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1. Introduction

R.L.Rubin in [4, 5] introduced a g*-derivative for which he established a con-
structive ¢2-Fourier transform. The aim of this is to complete the g-Fourier
analysis elaborated by the previous authors in studying the g-analogues of
some basic theorems with the same technic that those used in [6, 7]. More
precisely we state some new properties of the ¢>-Fourier Rubin transform and
show that its associated ¢>-translation. We prove that if f run in the ¢- ana-
logue of the Scharwtz space then its g¢-translation can be expand in series
involving the powers of the ¢g-Rubin derivative of f. This last result plays a
central role for the study of the related ¢g-Paley-Wiener space and the afferent
theorem.

2. Notations and Preliminaries

For the convenience of the reader, we provide in this section a summary of the
mathematical notations and definitions used in this paper. For this purpose,
we fix ¢ €]0, 1] and we refer to the book by G. Gasper and M. Rahman [1],
for the definitions, notations and properties of the g-shifted factorials and the
g-hypergeometric functions.

Note _

R,={£¢" : neZ},R,={£¢" : neZ}U{0}.

For a € C, the ¢-shifted factorials are defined by

n—1 0
(a:q)o=1; (a:9)n=]](1—ag"), n=1,2,..; (a65q) = [](1 — ag").
k=0 k=0
(1)
We also denote
1—q¢* (¢ Dn
x|, = , xreC ; [|n])=—"—""—"—, n € N. 2

The g*-analogue differential operator is ( see [4, 5])
)

flata) +f(ca'e) = flan) + f(=a9) =2f(=2) 0

0,(1)(z) = 201 ~9)
lim0,(f)(«)  (in Ry) if 2=0.
3)
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Remark that if f is differentiable at z, then lirri 2,(f)(=z) = f'(2).
q—

A repeated application of the g?-analogue differential operator is denoted by:
0 n—+1 0
aqf:f7 aq+ f:aq<aqf)
The following lemma lists some useful computational properties of 9.

Lemma 1.

]) For all fUTlCtiOn f on ]Rq; aqf(Z) _ fe(qilz) - fe(z) fo(z) - fo(q,Z)

-9z | (-qz

2) For two functions f and g, we have
«if fis even and g is odd then

04(f9)(2) = q9(2)0,4(f)(qz) + f(q2)04(9)(2) = [(2)04(9)(2) + a9(q2)0,(f)(q2);
< if f and g are even then
0,(f9)(2) = g(a™"2)04(f)(2) + f(2)04(9)(2).
. if f and g are odd then
04(f9)(2) = " 9(a 2)0,(¢7 F)(2) + a4~ F(2)04(9)(a™'2),

where, for a function f defined on Ry, f. and f, are, respectively, its even and
odd parts.

The ¢-trigonometric functions g-cosine and g-sine are defined by ( see [4, 5]):

o 2n
xr
cos(z;q°) = (—1)"q""H —— (4)
nZ% [2n],!
and
o 2n+1
§i ( . 2) _ (_1>n n(n—i—l)x— (5)
in(x; q q o0 1l
n=0 a

These functions induce a 9,-adapted ¢*-analogue exponential function as

e(z; %) = cos(—iz; ¢°) +isin(—iz; ¢*). (6)
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Remark that e(z;¢?) is absolutely convergent for all z in the complex plane
since both of its component functions are. Moreover, lim e(z;q¢?) = e* (expo-
q—1-

nential function) pointwise and uniformly on compacts.
Using the same technique as in [4], one can prove that for all z € R,, we have
1 1

and |sin(z;¢%)| <
(¢ @)oo [sin(@: 2] (¢ @)oo

| cos(z; ¢°%)| <

Y

S0,

Ve €R,, |e(—ix;q®)| <

G )

The ¢-Jackson integrals are defined by (see [3])

a 0 b [e’e]
/0 f@)dgr = (1=q)a>_ q" f(aq"), / f@)dgr = (1—q) > q" [bf(bg") — af(aq™)],
n=0 a n=0

| e =00 Y @) [ f@de= -0 3 1)+ F-a).
0 n=—00 > n=-—00

provided the sums converge absolutely.

Using this ¢-integrals, we note for p > 0,

. LR)- {f o= ([ |f(:v)|pdqx>; < oo}.
o Ii-ad) = {fr 11 = ([ Z|f<x>|pdqas)’l’ < oo}.

o L7(Ry) = {f I flloeq = sup [f(z)] < OO}-
r€Ry
By the use of the ¢*-analogue differential operator d,, we note
e S,(R,) the space of infinitely ¢-differentiable and fast decreasing functions
and all its g-derivatives on R, i.e.

