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Abstract

In this paper we study the g-change of Rizza manifold associated
with the generalized Finsler metric. It is proved that Randers change
preserves the C-reducibility. We consider the Randers-change *L =
L + (8 and proved the conditions for Rizza manifold to be C-reducible,
Berwald and Landsbergian. Also we obtain condition for Rizza manifold

to be C-conformal to a locally Minkowski space.
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1. Introduction

Let (M, L) be a Finsler space, where M is an n-dimensional differentiable
manifold associated with the fundamental function L. If (M, L) is endowed
with an almost complex structure f*;(z) on M with f* f", = —0"; satisfying

the condition

gi; [y =0 (1.1)

where ¢;; = %&@L% 0; = a?/i then the structure R, = (M, L, f) is called

Rizza manifold and the condition (L.1]) is called Rizza condition. In section 2,
we consider the Randers change and obtain conditions for Rizza manifold to
be C-reducible, Berwald and Landsberg. In section 3, we establish that Rizza

manifold is C-conformal to a locally Minkowski space under certain conditions.

2. Randers Change *L =L + (3

Let R, = (M, L, f) be a Rizza manifold and *R,, = (M,* L, f) be obtained
from R, by Randers change
*L=L+0 (2.1)

where 3 = b;(x)y’ for some covariant vector b;(z). The Randers change of the

metric tensor *g;; and its reciprocal *¢g% are given by

where

p=— (2.3)
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and

g

g7 =7t g (07 U I = 1Y = P (2.4)

The Randers changes of normalized vector */; and the angular metric tensor
*h;; are given by

where *lij = 8j *lz

Transvecting (2.2) by f%.y"y’, we get

‘9 Yy =L f, Y (2.7)
where

(2.7) shows that

Lemma 2.1. The Randers change preserves the Rizza condition if
and only if f.y" = 0 holds.

The Randers change of Cartan’s tensor c¢;;, = %31@9@' is given by

*Cijk = p Ciji + L_l[mkhij + mjhikz + mlh]k} (29)

Transvecting (2.9) by *¢* as given in (2.4), and using ¢;’, = ¢jmg",
we obtain

"oty = ¢t T LT Ml s+ mhl + mhy (2.11)
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where h'; = h,;¢g" and

m? = m;m". (2.12)

Contracting (2.11)) with 7 and k and using ¢; = ¢'j;,

we obtain
. n (n + 1)
Ci = C; m;
*L
or
(*Ci — Cl)*L
= 2.13
m e (2.13)

In a Rizza manifold R, = (M, L, f) if we put Gi; = 5(gij + gpqf?:.f?;) then
we have Gij = Gjia Gij = qupiqu and ymfrmarGij = O, @quypyq = O

This G, is positively homogeneous of degree 0 in y* and is a generalized
Finsler metric(GFM) [I]. Here afterwards we call R,, the Rizza manifold as-
sociated with GFM. The Randers change of G;; is given by

1
*G..o =G+ = ((1 = 1. b b, b
G =pGij + 5 (1 = p)lily + 1;bj + 1;b; + b;b; (214

+(1 = p)lyly + by + by + byby f75 ;)

Taking the derivative of ([2.14]) by 3*, we can derive that the C-tensor of the

generalized Finsler metric as

* ijk = pCijk + Lil{(mkhi]’ + mjhik + mlh]k) + (mthk + mphqk — lplq)fpiqu}
(2.15)
Substituting (2.13)) in (2.15) we get

1
“Ciji = p{Cijr — n—H<Ciij +Cj Hip + Cy, Hij)}
. (2.16)
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where H;; and *H;; are the angular metric tensors respectively of R, and *R,

with respect to generalized Finsler metric G;; .

It is well known that a non Riemannian Finsler space F; is called C-

reducible if the hv-torsion tensor Cj;j, is written in the form

1

Ciip = ——
ik n-+1

Thus from (2.16)), we have

Theorem 2.1. The space *R,, = (M,* L, f) obtained from R, = (M, L, f) by
Randers change is C-reducible if and only if R, is C-reducible.

