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Abstract

Hardy-Littlewood inequality is instrumental in virtually all analytic
aspects of the theory of partial differential equations, linear and nonlin-
ear. And conjugate A—harmonic tensors, the solutions to conjugate A-
harmonic equation, are generalizations of conjugate harmonic functions
to differential forms. In this paper, we shall prove the Hardy-Littlewood
inequality for the p—harmonic type system which is nonhomogeneous
conjugate A—harmonic equation.

Keywords and Phrases: Hardy-Littlewood inequality, p-harmonic type sys-
tem, A-harmonic equation.

*2000 This work is supported by the NSF of P.R. China. No.10671046 and No.10771044.
fCorresponding author.  E-mail: baogj@hit.edu.cn
'E-mail: lingyi2001@hotmail.com



150 Zhenhua Cao, Gejun Bao, Ronglu Li, Lifeng Guo, and Yi Ling

1. Introduction

It is well known that the conjugate harmonic functions play very important
role in many areas of mathematics such as harmonic analysis, the theory of
HP—spaces and potential theory. Conjugate harmonic functions have lots of
analytical properties in common, among which are global L?—integrability and
Holder continuity. These discoveries essentially began with the work of Hardy
and Littlewood in the 1930’s (see [1], [2]). And see [3] for an earlier reference
on Holder continuity.

Conjugate A—harmonic equation is an important extension of conju-
gate p—harmonic equation which has various applications in many fields,
such as potential theory, quasi-regular mappings, and the theory of elastic-
ity. Many interesting results about conjugate A—harmonic tensors have been
established recently (see [4-7]). In 2004, L. D’Onofrio and T. Iwaniec intro-
duced p—harmonic type system in [7], which is an important extension of con-
jugate A—harmonic equation. Now we mention some notions and definitions
to p-harmonic type system.

Let ey, e, ..., e, denote the standard ordered basis of R". For [ =0,1,..,n
we denote by A = AY(R") the linear space of all [—vectors, spanned by the
exterior product e; = e;, Ae;, A ... Ae;, corresponding to all ordered [—tuples
I = (iy,i9,...,7), 1 <@y <ig < ... < iy < n. The Grassmann algebra A = DA
is a graded algebra with respect to the exterior products. For « = > aje; € A
and = > frer € A, then its inner product is obtained by

(. 8) =) aupy,

where the summation taken all I = (iy,1s,...,7;) and all integers [ = 0,1, .., n.
The Hodge star operator x:A — A is defined by the rule

x1 = €, VAN €iy VANPYVAN €in

and
aA*8 = [ A*xa = {a,[)(x1)

for all a,, 3 € A. Hence the norm of o € A can be given by
la]? = (a,a) = *(a A *a) € Ag = R.

Throughout this paper, {2 C R" is an open subset, for any constant o > 1,
(@ denotes a cube such that ) C 0@ C 2, where 0(@) denotes the cube which
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center is as same as ) and diam(cQ) = odiam@. We say a = Y aje; € Ais a
differential [—form on (2, if every coefficient o of o is Schwartz distribution on
Q. And the space spanned by differential [—form on € denotes by D'(Q, AY).

We write [, f short for [ fdr and we shall denote ||dull} g o by [, [uPw® .

We write LP(Q2, A') for the [—form o = > aydx; on Q with oy € LP(Q) for all
ordered [—tuple I. Thus LP(Q, A!) is a Banach space with the norm

Jalloa = (f Jal)e = ([ (Sl

Similarly W#?(Q, A!) denotes those I—forms on Q with all coefficients are
belong to W*P(Q2). We denote the exterior derivative by

d:D'(Q,AY) — D'(Q, A",

and its formal adjoint (the Hodge co-differential) is the operator
d*: D' (Q,A) — D'(Q, A7),

where operators d and d* are given by the formulas

do = Zdal Adzy, and d* = (—1)"" % d * .
I

Definition1.1.I": (p—harmonic type system) We say the Hodge system
A(z,a + du) = b+ d*v, (1.1)
where a € LP(Q, A') and b € LY(Q, AY), is a p-harmonic type system if A is a

mapping from Q x A to A' satisfying:
1) x — A(x,€) is measurable in x € Q for every £ € A!

