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Abstract

The main objective of the present paper is to study some fundamen-
tal properties of solutions of certain Volterra type difference equations.
A finite difference inequality with explicit estimate is used to establish
the results.
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1. Introduction

In this paper we consider the Volterra type difference equations of the form

y (n) = f (n) +
n−1∑
s=0

H (n, s, y (n) , y (s)) , (1.1)

∗2000 Mathematics Subject Classification. Primary 26D10, 39A10.
†E-mail: bgpachpatte@gmail.com



274 B. G. Pachpatte

where y, f,H are in Rn, the n-dimensional Euclidean space with appropriate
norm denoted by |.| . Let R+ = [0,∞) , N0 = {0, 1, 2, ...} be the given subsets
of R, the set of real numbers and E = {(n, s) ∈ N2

0 : 0 ≤ s ≤ n <∞} . Let
D (S1, S2) denotes the class of discrete functions from the set S1 to the set
S2 and assume that y, f ∈ D (N0, R

n) , H ∈ D (E ×Rn ×Rn, Rn) . We use
the usual convention that empty sums and products are taken to be 0 and
1 respectively and assume that they exist on the respective domains of their
definitions and are finite.

The equation (1.1) do not seem to belong to the usual classes of Volterra type
difference equations (see [1,2,8,10-12]). The origin of the study of equations
of the form (1.1) can be traced back to the fact that the integral analogue of
equations of the form (1.1) occur naturally in the theory of radiative transfer
[6] and in astrophysics [3]. In [5] Cahlon considered the system of equations of
the form (1.1), to approximate the solution of integral analogue of equations of
the form (1.1) (see also [4]). Though in [5] the equations of the form (1.1) arise
while studying both theoretical and numerical aspects of the integral analogue
of equations of the form (1.1), we believe that it deserve further attention,
because of its different character. One can formulate existence result for the
solutions of equation (1.1) by modifying the idea employed in [5,7,12]. The
main purpose of the present paper is to study some basic aspects of solutions
of equation (1.1) under various assumptions on the functions involved therein.
Our basic tool used in the analysis is based on the application of a certain
finite difference inequality with explicit estimate given in [10, Theorem 1.2.3,
p.13].

2. Estimates on the Solutions

In this section we obtain explicit estimates on the solutions of equation (1.1)
under some suitable conditions on the functions involved therein.

We need the following finite difference inequality given in [10, Theorem 1.2.3,
p. 13]. We shall state it in the following lemma for completeness.
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Lemma. (Pachpatte [10, p.13]). Let u, a, b, c ∈ D (N0, R+) and

u (n) ≤ a (n) + b (n)
n−1∑
s=0

c (s)u (s) , (2.1)

for n ∈ N0. Then

u (n) ≤ a (n) + b (n)
n−1∑
s=0

a (s) c (s)
n−1∏
σ=s+1

[1 + c (σ) b (σ)], (2.2)

for n ∈ N0.

The following theorem concerning the estimate on the solution of equation
(1.1) holds.

Theorem 1. Suppose that the function H in equation (1.1) satisfies the
condition

|H (n, s, u, v)| ≤ b (n) c (s) [|u|+ |v|] , (2.3)

where b, c ∈ D (N0, R+) and

b (n)
n−1∑
s=0

c (s) < 1, (2.4)

holds for n ∈ N0. Then for every solution y ∈ D (N0, R
n) of equation (1.1) we

have the estimate

|y (n)| ≤ A (n) +B (n)
n−1∑
s=0

A (s) c (s)
n−1∏
σ=s+1

[1 + c (σ)B (σ)], (2.5)

for n ∈ N0, where

A (n) =
|f (n)|

1− b (n)
n−1∑
s=0

c (s)

, B (n) =
b (n)

1− b (n)
n−1∑
s=0

c (s)

, (2.6)

for n ∈ N0.
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Proof. Let y ∈ D (N0, R
n) be a solution of equation (1.1). Then from the

hypotheses , we have

|y (n)| ≤ |f (n)|+
n−1∑
s=0

b (n) c (s) [|y (n)|+ |y (s)|]

= |f (n)|+ b (n) |y (n)|
n−1∑
s=0

c (s) + b (n)
n−1∑
s=0

c (s) |y (s)| . (2.7)

From (2.7), we observe that

|y (n)| ≤ A (n) +B (n)
n−1∑
s=0

c (s) |y (s)| . (2.8)

Now an application of Lemma to (2.8) gives the desired estimate in (2.5).

