0

if k> 2is odd, k = 2r — 1. (The last integral is calculated in [6].)
To prove the second inequality we calculate

to
/ Bk(t)dt‘ +
0
2

= r il {|Bk+1(t0) — Bia| +

/ Y Bttt

to

1
1Billy, = / Ba(t)| dt = 2

] (40)

Bieta1(to) — B’““(%)H -
O

Remark 14. The above estimates have only theoretical importance, since it is
difficult to find the polynomial )* in practice. In fact, we can find Q* only for
some special cases of functions. However, we can use the estimates to obtain
some practical estimations.

We also have the estimation
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This estimation follows from Theorem 12 and the fact that

([1meoia) < [ wra= Gl (41)

We also emphasize that this inequality would be used only if £ is even and we
cannot find (or we simply don’t know) the zero point ¢,.

Finally, we specially note that if k is even then the corresponding Bernoulli
polynomial By (t) has only one zero point ¢y in (O,%). For example, for

k = 2 this zero point is t, = % - %\/3, for £k = 4 the zero point is t, =

2 — 351/ (225 — 30v/30) and generally, for large k = 2r, it is (very) close to 1.

Theorem 15. Let the assumptions of Corollary 7 hold. If vyii1, ki1 are real
numbers such that Y, < fEFY(t) < Tppq, t € [a,b], k=0,1,....,n — 1, then

Fierr — 1
[BE(2)| < == Crl) fon (@) Bily

where wy(x) is defined by (5). We also have

won()]
12, @) < g sy
wnd on()]
wp(x
’le,j(x” < Dy () “Bk”oo,l :

Proof. We substitute the polynomials (13) in Theorem 11 and use the relation
(36). O

Corollary 16. Let the assumptions of Theorem 15 hold. If k is odd, k =
2r — 1,7 > 2, then

< Dest — Yog1 1 — 272
- (2r—=1)!

| R;(2)] | Bar| Ci(z) |wn ()] -

If k is even then we have

L1 —
B @) < =gy MCn(a) lun(@)

where Ay is defined by (38).
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Proof. The proof follows from the above theorem and the relations (39) and
(40). O

Remark 17. We additionally have the estimate

r
}R£]<x)‘ < k+\1/i+1 \/ Qk Ck |wn . (42)

which can be proved using the relation (41). See also Remark 14.

Corollary 18. Let the assumptions of Theorem 15 hold. Then

R | 7|Wn(x)|Fk(fC);
ifk=2r,r=12,..,
2 1
B
‘Rkvj ‘— 27T)k1 91—k |wn( )|Dk( )
ifk=4r+3,r=0,1,2, ...,
| By

88,0 < P @) Dita),

ifk=2r,r=1,2,...

Proof. The proof follows from the above theorem and the following properties
of Bernoulli polynomials:

1Bl = max |Bp(t)] < |[Bi|, k=2r, r=12,..

t€[0,1]
< 2k! 1
= (2m)k 1 — 21k

| Bel| oo 1 k=4r+3, r=0,1,2,....
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Lemma 19. Let A = {zp=a <z < --- <z, = b} be a given uniform sub-
division of the interval [a,b], i.e. ©; = xg+ih, h=(b—a)/n,i=0,1,2,...,n.
If v € (xj_1,2;), for some j € {1,2,...,n}, then

()] < J1n— j + DU, (13)
2" 1 : ¥ hen
C’k(x)Sm §[n+1+|n—2j+1|] R m, (44)
and 127(p k+1
n—7+12"b—a
Cul) lon(@)] < gt EL1ZO O (15)
(7)
where
1 k
=l — (1412 —n—1D] . 4
= | 0+ 1127 = 0= 1)) (a6

This lemma is proved in [11].

Remark 20. Note that
Qjnk S 1

and aj,, = 1 if and only if j = 1 or j = n. If we choose x € [z;,x;41],
j = 0,1,...,n — 1, then we get the factor (j + 1)/n instead of the factor
(n—j+1)/nin (45).