Vn,m €N,  Pymg(f)= sup | (1+|z])"0)f(z)|< +oo.
2€RG;0<k<n

S,(R,) is equipped with the induced topology defined by the semi-norms P, ,, -
e D,(R,) the subspace of S;(R,) composed of functions with compact support
in R, and for A C R, D,(A) is the subspace of D,(R,) constituted of functions
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with supports in A.

The following result can be verified by direct computation.

Lemm%o 2.

1) If/ f(t)d,t exists, then

for all a € Ry, /00 f(at)d,t = |a|™* /00 f(t)d,t
2) For a >0, if /a (0,f)(x)g(x)d,x exists, then

a

[ @@ =216 000 + L@gla 0] - [ 1)00) @)
oo (8)
3) ]f/ (0,f)(x)g(x)d,x exists, then

| @ — [ e . )

3. The ¢*-analogue Fourier Transform and the
g-translation Operator

In [5], R. L. Rubin defined the g*-analogue Fourier transform as

Flosa?) = K [ ettt (10)
where )
~(1+9q)
K=o ) .
and

be the ¢-Gamma function.
Letting ¢ T 1 subject to the condition

Log(1 — q)

Tos(d € 2Z, (12)
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gives, at least formally, the classical Fourier transform (see [4] and [5]). In the
remainder of this paper, we assume that the condition (12) holds.

It was shown in ([4] and [5]) that the ¢*-analogue Fourier transform F,
verifies the following properties:
1) If f(u), uf(u)€ Ly(R,), then

9y (Fo([f) ) (z) = Fo(—iuf(u))(z). (13)
2)If f, 9,f € LL(R,), then
Fo(0,f)(x) = iaFy(f) (). (14)

We have the following theorem.

Theorem 1. F, is an isomorphism from Sq(R,) (resp LZ(R,)) onto itself.
For f € Lg(Rq),
1Fo(Nlzg = 1124 (15)

and
VieR,, f(t)= K/ F,(f)(z)e(itz; ¢*)d . (16)
Let us state the following result
Theorem 2. For f € L)(R,), we have Fy(f) € L*(R,) and
2K

Il < 75—l (1)
i Fy(f)(z) = 0. (18)
lim F,(P)(x) = Fi(£)(0). (19

Proof. Using the relation (7), we have for f € L}(R,) and z € Ry,

2
(¢:9)

Then by g-integration, we obtain the inequality (17) and by the Lebesgue the-
orem we obtain the two limits. 0

[f()lle(—it; ¢*)] < [f(B)l, VieR,
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The g-translation operator T}, ,, x € HN%q is defined (see [4]) on L(R,) by
K/ Folf)(Oe(ite; ¢*)e(ity; ¢*)dgt, y € Ry, (20)

Too(f)(y) = f(y)- (21)

In the following result, we will give some of its properties.

Proposition 1. For f,g € Li(R,), we have
i) For all z,y € R,,

To2(F)(y) = Ty (f)(2).
ii) For all x € ]qu,

| e = [ 50T 0d. @)

iii) For all z,t € Ry, y € R,
Tyu(e(it; q*))(x) = e(itw: q*)e(ity; ¢*). (23)
iv) For all x € I@q
aq (Tq,arf) = Tq,:c (aqf) : (24)

Proof. i) The definition of T} , f gives the result.
ii) Let f,g € Ly(R,), we have Vt,z,y € R,

| Fo(f)(@)elit; g*)e(—ity; ¢*)g(y)| < (qj]) 14 () llos.gleCite; g*)llg(w)].

since e(iz. ;¢°) and g are in L(R,) so, by the Fubini’s theorem, we obtain

| tennaig = x [ [ R0 e ] s
— [ ][ ztyq)g(y)dqy] F o) O)elita: )yt

~ [ R@ORO Ot i

- x [/ ly ztyquy} Folg) Belita: ¢yt

= / FW)Ty2(9)(—y)dgy-
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iii) Using [[4], Theorem 3, e)] and [[4], property 2, c)], one can prove the
following orthogonality relation:

0 1
—iAz; ¢%)e(i\y; ¢°)d\ = 0z R
/OO 6( IAT; g )6(Z Yy q ) q K2(1 _ q>|xy|1/2 Yo €,y c Q>

which together with the properties of the ¢g-Jackson integral give the result.
iv) The result follows from the relation (14) and the properties of 0. O

Proposition 2. (see [4]) Let f € L}(R,) then
i) Tyof € L2(R,) and

1Ty fllg2 < ﬁ”f”q,% x e IQq (25)
ii) For all x € If@q, AeER,,
FoTyaf)(N) = e(idz; ¢*) Fy(f)(N). (26)

The following result gives a Taylor formula for the g-translation operator
T5,...

