
Geometric Properties of Randers and Other

Changes of Rizza Manifolds∗

H. G. Nagaraja†

Department of Mathematics, Central College, Bangalore University,

Bangalore-1, Karnataka, India

Received October 25, 2008, Accepted August 26, 2009.

Tamsui Oxford Journal of Mathematical Sciences 26(2) (2010) 193-201
Aletheia University

Abstract

In this paper we study the β-change of Rizza manifold associated

with the generalized Finsler metric. It is proved that Randers change

preserves the C-reducibility. We consider the Randers-change ∗L =

L+ β and proved the conditions for Rizza manifold to be C-reducible,

Berwald and Landsbergian. Also we obtain condition for Rizza manifold

to be C-conformal to a locally Minkowski space.
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1. Introduction

Let (M,L) be a Finsler space, where M is an n-dimensional differentiable

manifold associated with the fundamental function L. If (M,L) is endowed

with an almost complex structure f ij(x) on M with f irf
r
j = −δij satisfying

the condition

gijf
i
ry
ryj = 0 (1.1)

where gij = 1
2
∂̇i∂̇jL

2, ∂̇i = ∂
∂yi then the structure Rn = (M,L, f) is called

Rizza manifold and the condition (1.1) is called Rizza condition. In section 2,

we consider the Randers change and obtain conditions for Rizza manifold to

be C-reducible, Berwald and Landsberg. In section 3, we establish that Rizza

manifold is C-conformal to a locally Minkowski space under certain conditions.

2. Randers Change ∗L = L + β

Let Rn = (M,L, f) be a Rizza manifold and ∗Rn = (M,∗ L, f) be obtained

from Rn by Randers change

∗L = L+ β (2.1)

where β = bi(x)yi for some covariant vector bi(x). The Randers change of the

metric tensor ∗gij and its reciprocal ∗gij are given by

∗gij = ρ gij + (1− ρ)lilj + libj + ljbi + bibj (2.2)

where

ρ =
∗L

L
(2.3)
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and

∗gij = ρ−1 gij + ρ−2[(ρ−1 b2 +
β
∗L

)lilj − libj − ljbi] (2.4)

The Randers changes of normalized vector ∗li and the angular metric tensor

∗hij are given by

∗li = li + bi (2.5)

∗hij =∗ L ∗lij = ρ hij (2.6)

where ∗lij = ∂̇j
∗li.

Transvecting (2.2) by f iry
ryj, we get

∗gijf
i
ry
ryj =∗ L fr y

r (2.7)

where

fr = f irbi (2.8)

(2.7) shows that

Lemma 2.1. The Randers change (2.1) preserves the Rizza condition (1.1) if

and only if fry
r = 0 holds.

The Randers change of Cartan’s tensor cijk = 1
2
∂̇kgij is given by

∗cijk = ρ cijk + L−1[mkhij +mjhik +mihjk] (2.9)

mi = bi −
β

L
li (2.10)

Transvecting (2.9) by ∗gij as given in (2.4), and using cj
i
k = cjrkg

ir,

we obtain

∗cj
i
k = cj

i
k + ρ−1L−1[mkh

i
j +mjh

i
k +mihjk] (2.11)
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where hij = hrjg
ir and

m2 = mim
i. (2.12)

Contracting (2.11) with i and k and using ci = ciji,

we obtain

∗ci = ci + (
n+ 1
∗L

)mi

or

mi =
(∗ci − ci)∗L

n+ 1
(2.13)

In a Rizza manifold Rn = (M,L, f) if we put Gij = 1
2
(gij + gpqf

p
if
q
j) then

we have Gij = Gji, Gij = Gpqf
p
if
q
j and ymf rm∂̇rGij = 0, ∂̇iGpqy

pyq = 0.

This Gij is positively homogeneous of degree 0 in yi and is a generalized

Finsler metric(GFM) [1]. Here afterwards we call Rn the Rizza manifold as-

sociated with GFM. The Randers change of Gij is given by

∗Gij =ρGij +
1

2
((1− ρ)lilj + libj + ljbi + bibj

+(1− ρ)lplq + lpbq + lqbp + bpbqf
p
if
q
j

) (2.14)

Taking the derivative of (2.14) by yk, we can derive that the C-tensor of the

generalized Finsler metric as

∗Cijk = ρCijk +L−1{(mkhij +mjhik +mihjk) + (mqhpk +mphqk − lplq)fpif qj}

(2.15)

Substituting (2.13) in (2.15) we get

∗Cijk = ρ{Cijk −
1

n+ 1
(CiHjk + Cj Hik + Ck Hij)}

+
1

n+ 1
{∗Ci ∗Hjk +∗ Cj

∗Hik +∗ Ck
∗Hij}

(2.16)
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where Hij and ∗Hij are the angular metric tensors respectively of Rn and ∗Rn

with respect to generalized Finsler metric Gij .