Theorem 21. Under the assumptions of Lemma 19 and Theorem 15 we have

B |Boy| juie 1 — 272 n — j 4+ 12"(b — a)Ft?
R = = r n ()

J

(FkJrl - ’Ykﬂ) )

if kisodd, k=2r — 1,7 > 1 and
ApQnr m— § +12"(b — a)k+?
(k+1)! n (»)

J

’jo(x)| < (Pk+1 - %4—1) i

if k is even and where Ay, is defined by (38).
Proof. The proof follows immediately from Corollary 16 and Lemma 19. O

Remark 22. Here we also have an additional estimate

5 Dhor = W e m—j+ 120~
‘Rk,j<x)|§ 2/ (2! ‘B2k|O‘Jnk n (?)

a)k+1




A General Interpolating Formula and Error Bounds 123

We now consider the interpolation formula given in Corollary 6.
First we recall some properties of the Euler polynomials. The Euler poly-
nomials are defined by the relation

such that

The numbers E, = QkEk(%) are Euler numbers; Fy = 1,Ey = —1,E, = 5,
Fop1=0,k=1,2,....
We have the properties

E];(.I) = kEk—l(x)v k= 172a )
Ek(1 - .T) = (_1)kEk<:U)? k= 07 1727 )

’ Epy1(7) — Epya(a)
EL(t)dt =
/a (?) k+1 ’

1
(—=1)*Eqy(x) > 0, k=12.,0<z< g,

1
(=1)*Fy_1(z) > 0, k=1,2,..,0<z< 3

1
0< (=1)*Ey(x) <d™|Eyl, k=1,2,..,0< < =,

2
42k — 1)! 1 1
k _
0<(=1)"Egy_1(z) < N <1+22k_2) k=12, 0<x< 5
Further properties of these polynomials can be found in [1].
We specially have
! 2 Eri1(3) = Exa (0
/ Bt dt = 2 /2Ek(t)dt :2’ ’““(22 1’““( )‘ (47)
0 0 +

_ 5 ‘ 27 1B — Ery1(0) ‘

k+1

We also introduce the notation

O =2 |27 Byt — Ersa(0)] . (48)
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Theorem 23. Under the assumptions of Corollary 6 we have

GO ()]

|Bis(@)] <

where O, is defined by (48).
Proof. We substitute the polynomials (10) in Theorem 10 and note that

/x
T

Theorem 24. Let the assumptions of Corollary 6 hold. If yxy1, Uky1 are real
numbers such that ey < fEN(t) < Tpyr, t € [a,b], k=0,1,...,n — 1, then

t—LCi ! Gk
Ex | dt] = |z — i |Ek(t)|dt:k+1|x—:vi|. (49)

|

0
[BE5 @) < gy Trer = ) fon@) | (@),
where wy,(x) is defined by (5). We also have
47F2|E
@) < P ) A,
AF2E
@) < P @) pu),

ifk=4r, r=1,2,..., and

4 1
|Ri;(2)] < gy <1+m> |wn ()| Fie(z),

4 1
By (@)] < i (1+ m) |wn ()| Di(),

ifk=4r—1,r=1,2,....

Proof. We substitute the polynomials (10) in Theorem 11 and use the follow-
ing properties of Euler polynomials:

max |Ep(t)| < 472 |Ey|, k=4r, r=1,2, ...,

t€(0,1]
4k! 1
tenl[gj}l{} ’Ek(t)‘ < m (1 + m) y k=4r — 1,’/’ = 1,2,....
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Corollary 25. Under the assumptions of Lemma 19 and Theorem 24 we have

‘ Oxjne m— 7+ 12771(b — a)!
~— (k+ 1) n (”)

J

‘R (Chy1 = Yrr1) -

Proof. The proof follows immediately from Theorem 24 and Lemma 19. O

Remark 26. Some of the above inequalities ( for this choice of polynomials
Py (t)) are improvements of corresponding error inequalities obtained in [11].

Finally, we consider the interpolation formula given in Corollary 9.
Theorem 27. Under the assumptions of Corollary 9 we have

G(f10)
(k+1)!

Proof. We substitute the polynomials (23) in Theorem 10. a

| Ry, j(2)] < Cr(2) wn(2)] .

Theorem 28. Let the assumptions of Corollary 9 hold. If Vi1, T'ryq1 are real
numbers such that ypy1 < fEN(t) < Thpyr, t € [a,b], k=0,1,...,n — 1, then

Dps1 —
B @) < =5y Cl@) len@)]

where wy, () is defined by (5). We also have

IRE, ()] < 22l g )

k!
and
RE@)] < 22D, ).
Proof. We substitute the polynomials (23) in Theorem 11. O

Corollary 29. Under the assumptions of Lemma 19 and Theorem 28 we have

’ Qjnke M —j+ 12771 (b — a)*H!
— (k+1)! n (n)

J

‘R (Pt — Y1) -

Proof. The proof follows immediately from Theorem 28 and Lemma 19. O
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