Proposition 3. Let f € S,(R,) satisfying:

3C >0, 3R>0  such that Vn €N, |[0]f]1, < CR"

Then,
+00 +o0
Va,y € Ry, Tyy(f)(z) = Z an,q0 (f) (y)a" = Z ang0y () (@)y", (27)
n=0 n=0
where
o _ qn(n+1)
" 2nl,!
) (28)
A2n4-1,q —]
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Proof. Let f € S,(R,), satisfying the condition of the proposition and fix
z,y € R,. On the one hand, from (6),(5) and (4), we have
+00
e(ide; ¢*) = Zan’q(i/\x)".
n=0
On the other hand, from the Plancheral theorem, we have
+oo

Zan,qﬁn y)x" —KZanqm/ Fa(07 F)(A Je(iAz; ¢*)d .

n=0
Now, using the fact that the function X — e(idy;¢°) is in Li(R,) and
for all n € N,
2K 2KC

107 fll1g £ ——=—R",
(Q7Q)oo|| q ||1,q

O lloog <
1 Fa(0 f)lloc.qa < (¢ 0)oo

we deduce that
S [ lenaF iGN )"
n>0

converges. Then, the Fubini’s theorem implies that we can exchange the order
of the sum and the g-integral signs, and we obtain

S g (f) ()" = /fz%qu>mm%%A
= K/_ (Z an,q(i)‘m)n> Fo(FYNe(idy; ¢°)dg

= Tyy(f)(2).
O

As an immediate consequence of the previous proposition, we have the follow-
ing result.

Corollary 1. Let f € S§,(R,) satisfying:
3C >0, 3R>0 such that Vn €N, |0} f|l1, < CR"

Then, for all x € Ry, the function z — T, ,(f)(x) is entire on C and for all

z € C,
+oo

To:()(@) =) a0 g0 (f)(@)2"

n=0
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4. Paley-Wiener Theorem

In this section, for @ € R, 1, we introduce the g-Fourier Paley-Wiener space
PW, . as

PW,, = { K/ e(itz;?)dyt, u e Dy(|—a, a])}.

Following the classical theory, an element of PW,, will be called ¢-Fourier
bandlimited signal. We begin by the following easily proved result.

Proposition 4.

1) The ¢*-analogue Fourier transform F, is an isomorphism from PW,, onto
DQ([_av a])

2) Every element of the q-Fourier Paley- Wiener space PW,, is the restriction
on R, of an entire function on C of exponential type.

Proof. 1) follows from the definition of PW,, and the Plancherel theorem.
2) Let f € PW,,, then there exists u € Dy([—a, a]) such that for all x € R,

K/ ztmq )dgt.

Since for all t € R, N [—a,a], the function z — e(itz; ¢*) is entire on C and
satisfies for all R > 0 and all z € C such that |z| < R,

|u(t)e(itz; ¢*)| < llulloge(ltz]; ¢*) < lullocge(alt; ¢*).

a

Then, z — u(t)e(itz; ¢*)d,t is entire on C and f is extendable to an entire
—a
function on C.

On the other hand, making a proof as in [[2], Proposition 2], one can show
that for all z € C, and all t € R, N [—a, a],

le(itz; ¢*)| < 2e(I+vaalzl,

So, for all z € C,
f(2)] < 2K|[ullocg e TVP,

which proves that f is extendable on C to an entire function of exponential
type. 0
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Remark. Since D,([—a,a]) C S,;(R,), then the Plancherel theorem and the
previous proposition assert that PW, , is a non trivial subspace of S,(RR,).

In what follows, we will give some characterizations of the ¢g-Fourier Paley-
Wiener space PW,,.

Theorem 3. The g-Fourier Paley-Wiener space PW,, is the subspace of
S,(R,) constituted of functions satisfying:

dn>1, ¢, >0, such that, Vo € Ry, Vk € N, \aéff(x)] < L (29)
x

Proof. Let f € PW,,, then there exists u € Dy([—a,a]), such that for all

r € Ry,
K/ e(itx; ¢*) )dgt.

a

O f(x) = K(z)k/ u(t)t*e(itr; ¢*)d,t.

