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Abstract
In this paper we derive some interesting properties of certain integra

operator 1° which was considered recently by Jung, Kim, and Srivastava [J.
Math. Anal. Appl. 176(1993), 138-147].
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1. Introduction
Let A(p,k) denotethe class of functions of the form

(p,ke N={1,23--}) (1.1)

f(z)=2"+> a,,z""
m=k

which are analytic in the unit disk E={z:|z<1 . The Hadamard product or

convolution (f,* f,)(z) of two functions
(1.2

[ (@=2"+2 2,27 cApk)  (j=12)
m=k

isgiven by

(fl * fZ)(Z) = zp + za‘p+m,la'p+m,22p+rn -
m=k

Let f(z) and g(z) be anaytic in E. Then we say that the function g(z) is

subordinate to f(z) if there exists an analytic function w(z) in E such that
For this relation the symbol g(z) < f(2)

[W(2) k1 (ze E) and g(2) = f(W(2)).
is univaent in E we have that the subordination

is used. In case f(2)
9(2) < f(2) isequivaentto g(0)= f(0) and g(E)c f(E).
Recently, Jung, Kim, and Srivastava [2] introduced the following one-parameter

family of integral operator

2° z\7*
log—| f(t)dt

zr(a)joz( gtj ©

for f(z)e A(L) and o > 0. They showed that

(1.3)

17f(2) =

(L4)

0 2 o
1°f()=z+> | —1| a_.,z™.
( ) ;(m+2j m+1

The operator 17 is closely related to the multiplier transformations studied
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earlier by Flett [1]. It follows from (1.4) that one can define the operator 1° for any
real number o . Certain properties of this operator have been investigated by Jung,
Kim and Srivastava[2], Uralegaddi and Somanatha[6], Li [3] and the author [4].

Motivated essentially by some recent works [2,3,4], we now extend the operator
| 7 to multivalent functions, which is given by the following

19F(2) = 2° +Z( P+l j a,, 2" (15)

m+ p+1

for f(2) e A(p,k) and any real number o . It is easily verified from the definition
(1.5) that

2175 (2) = (p+ DI f(2) - 171 (2). (1.6)

In this note, we shall derive some interesting properties of the operator 7.

2. Main Results

We begin by recalling the following result due to Miller and Mocanu [5], which we

shall apply in proving our first theorem.
Lemma. Let h(z) be analytic and convex univalent in E, h(0)=1, and let

9(2) =1+b, z“ +b,,,Z2“" +--- beanalyticin E.If

9(2)+z9'(2)/c<h(2), (2.1
thenfor c20 and Rec>0

(z)< 7/ j e h(t)dt . (2.2)

Theorem 1. Let -1<B<A<1 and 0<5<1. Let f(2=2z"+> a,,z""
m=k
e A(p, k) . Suppose that
D cnlag, 1, (2.3)
m=k
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where
) _1-B (p+1) (p+1+m(ll 5)) (2.4)
~ A-B (m+ p+1)7*
(i) If —1<B<0,then
(- 5)|°—f(2) |o—+lf(Z) <1+AZ (2.5)

z° 1+Bz’
(i) If —1<B<0 and A2>1,thenfor ze E

171 (2) " P+1 1 (pyikas)af 1—Au v
R 9 > [l == Mgyl (2.6)
z k(1-0)70 1-Bu

The result is sharp.

Proof. (i) Let
= (1- 5)'0fp(z) 'M;Z(Z), @2.7)
then
o (P+D)7(p+1+md-5)) . _pem
J—1+n§ (e pD a,mz”" . (2.8)

For —1<B<0 and zeE,itfollowsfrom (2.3) that

i(ml) (p+1+md-6)) m
| J-1| = (m+ p+1)°*

p+m
'A—BJ| = (p+1)° (p+1+m(l-5)) .
A-B- BZ - a,,mZ

m=k (m+ p+1)

Zcm |ap+m |
m=k

1-B+BY cpla,nml
m=k

IA

<1
which show that
I"f(z) I‘”lf(z)<1+Az
zP zP 1+ Bz

1-9)
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(i)  Put
g9(2)=17"f(2)/ z". (2.9)

