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Abstract

In this paper we show that the g-integral transforms can be used to
solve some ¢-differential difference equation.

1. Introduction

It is well known that one of the purposes of integral transforms like Fourier,
Laplace and Mellin is to solve differential equations like the Heat equation the
wave equation and some EDDs.
Even though in [1] the author solves some g-differential equations using the
Mellin transform, it seems more appropriate to use the g-Mellin transform, that
is why in this paper the g-Mellin transform studied in [3] is used to solve some
analogous Heat and Wave equations.
This paper is organized as follows :
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e In section 2 we present some preliminary results and notations.

e in sections 3, 4 and 5 we solve respectively the ¢-diffution, the g-wave
and the 0 ,-diffusion equations using the g-Mellin transform.

2. Notations and Preliminaries

We take ¢ in |0, 1] throughout this paper .

In this section we provide a summary of the mathematical notations and
definitions used in this papaer (see [4] and [6]).

Let’s take a € C, we have

1—4q°
The g-derivative D, f, of a function f is given by
(Dyf)(w) = L2 for 240 "
(D, f)(0) =g f'(0), when f/(0) exists.

The g-Jackson integrals are defined by (see [5])

/0 @)= (1 ga’S flag")q" @)

00 +00o

f@)dgr = (1—q) > flq")q", (3)

| f@de= -0 3 5@+ F-a e (1)

n=—oo

Using these g-integrals, we set for p > 0,

Lg(Ry) = {fr £ llpa = (/_Z |f(1‘)|pdql‘>; < OO-} (5)

A g-analogue of the exponential function is given by [4]

n(n—1) n

qu — Z a4 = (6)
n=0

[n],! .



Some Applications of the ¢g-Mellin Transform 337

The g-sine and the g-cosine associated to the g-exponential E7, are given by

T i
B BT

Sing(x) = 5 : ! !

Cosy(z) = - (7)
Jackson [5] defined the g-analogue of the Gamma function by

@D i - 1 _
Fq(x)_(qx;q)oo(l q) 7, #0,—1,-2,.... (8)

which have the following properties :

Iy(z+1) =[2],[,(z), T',(1)=1 and lim I';(z)=T(z), R(z)> 0. (9)

q—1—

It has the g-integral representations [2]

_1
r,(s) = /0 ! B " dt. (10)
log(1 —
When M € 7, we have
log(q)
T,(s) = / B Mt (11)
0
The g-Mellin transform of a suitable function f on R, is given by [3]
+oo L
MmN = [ e (12
0
The inversion formula for the ¢g-Mellin transform is given by [3]
e e Ry J0)= gt [P e )
x )= ——"— s)x~%ds.
o 2im(l—q) Jo_ = = °

" logq
In [7, 8] Rubin defined a g-analogue of differential operators by

fla'2) + f(=a'2) = flaz) + f(=g2) = 2f(=2)

aQ(f)(z) = 2(1—(])2

(14)
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We notice that if f is differentiable at z, then

lim 8, (f)(2) = f(2).

qg—1

The operator 9, is closely related to the classical g-derivative operators
studied in [4, 6].

The g-trigonometric functions g-cosine and ¢-sine are defined by ( see [7, 8]):

o 2n
n_n(n x
cos(w; %) = Y (=1)"q" “)W (15)
n=0 q
and
o 2n+1
sin(z;¢%) = Y (—1)"q ) (16)
— [2n + 1],

These functions induce a 9,-adapted ¢*-analogue exponential function by
e(z; %) = cos(—iz; ¢°) +isin(—iz; ¢*). (17)

In [8], R. L. Rubin defines the ¢g*analogue Fourier transform by

f(x;qz) K/ f(t)e(—itz; ¢*)d Gt TE f@q, (18)

where )
P (43 4°)oc |
2(¢%;¢%) (1 — q)1/2

The following conditions
qg—1
Log(1—q) (19)
{ Log(q) €22

gives, at least formally, the classical Fourier transform (see [6]).
In this paper, we assume that %1(;)[1) € 27.
It has been shown in ([7] and [8] ) that the g*-analogue Fourier transform

J, verifies the following properties:

(1) If f(u) and uf(u) € Ly(R,), then
0g(Fof) (@) = Fo(—iuf(u))(x).
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(2) If f and O, f € L (R,), then
Fo(0uf) () = iwFy(f)(x). (20)

(3) For f € LZ(R,), we have

f(t) = K/Oo F,(f)(z)e(itz; ¢*)d,x , Vt € R,. (21)

3. ¢-diffusion Equation

Let’s consider the following ¢-diffusion equation
2
D, u(z,t) = @u(x,t) , T €] —oo0,400[ and teR, (22)
with the initial condition

u(z,0) = f(x). (23)
We assume that f € L', f € L', where

~

h(y) = \/%_7?/ h h(z)eV*da.