—a

So, for all k,n € N, we have

By using (13) and (9), we get for all z € R,

a

"ok f(x) = K(i)k_”/ u(t)th [Ore(it; *)] dgt

—a

= K(z‘)"f—”/oo u(t)t® [OFe(ita; ¢7)] dgt
= k+“/ O [u(t)t*] e(ita; q*)dgt.

Since u € D,([—a, a]), we have for all k € N, t — u(t)t* € D,([—a,a]). Then,
the fact that Dy(R,) is invariant by &, implies that ¢ — 02 [u(t)t*] belongs to
D,(R,), for all k,n € N.

So, for k < n, using the relation (7), we obtain for all z € R,

2K

| 2]*|0 f ()] < o~

/OO ’8}; [u(t)tk} | dgt = Cog = (Cok a™*) ak. (30)
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On the other hand, by the definition of the operator J,, one can prove, by
induction, that for all n € N, there exists a sequence (s,,(€,7,9))_,<pn<n —s1
of real numbers such that for all function g,

Glol=— D smlena)-gleg™).

So, for all k,n € N, we have

n

7 1 m m
o [u(t)t'] = =y Z sm(e,n,q) [u(eq™t)(eq™t)"] .
m=—n,e==+1
Since the function ¢ — [u(eqmt)(eqmt)k] ., —n < m < n, has compact support
in [—q*|m|a, q*‘m‘a}, then for £ > n, we have

n

: > smlen,q) [uleq™t)(eg™t)"]

n

< lullssg D Ismlen @)lg™ ("

& m=—n,e==+1 m=—n,e==%1
< ulloog Y. smlen @)lg™ (g ma)* "
m=—n,e==%1
< <||u||oo,q > |sm<e,n,q>|qm”) a"
m=—n,e==%1
= C,a" ™.
Hence, for k& > n,
‘x"@jf(:cﬂ = ‘K(—i)’”"/ oy [u(t)tk} e(—itr; ¢*)d,t
4K

Cna—n—i-lq—n) CLk.
Finally, by taking

_ N 2K e
Cp = Max { sup Cp, —Cna_”/ dgt 2,
0<i<n (q; Q)oo —q~"a

we get for all n,k € N and all z € R,

‘x”@?f(m” < CnaP.
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Thus, for all n,k € N and all x € R,
(1+ J2[") |05 £ ()] < cna®,
with Cp = ED + 5n
Conversely, suppose that f satisfies (29), put u = F,(f) and fix = € R,

such that |z| > a.
We have, by the use of the relations (14) and (7), for all k € N,

Fo (04 1) (2) = (i)' =" Fo(f)(2) = (i) "u(x)

and

}ﬁA%ﬁcwISKAmwmvmd4mmﬁuw

2K o0 1
ak/ dgt.
(6 D00 Jooe THE"
Then for all £ € N,

W“”Shigm/il+mw%4<%oé

As |z| > a, we obtain by letting k to +oo, u(z) = 0. This proves that
u € Dy([—a,a]) and f = (F,) " (u) € PW,,. O

IN

Theorem 4. The g-Fourier Paley-Wiener space PW,, is the subspace of
S,(R,) constituted of functions satisfying

2= T, f(x)

is entire on C for all x € Ry, and for some n > 1 there exists ¢, > 0, such
that

Cn e(alz|;¢*), VzeR,, VzeC.

T,. <
T, (@) € 5

Proof. Let f € PW,,. Then, there exists u € D,([—a,a]), such that f =
(Fy) ' (u). So, by the relations (13) and (16), we have for all n € N and all
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z € Ry,

+oo
o5l = [ 105Dl

—+o0 a
K/ {/ |t”u(t)e(itx;q2)|dqt] dy
- 7—:—100 a
Klidg [ | [ 10Nt @idt] dya
a —+oc0o
Kldug [ 101] [ ltitasa®id]

Klulooglleli. ;) / o ldt > 1

< 2K [ulluglleli. i) @’ Vo1,

IA

IN

IA

IA

and for n = 0, we have Hc‘?(q)fﬂl,q = ||fll1q-
Hence, Corollary 1 implies that for all z € R, the function z — T, ,f(z) is
entire on C and for all z € C,

+oo

> ang () (x)2"

k=0

“+o0o
> g [ (@)] |2
k=0

|Tq,zf(x)| =

IN

Since f € PWg,, then from Theorem 2, one can see that there exist n > 1
and ¢, > 0, such that

Vo € Ry, Vk €N, [0Ff(z)| gk,

IN

So, for all z € R, and all z € C,

“+o0
c
T . flz)] < —— ago|lazlF
Tt S Sl
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Conversely, suppose that f € S,(R,), satisfying for all y € R, z — T, . f(y) is
entire on C and there exist n > 1 and ¢, > 0, such that

1o f(y)] < e(a]z\;(f), Vy € Ry, Vz € C.