Then the function g(z) =1+b,z“ +b, 2" +--- is andytic in E. Using (1.6) and

(2.9) we obtain
'U”Z)—g(zhp1 29'(2) . (2.10)

Thus

1712 | I‘”lf(z)

1-0)—, - 9@+ zg (2)
1+ Az
1+ Bz’
Now an application of the lemmaleadsto
+1  _ (pyrka-s) [ % (pr1)/ka-s)-a( L+ AZ
g(2)<—2 t —— |dt
k(l 0) 0 1+ Bz
or
| G+lf (Z) — p+1 J'lu(p+l)/k(1—5)—1 1+ AUW(Z) dU (211)
zP k(1-95)70° 1+ Buw(2)

where w(z) isanayticin E with w(0)=0 and |W(2) k1 (z€ E).
Inviewof —1<B< A<1,itfollowsfrom (2.11) that

o+l -
R I ];(z) S p+1 .l'lu(erl)/k(lJ)l(ﬂjdu >0 (zeE).
2 k(1—5) 70 1-Bu

Therefore, with the aid of the elementary inequality Re( ) (Rew)'* for

Rew>0 and A >1,theinequality (2.6) followsimmediately.
To show the sharpness of (2.6), wetake f(z) € A(p,k) defined by

17"f(2) _ p+1 J‘lu(pu)/k(l—é)fl ﬂ du. (2.12)
zP k(1-5) 70 1+ Buz

For this function we find that
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I"f(z)+5l‘”1f(z)_1+Az"

1-6 -
1-9) z° z° 1+ Bz

and

izlk

17 (2) P +1 J’lu(p+1)/k(1—5)—1(1— Au
zP k(1-0)70° 1-Bu
Hence the proof of the theorem is complete.

jdu as z—oe

Theorem 2. Let f(2)=2z"+) a,,z"" eApk) , s(z=z° and
m=k

k+n-2
s.(2=2z"+ Y a,,z"" (n>2) . If the sequence {c,} (m>k) is

m=k

nondecreasing with ¢, >1, where c_ is given by (2.4) and satisfies the condition
(2.3), then

Re{ f(2) } S Crna —1 (2.13)
Sn (Z) Ck+n—1
and
Re{s”(z)} S1-_ Lt (2.14)
f(2) 1+ Cny

Each of the bounds in (2.13) and (2.14) is best possiblefor ne N.

Proof. Under the hypothesis of the theorem, we have

k+n-2 0 0
Z| ap+m |+ c:k+n—l Zl ap+m | = zcm | a'p+m | <1. (215)
m=k m=k+n-1 m=k

Let

gl(z) =Gy —1{ "2 - Cent _1} )

Sn (Z) Ck+n—l

then
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m
Ck+n—l Z ap+mZ

gl(z) =1+ m=k+n-1

k+n-2
1+ Y ay,nZ
m=k

and it follows from (2.15) that

m

C +n- |a +m |
6,21 _ o 203
Z +1 k+n-2
‘gl( ) ‘ 2-2 Z |ap+m | Ck+n—l Zlap+m
m=k+n-1
<1 (zeE),
which readily yields the inequality (2.13).
If wetake
p+k+n-1
f(2)=2° -2 ,
k+n-1
then
k+n-1
@ _, 77 as z>1 .
Sn (Z) Ck+n—1 Ck+n—1

This show that the bound in (2.13) is best possible for each n.
Similarly, if we put

gz(z) = (1+ Ck+n1){sfn((zz)) _(1_ 1+ Cl j} )

then we deduce that
(1+C+n—) |a+m|
9.(9-1_ ) 212
7 +1 k+n-2
‘92( ) ‘ 2-2 z |ap+m +(1 Ck+n—l) Zlap+m
m=k+n-1
<1 (zeE),

191

(2.16)

which yields (2.14). The estimate (2.14) is sharp for each n with the extremal

function f(z) givenby (2.16). The proof is now complete.
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