2) v — A(x,€) is continuous in & € Al for almost every x € Q
3) A(z,t€) = tP~1A(x, &) for every t >0

4) K<A(J},§) - A(I‘,C),f - <> > |§ - <‘2(|§| + K|)p—2
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5) |A(x,§) — Az, )| < K¢ — C|(I¢] + )2

for almost every x € Q and all £, € A, where K > 1 is a constant. It should
be noted that A(x,*) : Q x A — Al is invertible and its inverse denoted by
A~ satisfies similar conditions as A but with Holder conjugate exponent q in

place of p.

Definition1.2.7:  (p—harmonic type equation) If the equation (1.1) is a p-
harmonic type system,then we say the equation

d*A(z,a+ du) = d*b (1.2)
1$ a p- harmonic type equation.

Definition1.3.°): A differential form u is a weak solution for the equation
(1.2) in Q if u satisfies

/Q (A(z,a + du),dp) + (d*b, ) =0 (1.3)

for every o € WFP(Q, A=Y with compact support.

We can find that if we let a = 0 and b = 0, then the p—harmonic type
system
Alz,a+du) =b+d"v

becomes
Az, du) = d*v.

It is the conjugate A—harmonic equation in which A : Q x A’ — Al is a
mapping and satisfies the following conditions

[A(@, )] < algf™ (A, €),6) = [€],

and if we let A(z,&) = |£[P72¢, then conjugate A—harmonic equation becomes
the form
|dulP~2du = d*v.

It is the conjugate p—harmonic equation.
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So we can see that conjugate p—harmonic equation and conjugate A—harmonic
equation are the specific p—harmonic type system.

Before we prove the Hardy-Littlewood inequality for the solution to p-
harmonic type system, let us recall the following theorems.

TheoremA.": For each p > 0, there is a constant C' such that

/ lu — u(0)|Pdxdy < C/ |v —v(0)|Pdxdy
D D
for all analytic functions u + iv in the disk .

TheoremB."%: Let u and v be conjugate A—harmonic tensors in a domain
QCR" 0>1and0 < s,t < oo. There exists a constant C', independent of
u and v, such that

lu—ugllso < CIQPIIv — el
and
lo = vollee < ClQIlu— ealZog
for all cubes Q with @ C ), where ¢1 is any form in WI}JOC(Q, A) with d*¢y =
0, ¢ is any form in WJ,,.(Q,A) with de; = 0 and

B=1/s+1/n—q/pt—q/pn.

TheoremC."%): Letu € D'(Q,A°) andv € D'(Q, A?) be conjugate A—harmonic
tensors. If Q is 6 — John, ¢ < p, v —c € LYQ,A?) and s = ¢(t) =
npt/(nqg — tq — tp), then u — ug, € L*(Q,A°) and moreover , there exists
a constant C, independent of u and v, such that

lu — ugyllsa < Cllv — c|| ¥4,

where ¢ is any form in W, ,,.(Q,A) with dc = 0 and Qq is the distinguished
cube in lemma 4.5 of [6].
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2. The Local Norm Comparison on L-domain

First of all, we introduce the operator wg. Given dw € LP(Q,A!), 1 <
p < 0o, we can construct the closed [—form wg which will be used below by
the rule: wg = ﬁ fQ wdz for [ = 0 and wg = d(Tg) for the other. By the
definition of the operator T', we easily know w,q|Q = wq, for any o > 1. The
details of the above constructions and results can be found in [5].
For our results we need the following lemma.