L+ Jy[”
Let b € R, such that |b| > a. Using the fact that

2/t[*

et < ,
|Oe( q>|_(q,q)oo

Vk € N,
[o] o]
we can see that the two functions y +— / e(ity; ¢*)d,t and y — / e(—ity; ¢*)d,t

are in S;(R,), and from the product formula, we can show that for all z € R,

Tq7x

|b] bl
y»—>/ e(ity; qz)dqt] :/ e(itz; ¢*)e(ity; ¢*)d,t. (31)
0 0

On the one hand, since for all y € R,, z — T, . f(y) is entire on C, then for all
R >0 and all z € C such that |z| < R, we have

b
7,0 [ / e(z'ty;q2>dqt] < o elaleli ) < e elaRig?)
Thus, the functions
0 1b|
Pr 1z K/Oo T,:f(y) [/0 e(iity;cf))dqt] dgy
are entire on C and we have, for all z € C,
o2 (2)| < Celalzl; ¢°), (32)

with
200|K [ ¢,

(0 oo L+ 1y

C:
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On the other hand, from the relations (22) and (31), one can write for all
r € Ry,

CS) 6]

pi(r) = K / Tyxf(y) [ /0 €(iity;q2)dqt] dgy
00 |b]

= K/ Tyaf(—Yy) [/0 e(iity;f)dqt] dgy

- xf Z FO) T

= K/Zf(y)

- K / ' [ / Z Fw)e(ity; q2>dqy] e(citz; )t

(o]

= i Fo(f)(Ft)e(Fita; ¢°)d,t.

b
/ e(ity; q2)dqt] dqy
0

[o]
/ e(Fity; ¢*)e(Fitx; q2)dqt] dyy
0

The interchange of the two g-integrals is legitimated by the fact that for all
r € Ry, ally € R, and all t € R, such that 0 < ¢ < |b|, we have
16¢, 1
fly)e(xity; ¢*)e(Fita; ¢*)| < and n > 1.
Fwe et ) (693 1+ ly[”
[o]
It is not hard to prove that, the function z — / F () (Ft)e(Fitz; ¢*)d,t is

0
entire on C, since for all 0 < ¢ < |b|, 2z + e(itz; ¢?) is entire on C, for all R > 0

and all z € C such that |z| < R,
| Fo(F)(F)e(itz; ¢%)| < |1Fo(f)llsoqe((bIR; ¢°).

So, since 0 is a limit point of ]INQq, the analytic theorem shows that for all z € C,

lo]

px(2) = i Folf)(Ft)e(Fitz; ¢*)d,t.

Hence, from the inequality (32), we obtain, since a,b € R, and |b]| > a,

1b]

. Fo(f)(Ft)e(Litz; qz)dqt

< Ce(alz];¢%) < Ce(gblz];¢%), V2 e C.
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This inequality together with the definition of the g—Jackson integral lead to,
for all z € C,

(1= q)lbl [Fo(N)(Flple(izlpl;¢*)| — [(1—q) Zf )(FIbla")e(Eizlbla"; a*)|bg"|
< Ce(qlbl|z I,q )-

Moreover, F,(f) is bounded on R,, then using the fact that for all z € C and
all positive integer k,

le(£iz|blg"; ¢*)| < e(qlb]|2; ¢),

we get
~ c(qlb]|2]; ¢%)
b <C ———"—.
DOV etz )
A replacement of z by ix or —ix gives
=~ elq|blz; ¢°)
F()b)] <C —/————F, Ve eR, ;.
| Q( )( )’ |e(|b|x,q2)\ q,+
But,
w7 le([bla;¢?) — 1= [plz] = ) akg(xlp)*?
k=2
= Z o q(@[D) P Y g, (b)) P
k= k=1
(k+1)(k+2) gk k+2)
_ q 2k (2k+1)
= —————(z|b]) b
Z o, el +§ TR
> (QIblﬂ%q)
and
: C2)
Tim_e([bla; ¢7) = oo,
then

CA2) 1 .42
e(Blasg®) =1 — bl _ o0 g, elalblzid)

=0.
w0 e(|blz;¢?) =00 e([blz; ¢%)
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Thus
u(b) = Fy(f)(E[b]) = 0.

This proves that u = F,(f) € D,(|—a,a]) and as consequence f € PW,,. O
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