It is well known that a non Riemannian Finsler space Fn is called C-

reducible if the hv-torsion tensor Cijk is written in the form

Cijk =
1

n+ 1
(CiHjk + CjHki + CkHij).

Thus from (2.16), we have

Theorem 2.1. The space ∗Rn = (M,∗ L, f) obtained from Rn = (M,L, f) by

Randers change is C-reducible if and only if Rn is C-reducible.

Consider the Cartan connection CΓ = (Γijk, N
i
k, C

i
jk).

Since CΓ is h-metrical, we have gij|k = 0, where |k denotes the h-covariant

derivative with respect to CΓ.

Further we have gij |k = 0, L|k = 0 and yi|k = 0.

If f ij|k = 0, then the Rizza manifold Rn is called Kaehlerian Finsler.

If ∗Rn is also a Rizza manifold, then by lemma (2.1), f ir bi y
r = 0.

Further we have 0 = (f ij bi y
j)|k = f ij|k bi y

j + f ij bi|k y
j.

In turn this implies bi|k = 0, provided the space Rn is Kaehlerian Finsler.

Now from bi|k = 0 , we obtain ∗L|k = 0 and ρ|k = 0.

In view of the above relations, the covariant derivative of (2.15) yields

∗Cijk|m = ρ Cijk|m. (2.17)

Thus we can state the following theorem

Theorem 2.2. Let Rn = (M,L, f) be a Kahlerian Finsler manifold associated

with generalized Finsler metric Gij. Let ∗Rn = (M,∗ L, f) be a Rizza manifold
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obtained from Rn by Randers change (2.1). Then ∗Rn is Berwald if and only

if Rn is Berwald.

As it is well known that, A Landsberg space is characterized by Pijk =

Cijk|0 = 0.

Transvecting ( 2.17) by ym, we obtain

∗Cijk|0 = ρ Cijk|0.

Thus we have

Theorem 2.3. Let Rn = (M,L, f) be a Kahlerian Finsler manifold associated

with generalized Finsler metric Gij. Let ∗Rn = (M,∗ L, f) be a Rizza manifold

obtained from Rn by Randers change (2.1). ∗Rn is Landsberg if and only if Rn

is Landsberg.

3. C-Conformal Change

Let Rn = (M,L, f) be a Rizza manifold and ∗Rn = (M,∗ L, f) be obtained

from Rn by conformal change

L = eσ(x) L (3.1)

where σ = σ(x) satisfies σhCj
i
h = 0.

Let FΓ = (Γj
i
k, N

i
k, Cj

i
k) , where

Γijk =
1

2
Gim(XjGmk +XkGmj +XmGjk)

Cj
i
k =

1

2
Gim(∂̇jGmk + ∂̇kGmj − ∂̇mGjk)
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and Xj = ∂j −Nm
j ∂̇m, ∂j = ∂

∂xj ∂̇j = ∂
∂yj be a Finsler conection associated

with (G,N) -structure.

Under the C-conformal change (3.1), we have

gij = e2σgij, g
ij = e−2σgij, Cijk = e2σCijk

Cj
i
k = Cj

i
k Gij = e2σGij

and

N
i
j = N i

j + Aij (3.2)

Γj
i

k = Γj
i
k + Aijk (3.3)

where Aij = yiσj − f ihyhf rjσr and Aijk = δijσk + δikσj −Gjk G
imσm.

The h-torsion and h-curvature tensors of FΓ are given by

Ri
jk = {XkN

i
j − j/k}

and

Rh
i
jk = XhΓh

i
j + Γm

i
kΓh

m
j − j/k + Ch

i
mR

m
jk,

where -j/k denote the interchange of indices j and k and substraction.

C-conformal change of Ri
hjk is given by

Rh
i
jk = Rh

i
jk +Bi

hj|k + δik(σ
2Ghj − σjσh)−Ghkσ

iσj,

where Bi
hj = δihσj + δijσh −GhjG

irσr.

Now Rh
i
jk = 0 if

Rh
i
jk = Ghkσ

iσj − δik(σ2ghj − σjσh)−Bi
hj|k. (3.4)
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Taking the covariant derivative of Chjk with respect to FΓ , we obtain

Chjk | m = XmChjk − ChjrΓk
r
m − ChrkΓj

r

m − CrjkΓh
r
m

where Xm = ∂m −N s
m∂̇s.

The above equation may be written in the form

Chjk|m = e2σ(Chjk|m − σmChjk).

Thus Rn is Ch-recurrent with the recurrence vector σh if and only if Chjk|m = 0.

As it is known that a locally Minkowski space is characterized by Rh
i
jk = 0

and Cijk|m = 0. Hence we have

Theorem 3.1. Suppose the conditon (3.4) holds in the Rizza manifold Rn.

Then Rn is C-conformal to a locally Minkowski space if and only if it is Ch-

recurrent with respect to the recurrence vector σh.
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