Lemma 2.1.0°0 If v € D'(Q,A") and dw € LP(Q,A"*Y), then w — wy €
WHQ, A and .
[w = wollpe < Cn, p)diam@Q||dwllyq

for1 <p < oo. Moreover,

lwellpe < Ca(n, p)lwlipe-

Lemma 2.2.MLet Q@ C R” be any L—domain. The A—harmonic system
A(x, a+du) = b+d*v with given (a,b) € LP(Q, AY) x LAP(Q,Al), 1 < X < A4,
admits at least one solution (u,v) € Wi P(Q, A1) x WHA(Q, AHY). This
solution is unique if €2 is bounded.

By the lemma 2.1 and lemma 2.2, we have

Lemma 2.3. If (u,v) is a pair of solution to the p—harmonic type system,
then we have

[ = ugllp.q < C(n, p)diamQ||dullp,q- (2.1)

We shall use the Caccoippoli estimate and reverse Holder inequality when
we prove the Hardy-Littlewood inequality.

Lemma 2.4.1% Let (u,v) be a solution of the p—harmonic type system, o > 1
1s a constant and () C 0@ C €1, then we have a constant C' only depending on
K,l,p,n, such that

||du||p7Q S CdlamQ_lnu - C”pp'Q + O||a||p7o'Q7
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where c is any closed form (i.e. dc = 0). Also we have a constant C' only
depending on K,n,l,q, such that

ld*v]l, o < C'diamQ v — €|, 5o + C'lIbl, g (2.2)

where ¢ is any co-closed form (i.e. d*c =0) and q is the conjugate exponent
of p given by p~t + ¢! = 1.

Lemma 2.5.0 If (u,v) is a pair of a solution to the p—harmonic type system,
o > 1 is any constant then we have a constant C only depending on K,p,n,l,
such that

L 5 7.\1/s R Y tooN1t
(g . el e < €=y 0N |l + )

for any 0 < s,t < o0, 0 > 1 and all cubes Q with Q C 0@ C 2. Also we have
a constant C' only depending on K,q,n,1, such that

1 , 1
(g [ b1+ ol)pda)s < €' = o7y 0 [ ()4 Jule)
Q) Q 0@ oQ
where q is the conjugate exponent of p and x is the Poincaré constant.
By lemma 2.5, we can obtain lemma 2.6.

Lemma 2.6. If (u,v) is a pair of a solution to the p—harmonic type system,
o > 11is any given constant then we have a constant C', independent of u, v, a,b
and QQ, such that

lullso < CIRI* Y (lulloq + llalltoq) (2.3)

for any 0 < s,t < oo and all cubes Q with Q C o@Q C 2. Also we have a
constant C', independent of u and v, such that

lollsq < ClRIM* Y (lvllcoq + I1b

10Q) (2.4)

for any 0 < s,t < oo and all cubes QQ with () C @) C ().

Proof. We only prove (2.3) because the proof of (2.4) is similar to (2.3). If
t > 1, then by Minkowski inequality we obtain

lulls.o < CUQI* ™ (lullioq + llalleoq),
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where C} = C(1 — o~ 1)~"X/Px"Dg=n/t and C is the constant in lemma 2.5. If
0 <t < 1, by the elementary inequality

(@a+0b)Pf <al +0F

for all a,b > 0 and 0 < p < 1, then we get

([ Gal+ talyda)’ < ([ (laf+ el
oQ oQ
and by the elementary inequality
(a+b)P < 2P(a? + bP)
for all a,b > 0 and p > 0, then we obtain

llal +lullleoq < 2 (lulleoq + llalliaq)-

So we have
[ullsg < Col@I"* V¥ ([[ulltoq + llallioq),
where Cy = 2Y/tC,. The lemma 2.6 is proved.

Lemma 2.7. If (u,v) is a pair of a solution to the p—harmonic type system
and q is the conjugate exponent of p, then we have

K™ a+dul? < |b+d"v|? < K a+ dul?, (2.5)
and

Kb+ d*v|* < |a+ dul’ < KP|b+ d*v|". (2.6)

Proof. Let (u,v) be a pair of a solution to the p—harmonic type system. By

3) in definition 1.1, we have
A(z,0) = 0.

And by 4) in definition 1.1, we obtain
Kb+ d'v,a+ du) > |a + dul’.