The next theorem deals with the explicit estimate on the solution of equation
(1.1) assuming that the function H satisfies the Lipschitz type condition.

Theorem 2. Suppose that the function H in equation (1.1) satisfies the
condition

|H (n, s, u, v)−H (n, s, ū, v̄)| ≤ b1 (n) c1 (s) [|u− ū|+ |v − v̄|] , (2.9)

where b1, c1 ∈ D (N0, R+) and

b1 (n)
n−1∑
s=0

c1 (s) < 1, (2.10)

holds for n ∈ N0. Then for every solution y ∈ D (N0, R
n) of equation (1.1) we

have the estimate

|y (n)− f (n)| ≤ A1 (n) +B1 (n)
n−1∑
s=0

A1 (s) c1 (s)
n−1∏
σ=s+1

[1 + c1 (σ)B1 (σ)],

(2.11)
for n ∈ N0, where

A1 (n) =
q (n)

1− b1 (n)
n−1∑
s=0

c1 (s)

, B1 (n) =
b1 (n)

1− b1 (n)
n−1∑
s=0

c1 (s)

, (2.12)
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for n ∈ N0, in which

q (n) =
n−1∑
s=0

|H (n, s, f (n) , f (s))| , (2.13)

for n ∈ N0.

Proof. Let y ∈ D (N0, R
n) be a solution of equation (1.1). Then from the

hypotheses, we have

|y (n)− f (n)| ≤
n−1∑
s=0

|H (n, s, y (n) , y (s))|

≤
n−1∑
s=0

|H (n, s, y (n) , y (s))−H (n, s, f (n) , f (s))|

+
n−1∑
s=0

|H (n, s, f (n) , f (s))|

≤ q (n) +
n−1∑
s=0

b1 (n) c1 (s) [|y (n)− f (n)|+ |y (s)− f (s)|]. (2.14)

From (2.14), we observe that

|y (n)− f (n)| ≤ A1 (n) +B1 (n)
n−1∑
s=0

c1 (s) |y (s)− f (s)|. (2.15)

Now an application of Lemma to (2.15) yields (2.11).

We next consider the equation (1.1) and the following Volterra type differ-
ence equation

z (n) = g (n) +
n−1∑
s=0

L (n, s, z (n) , z (s)), (2.16)

for n ∈ N0, where g ∈ D (N0, R
n) , L ∈ D (E ×Rn ×Rn, Rn) .

The following theorem holds.
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Theorem 3. Suppose that the function H in equation (1.1) satisfies the
condition (2.9) and the condition (2.10) holds. Then for every given solution
z ∈ D (N0, R

n) of equation (2.16) and any solution y ∈ D (N0, R
n), of equation

(1.1) we have the estimation

|y (n)− z (n)| ≤ A2 (n) +B1 (n)
n−1∑
s=0

A2 (s) c1 (s)
n−1∏
σ=s+1

[1 + c1 (σ)B1 (σ)],

(2.17)
for n ∈ N0, where B1 (n) is as given in (2.12),

A2 (n) =
h (n) + r (n)

1− b1 (n)
n−1∑
s=0

c1 (s)

, (2.18)

in which

h (n) = |f (n)− g (n)| (2.19)

r (n) =
n−1∑
s=0

|H (n, s, z (n) , z (s))− L (n, s, z (n) , z (s))|, (2.20)

for n ∈ N0.

Proof. Using the facts that y(n) and z(n) are respectively the solutions of
equations (1.1) and (2.16) and hypotheses, we have

|y (n)− z (n)| ≤ |f (n)− g (n)|+
n−1∑
s=0

|H (n, s, y (n) , y (s))− L (n, s, z (n) , z (s))|

≤ h (n) +
n−1∑
s=0

|H (n, s, y (n) , y (s))−H (n, s, z (n) , z (s))|

+
n−1∑
s=0

|H (n, s, z (n) , z (s))− L (n, s, z (n) , z (s))|

≤ h (n) + r (n) +
n−1∑
s=0

b1 (n) c1 (s) [|y (n)− z (n)|+ |y (s)− z (s)|]. (2.21)
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From (2.21), we observe that

|y (n)− z (n)| ≤ A2 (n) +B1 (n)
n−1∑
s=0

c1 (s) |y (s)− z (s)|. (2.22)

Now an application of Lemma to (2.22) yields (2.17).