Consider the Cartan connection CT = (I, N'y, C';k).
Since CT' is h-metrical, we have g,;;, = 0, where |k denotes the h-covariant
derivative with respect to CT.
Further we have g"j‘k =0, Ly =0and yilk = 0.
If fi jie = 0, then the Rizza manifold R, is called Kaehlerian Finsler.

If *R, is also a Rizza manifold, then by lemma (2.1)), f*. b; y" = 0.
Further we have 0 = (f*; by v/)jx = f'j b o7 + f'; b 7.
In turn this implies b;;, = 0, provided the space R, is Kaehlerian Finsler.

Now from b, = 0, we obtain *Lj;, = 0 and pj = 0.
In view of the above relations, the covariant derivative of yields
“Cijiim = P Cijkim- (2.17)
Thus we can state the following theorem

Theorem 2.2. Let R, = (M, L, f) be a Kahlerian Finsler manifold associated
with generalized Finsler metric Gy;. Let *R, = (M,* L, f) be a Rizza manifold
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obtained from R, by Randers change (2.1). Then *R,, is Berwald if and only
if R, is Berwald.

As it is well known that, A Landsberg space is characterized by P, =
Cijkpo = 0.
Transvecting ([2.17) by y™, we obtain
*Cijk|0 =pP Oijk|0-
Thus we have

Theorem 2.3. Let R, = (M, L, f) be a Kahlerian Finsler manifold associated
with generalized Finsler metric G;j. Let *R, = (M,* L, f) be a Rizza manifold
obtained from R,, by Randers change . *R,, is Landsberg if and only if R,
18 Landsberg.

3. C-Conformal Change
Let R, = (M, L, f) be a Rizza manifold and *R,, = (M,* L, f) be obtained
from R,, by conformal change
L=¢"" L (3.1)
where 0 = o(z) satisfies o"C}’, = 0.

Let FT = (T}

; i
i N, C5')) , where

. 1 .
szk = Esz(Xijk + Xk:Gm] + XmGJk)

A - :
O’y = 56" (0;Gmk + OkGimj = OnGijn)
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9. _ Nm.A 8 a5 _ 8 . . .
and Xj = 0; — N";0n, 0; =55 0; = 5,7 be a Finsler conection associated

with (G, N) -structure.
Under the C-conformal change (3.1)), we have

- 2 —ij _ =20 . _ 2
9ij =€ Gij, 97 =€ g7, Cijr = €7 Cyjy,

i vt L ploy
Ci'e = Ci'y Gij =¢e7Gy;

and
N = N + A (3.2)
T, =T, + A (3.3)

where A; = y'o; — f'y" f"j0, and A'jp = 8501 + 0405 — G G o,

The h-torsion and h-curvature tensors of FI' are given by
Ry = {XeN'; — j/k}

and

Ry = Xpln'j + Doy 0™y — /K + O R™ i,

where -j/k denote the interchange of indices j and k and substraction.

C-conformal change of R’y is given by
Ehljk = Rhijk + Bihj‘k + §ik(U2Ghj - O'j0'h> - thO'in,

where Bihj = (SihO'j -+ (SijO'h — GthiTO'r.

Now ha'jk =0if

Ry ji = Guo'oy — 0'k(0%gn; — 500) — Blajik- (3.4)
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Taking the covariant derivative of Uhjk with respect to FT' , we obtain

Chjk I m - 7méhjk - UherkTm - Uhrkfjrm - U'r‘jkfhrm
where X,, = O, — N*,,0s.

The above equation may be written in the form

al _ 20
Chjk]m = € (Chjklm — OmChijk)-

Thus R, is C"-recurrent with the recurrence vector o, if and only if Uh iKm = 0.
As it is known that a locally Minkowski space is characterized by Rhijk =0

and Cjjgm = 0. Hence we have

Theorem 3.1. Suppose the conditon holds in the Rizza manifold R,.
Then R, is C-conformal to a locally Minkowski space if and only if it is C"-

recurrent with respect to the recurrence vector oy,.
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