Thus, we can deduce
b+ d*v| < Kla + dulP™".
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That is,
b+ d*v|? < K% a + dul?.

Using similar computation , we can obtain
|b+ d*v|?* > K™ a + dulP.

(2.5) is proved. The proof of (2.6) is similar to (2.5).

Theorem 2.1. Let (u,v) be a pair of a solution to the p—harmonic type
system with (a,b) € LP(Q, AY) x LI(Q, A') and q be the conjugate exponent of
p. ifo >1and 0 < s,t < 0o, then there exists a constant C', independent of
u,v,a,b and @), such that

lu — ugllso < ClQI* (Il — cilliZy + llallpoq + 16172, + [B1E2,),  (2.7)
and
lv —vollng < ClQIPU([lu — eal e + 1Bl g0 + llall?éy + llall?éy)  (2.8)

for cubes with QQ C 0@ C 2, where ¢, is any co-closed form, co 1s any closed
form, o = max(1/s —1/p+1/n,1/s+ 1/n —q/tp — q/np) for |Q| > 1 and
a=min(1/s —1/p,1/s+ 1/n— q/tp — q/np) for the others.

Proof. Let p = ¢'/3 > 1. We only prove the inequality (2.7) because (2.8) is
similar to (2.7). First by (2.3) in the lemma 2.6, we get

s < CIOI7(|lu — uogllppq + lallype)

lu = uells.o = llu = usq

. (2.9)
= ClQI"* "7 (lu = wpollppe + llallpp0)-
Then by the Poincaré inequality (2.1), we obtain
lu = upgllppe < Cn, p)diam(pQ)||dul|p,pq- (2.10)

Combining (2.9) and (2.10) and using Minkowski inequality, we can deduce

Ju —uglls.q <C|QI* P ||ally 0 + C|QI P ™|dul|, 0
<C|Q["* M ||allppq + C|QI TPl o
+ C|QIM MM g + dul|, 0
<C|QI" (|allpeo + C|QM P a + dull, 0,

(2.11)
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where 3 = 1/s+ 1/n — 1/p when |@| > 1 and 5 = 1/s — 1/p for the others
(i.e. B =max(l/s—1/p,1/s+1/n—1/p) when |Q| > 1 and § = min(1/s —
1/p,1/s + 1/n — 1/p) for the others). Now using the inequality (2.5) and
Minkowski inequality, (2.11) becomes

lu = ugllso <CIQIP|[allpeq + CIQIM P [b + dv)| 2,
<C1QI°lallypoq + CIQY* P/ b4,

+ C|Q|1/s—1/p+1/n||d*v|lg7/5Q

<C1Q(llallpoq + [1B3/20) + CIQI*rH [ d v |27k,

By the Caccoippoli estimate (2.2) and the elementary inequality
(a+b)P < 2P(a? 4+ 1P)
for all a,b > 0 and p > 0, we have

ld*v]| %, < Crdiamp(Q)~ |l — e1 |75, + Cu|b]12/%, (2.13)

< ClQI™|lv — &1 | %, + C|[b]|E,

where ¢; is a co-closed form (i.e. d*¢; = 0). Combining (2.12) and (2.13), we
have

(2.12)

lu = uqllse <CIQP(lallpoq + 1811720)

B - (2.14)
+ ClQIYr oy |1,
And by the inequality (2.4), we can obtain
u—uollso <ClQIP(|la O.erq/p
= tqllq SCIQP (lalhra + [1122) -

+ C|QMHYna/m=a/p |l — |27 4 |[b]| ).

Now let @« = max(1/s — 1/p+1/n,1/s+ 1/n — q/tp — q/np) for |Q] > 1 and
a=min(1/s—1/p,1/s+1/n—q/tp—q/np) for the others, then (2.15) becomes

lu—ugllsq < CIQI*(lv — il + lallpwo + D172, + 1615,).

The theorem 2.1 is proved.

Remark 2.1. If the a = 0 and b = 0, then theorem 2.1 becomes theorem B
by (2.15).
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