3. Uniqueness and Continuous Dependence

In this section we study the uniqueness and continuous dependence of solutions
of equation (1.1) on the functions involved therein and also the dependency
of solutions of equations of the form (1.1) on parameters. Let z(n), n ∈ N0

be a solution of equation (2.16) (i.e., corresponding to equation (1.1)). Here,
continuous dependence of any solution y(n), n ∈ N0 of equation (1.1) we
mean there exists a function φ ∈ D (N0, R+) such that |y (n)− z (n)| ≤ φ (n)
for n ∈ N0. In the same sence we understood the continuous dependence of
solutions of variants of equation (1.1).

First we shall give the following theorem which deals with the uniqueness
of solutions of equation (1.1).

Theorem 4. Suppose that the function H in equation (1.1) satisfies the
condition (2.9) and the condition (2.10) holds. Then the equation (1.1) has at
most one solution on N0.

Proof. Let y1 (n) and y2 (n) be two solutions of equation (1.1) on N0. Using
these facts and the hypotheses, we have

|y1 (n)− y2 (n)| ≤
n−1∑
s=0

|H (n, s, y1 (n) , y1 (s))−H (n, s, y2 (n) , y2 (s))|

≤
n−1∑
s=0

b1 (n) c1 (s) [|y1 (n)− y2 (n)|+ |y1 (s)− y2 (s)|] . (3.1)

From (3.1), we observe that

|y1 (n)− y2 (n)| ≤ B1 (n)
n−1∑
s=0

c1 (s) |y1 (s)− y2 (s)| , (3.2)
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where B1(n) is as given in (2.12). Now a suitable application of Lemma to
(3.2) yields |y1 (n)− y2 (n)| ≤ 0, which implies y1 (n) = y2 (n). Thus there is
at most one solution to equation (1.1).

The next theorem deals with the continuous dependence of solutions of
equation (1.1) on the functions involved therein.

Theorem 5. Suppose that the function H in equation (1.1) satisfies the
condition (2.9) and the condition (2.10) holds. Furthermore, suppose that
z (n) , n ∈ N0 is a solution of equation (2.16) and

|f (n)− g (n)|+
n−1∑
s=0

|H (n, s, z (n) , z (s))− L (n, s, z (n) , z (s))| ≤ ε, (3.3)

where f,H and g, L are as in equations (1.1) and (2.16) respectively and ε > 0
is an arbitrary small constant. Then the solution y (n) , n ∈ N0 of equation
(1.1) depends continuously on the functions involved therein.

Proof. Let w (n) = |y (n)− z (n)|, n ∈ N0. Using the facts that y(n) and
z(n) are respectively the solutions of equations (1.1) and (2.16) and the hy-
potheses, we have

w (n) ≤ |f (n)− g (n)|+
n−1∑
s=0

|H (n, s, y (n) , y (s))− L (n, s, z (n) , z (s))|

≤ |f (n)− g (n)|+
n−1∑
s=0

|H (n, s, y (n) , y (s))−H (n, s, z (n) , z (s))|

+
n−1∑
s=0

|H (n, s, z (n) , z (s))− L (n, s, z (n) , z (s))|

≤ ε+
n−1∑
s=0

b1 (n) c1 (s) [|y (n)− z (n)|+ |y (s)− z (s)|]. (3.4)

From (3.4), we observe that

w (n) ≤ A0 (n) +B1 (n)
n−1∑
s=0

c1 (s)w (s) , (3.5)
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where B1 (n) is as given in (2.12) and

A0 (n) =
ε

1− b1 (n)
n−1∑
s=0

c1 (s)

. (3.6)

Now an application of Lemma to (3.5) yields

|y (n)− z (n)| ≤ A0 (n)+B1 (n)
n−1∑
s=0

A0 (s) c1 (s)
n−1∏
σ=s+1

[1 + c1 (σ)B1 (σ)], (3.7)

for n ∈ N0. From (3.7) it follows that the solution of equation (1.1) depends
continuously on the functions involved therein.

We next consider the following Volterra type difference equations of the
forms

z (n) = p (n) +
n−1∑
s=0

F (n, s, z (n) , z (s) , µ) , (3.8)

z (n) = p (n) +
n−1∑
s=0

F (n, s, z (n) , z (s) , µ0) , (3.9)

for n ∈ N0, where p ∈ D (N0, R
n) , F ∈ D (E ×Rn ×Rn ×R,Rn) and µ, µ0

are parameters.

Finally, we present the following theorem which shows the dependency of
solutions of equations (3.8), (3.9) on parameters.