By taking a Fourier transform in x and a ¢-Mellin transform in ¢, the
equation (22) becomes

[S - l]qU(f, s — 1) = SQU(ga S)' (24)
A solution of the equation (24) is given by [1]
U(€,5) = A(§)§ " Ty(s), (25)

where A() is a function of £ only.

According to the relation (11), the inversion g-Mellin transform of ¢~2°T', (s)
1s

logq “Hiiosa _ logq /C+ilc»7;q o\ e
1 Ty(s)t ™ ds = —— r t)ds = B4
s [ e etas = g [T e s =

—i I
logq logq

(26)
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it follows that N
]_ o 2 .
u(x,t) = — A E ez ge
)= g5 | AOE s
For t = 0, we get

1 e —ifx o
.0) = —= / A s = flo)

then

A == [ fa)etds = fo)

Therefore, a solution of (22) is

u(e, 1) = / N f) B, e de
V2 ‘ '

(30)

Conversely, from the relation Dy E)" = gEth, we conclude that (30) satisfies

(22).
Remark. The equation (28) is well justified as f € L',

4. g-wave Equation

We consider now the following g-wave Equation

2

0
(Dq,t)Qu(x, t) = @u(:ﬂ,t} , T €] —oo,+oo[ and t € R, ¢

with the initial conditions
u(z,0) = f(z),  Dggu(z,0) = g(z).
We assume the following conditions

{f,gEL1

f and ¢ have compact supports.

By applying the Fourier and the g-Mellin transform, we obtain

[s — 1]y[s = 2],U(&, s —2) = —E2U (¢, ).

(31)
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This is a solution of (33) [1]

U(& s) = [A()(—i&) " + B(€)(i€) ™| Ty(s)

where A(§) and B(&) are functions of £ only.
JFrom the ¢g-Mellin inversion formula, we get

aE,t) = [A(OE™ + B(&)E;™],

where 4(&,t) is the Fourier transform of u(x,t) with respect to x.
It follows from the relations (7) that

(g, t) = C(§)Cosq(gét) + D(&)Sing(qét)

where C'(§) and D(§) are functions of &.
Now, the inverse-Fourier transform of (36) gives

n=-L [T cwc t) 4+ D(€)Sing(qét)) e ""d
wat) = <= [ (C&)Cosfagt) + D©)Siny ast) e

By taking ¢ = 0 in (37), we get C(€) = f(£).
On the other hand, by using the relations

A
D, Sing(At) = EC'osq()\t),

and \
D, Cosy(At) = — ESinq()\t)

we get
9(&) = D(&)¢.
Therefore the final solution of (31) is

u(x, t) = \/LQ_W /_Jroo (f({)COSq(qgt) + @Sinq(qgt)) G_iéwdg,

341

(34)

(36)

(38)

(39)

Remark. The same as in section 2, when the conditions (32) are true, we
can interchange the limit (¢ — 0) and the integral by applying the dominated

convergence theorem.
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5. 0,~diffusion Equation

In this section, we study the following g-equation by using the 0,-operator
introduced by Rubin [8, 7].

Dysu(r,t) = (0y0)u(x,t) ,x €R, , t ER, 4 (40)
with the initial condition
u(z,0) = f(x), f € LA(R,). (41)

By taking a ¢?-Fourier transform respecting to = and a ¢-Mellin transform
respecting to t, we get

[S - 1]QU(£7 §— 1) = §2U(£7 8)7 (42>
thus
U(€,s) = A(§)E " Ty(s), (43)
where A(§) is a function of £ only.
According to the equation (26) the inversion ¢-Mellin transform of £72T,(s)

is ququt‘
Then .
u(z,t) = K/ A({“)Eq_qgte(—ifx, q2)dqf. (44)
For t = 0, we obtain
+o0o
u(w0) = K [ A©el(~ito, )it = Flz). (45)
SO .
A©) =K [ flw)e(=igx, ¢")dg = f(€.q°), (46)
and the final solution of (40) is
wet) =K [ FE@E; el ike, ) (1)

Conversely, from the relation Dy E)" = %Eq”, we conclude that (47) satisfies
(40).
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