Theorem 6. Suppose that the function F in equations (3.8), (3.9) satisfy
the conditions

|F (n, s, u, v, µ)− F (n, s, ū, v̄, µ)| ≤ b2 (n) c2 (s) [|u− ū|+ |v − v̄|] , (3.10)

|F (n, s, u, v, µ)− F (n, s, u, v, µ0)| ≤ b3 (n) c3 (s) |µ− µ0| , (3.11)

where b2, c2, b3, c3 ∈ D (N0, R+) and

b2 (n)
n−1∑
s=0

c2 (s) < 1, (3.12)
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for n ∈ N0. Let z1 (n) and z2 (n) be the solutions of equations (3.8) and (3.9)
respectively, then

|z1 (n)− z2 (n)| ≤ |µ− µ0|

[
A3 (n) +B2 (n)

n−1∑
s=0

A3 (s) c2 (s)
n−1∏
σ=s+1

[1 + c2 (σ)B2 (σ)]

]
,

(3.13)
for n ∈ N0, where

A3 (n) =

b3 (n)
n−1∑
s=0

c3 (s)

1− b2 (n)
n−1∑
s=0

c2 (s)

, B2 (n) =

b2 (n)
n−1∑
s=0

c2 (s)

1− b2 (n)
n−1∑
s=0

c2 (s)

, (3.14)

for n ∈ N0.

Proof. Let m (n) = |z1 (n)− z2 (n)| , n ∈ N0. Using the facts that z1 (n) and
z2 (n) are respectively the solutions of equations (3.8) and (3.9) and hypothe-
ses, we have

m (n) ≤
n−1∑
s=0

|F (n, s, z1 (n) , z1 (s) , µ)− F (n, s, z2 (n) , z2 (s) , µ0)|

≤
n−1∑
s=0

|F (n, s, z1 (n) , z1 (s) , µ)− F (n, s, z2 (n) , z2 (s) , µ)|

+
n−1∑
s=0

|F (n, s, z2 (n) , z2 (s) , µ)− F (n, s, z2 (n) , z2 (s) , µ0)|

≤
n−1∑
s=0

b2 (n) c2 (s) [|z1 (n)− z2 (n)|+ |z1 (s)− z2 (s)|]

+
n−1∑
s=0

b3 (n) c3 (s) |µ− µ0| . (3.15)

From (3.15), we observe that

m (n) ≤ |µ− µ0|A3 (n) +B2 (n)
n−1∑
s=0

c2 (s)m (s) . (3.16)

Now an application of Lemma to (3.16) yields (3.13), which shows the depen-
dency of solutions of equations (3.8) and (3.9) on parameters.
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4. Further Applications

The idea used in this paper can be very easily extended to study the more
general Volterra type difference equation of the form

y (n) = F

(
n, y (n) ,

n−1∑
s=0

H (n, s, y (n) , y (s))

)
. (4.1)

One can also use the same idea to study similar aspects of solutions of Volterra
type difference equations involving functions of two independent variables of
the forms

u (m,n) = f (m,n) +
m−1∑
s=0

n−1∑
t=0

H (m,n, s, t, u (m,n) , u (s, t)) , (4.2)

and

u (m,n) = F

(
m,n, u (m,n) ,

m−1∑
s=0

n−1∑
t=0

H (m,n, s, t, u (m,n) , u (s, t))

)
, (4.3)

by using some suitable assumptions on the functions involved therein and a
suitable special version of the finite difference inequality given in [10, Theorem
4.2.6, p. 304].

Furthermore, we note that, by extending the method of this paper, one
can establish results similar to those of given in Theorems 1-6, related to the
solutions of Volterra type integral equations of the form

y (x) = f (x) +

x∫
0

H (x, t, y (x) , y (t)) dt, (4.4)

studied by Cahlon in [4,5], and also to study the general Volterra type integral
equation of the form

y (x) = F

x, y (x) ,

x∫
0

H (x, t, y (x) , y (t)) dt

 , (4.5)
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by using the integral inequality given in [9, Theorem 1.3.2, p. 13]. Moreover,
the present method can be very easily extended to study similar aspects of so-
lutions of Volterra type integral equations involving functions of two variables
of the forms

u (x, y) = f (x, y) +

x∫
0

y∫
0

H (x, y, s, t, u (x, y) , u (s, t)) dtds, (4.6)

and

u (x, y) = F

x, y, u (x, y) ,

x∫
0

y∫
0

H (x, y, s, t, u (x, y) , u (s, t)) dtds

 , (4.7)

by making use of the integral inequality given in [9, Corollary 4.3.1, p. 329].
The details of the formulation of such results are very close to those of given
in Theorems 1-6 with suitable modifications and we leave it to the readers to
fill in where needed.
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