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Abstract

We point out and correct some errors in a previous paper on two
inequalities for random variables whose probability density functions
are bounded.
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1. Introduction

In a previous paper [4], Hwang using an improvement of Griiss inequality
to establish some inequalities for expectation and the distribution function in
order to improve the corresponding inequalities established by Barnett and
Dragomir in [1] or [2] by using the pre-Griiss inequality. It is a pity that there
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exist some errors in two main theorems (see Theorem 7 and Theorem 9 of
[4]). The purpose of this paper is to provide a corrected version of these two
theorems.

We will also need the following variant of Griiss inequality (see [3]).
Lemma. Let f,g: [a,b] = R be two integrable functions such that

m < f(z) < M, forall x € [a,b],
where m, M € R are constants. Then

[P fa)g(a) de — 5 [0 f(a) da [° g(x) da] "
< Mom Pg(a) By (e dt\czx

b—a Ja

2. Main Results

Theorem 1. Let X be a random variable having the probability density func-
tion f : [a,b] — R and there exist the constants M, m such that 0 < m <
f(t) <M <1 ae ton]a,b]. If

b 1
0 (X) = ([ 6= nP 1O dte € o]

then we have the inequalities:

02(X) — A()|

|
M (AAG)E + (52— p)l(b— a)? — 4 — )}, a << 2L

< 4(M3‘m)A(,u)§, 2a;—b <u< a+2b
MEAAGE) + (1= 0~ @) — A= L 2 <psh

. (2)
where A(p) = (u — %2)2% + (b—a)?
Proof. Put g(t) = (t — p)? in (1), and as fabf(t) dt =1 and

b _ )2
L= -y B < a0

S

we get
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7200) = AG] < 257 [l - 2 - Ao de )

The last integral can be calculated as follows:
For brevity, we set

p(t) = (t — p)* — A(p), t € [a, ]

and denote t; = pu— A(p)2, to = p + A(p)z.
Clearly, p(p) = —A(p) < 0 and

p(t) =2(t — p),
which implies that p(t) is strictly decreasing on [a, u] and strictly increasing

on (11, 0].
Moreover, we have

pla) = (a—p)* = A(p) = (b= a)(p——5—)

and

p(b) = (b= p)* = A(p) = (b= a)(—— — ),

which imply that p(a) < 0 and p(b) > 0 in case a < p < 242 p(a) > 0 and
p(b) > 0 in case 252 < ;i < 222 a5 well as p(a) > 0 and p(b) < 0 in case
a2 <y < b,

So, there are three possible cases to be determined.

(i) In case a < p < 24 ¢y € (p,b) is the unique zero of p(t) such that

p(t) <0 for t € [a,ts) and p( ) > 0 for t € (t9,b]. We have

Sy (8= ) = A(p)| dt
= JLTAGD = (= Pt [ = g0~ Al di (4)
= 34?435 - b - ) — 4(u - 50

(i) In case 2% < < =2 ) € (a,p) and ¢ € (u, b) are two zeros of p(t)
such that p(t) > 0 for ¢ € [a,t1) U (t2,b] and p(t) < 0 for t € (¢1,t2). We have
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)2 = A)] dt + [2[A(u) — (¢ — )2 de + [2[( — p)? — AQ)) dt

(5)
(iii) In case “£2 <y < b, t; € (a, p) is the unique zero of p(t) such that
p(t) > 0 for t € [a,t1) and p(t) < 0 for ¢t € (¢1,b]. We have

JoN( = m)? = Ap)| dt
= [t = ) = AGo)|di+ [ [AG) = (¢ = p)?)dt (6)
= 3AW? + 5= D[ - a)? — 4(p - %)),
Consequently, the inequalities (2) follow from (3), (4), (5) and (6).
The proof is completed.

Remark 1. It is not difficult to prove that the inequalities (2) are sharp
in the sense that we can construct functions f to attain the equality in (2).
Indeed, we may choose f such that

m, o<t <pt Al )z,
f(t) {M ,LL—{—A( )2<t<b

2a+b and

in case a < p <

M, a<t<pu—A:,

in case 24 <y < @42 and

f(t):{ M, a<t<pu—A?,

incase%%gugb.
It is clear that the above all f(t) satisfy the condition of Theorem 1.

Remark 2. For y = %t in Theorem 1 and denote oo(X) = 0uzs(X), we

2

have the inequality
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(b—a)? 1 3
5| < M - o) (7

which improves the inequality (2.7) in [1] and the inequality (5.10) in [2].
Notice that the inequality (7) is sharp according to Remark 1, we can
conclude that the inequality

( a)*

o5 (X) —

)~ T ] € o= (M~ m)(b— o)’

in Corollary 8 of [4] is impossible which also implies that the inequality (2.12)
in [4] is not valid.

Theorem 2. Let X and f be as above. If

Xfi/ﬁ—Mﬂﬂ%uehﬂ,

then we have the inequalities

[Au(X) = B()|
{ ME (B 4 (= “)2B(0) — (b= a)l}, a<p<b—F(b-a),

(M — m)B(n)?, b—\/g(b—a)<p<a+*/7§(b—a),
Agmgmf+@¥—@@&@—w—wu,a+§@—ﬂéﬂ??
8

where B(p) = ;= [(n — 42)2 + —(b:f)z].

b
Proof. Put g(t) = |t — p| in (1), and as fabf(t) dt =1, and

I 1 a+b b—a)?
e L (s e B R

we get

u(X) = B(p)|
=[Ot = ul = B(w)| dt 9)
'l =t = Bl dt + [ |t = = B(w)| d).

A

For brevity, we set
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p(t) :=p—t—DB(p), q(t) =t —p—B(p), t € [a,]
and denote t; = u— B(u), to = p+ B(p).

Clearly,
p(p) = q(p) = =B(u) <0,
and
pl@) = i (b= L= alu— 0+ Lo - a).
o8) =~ (= Lo )l (a+ Lo - a).
It is not difficult to find that p(a) < 0 for a < u <b-— (b — a) and

pla) > Oforb—‘/Ti(b—a) < pu<b, qd) <0 for a+ %= (b—a) <,u< b and
q(b) >0fora§,u<a+*/7§(b—a).

So there are three possible cases to be determined.

(i) Incase a < pu < b— g(b —a), p(t) <0 for t € [a, ] and ¢(b) > 0 with
to € (1, b) such that ¢(to) = 0. We have

Jo = wldt+ [}t — p— B(p)| dt
Z‘Ht—u+B(Hﬁ [P - 1= BGoldt + 1t~ p — Bl
B + (= “1)2B() — (b - ).
(10)
(i) In case b — Y2(b — a) < p < a+ V2(h — a), p(a) > 0 with ¢; € (a,p)

2
such that p(t;) = 0 and ¢(b) > 0 with 5 € (,u, b) such that ¢(ty) = 0. We have

J =t =B\ dt+ [ |t — p— B(u)|dt

= [Vlu—t—B()dt— ['[n—t— B(u)dt (11)
— [Pt —p— B(w)dt + [, [t — p— B(p))dt
= 2B(n)*

b, p(a) > 0 with t; € (a, ) such that

(iii) In case a + ‘/75(17 —a) < p <
|. We have

p(t1) =0 and ¢(t) <0 for t € [u,b
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J =t =B\ dt+ [ |t — p— B(u)|dt
= [llp—t—B)dt— [Mln—t = B(u)]dt — [}[t — p— B(p)) dt
B(u)* + (45 — 2B () — (b— a)]. -

Consequently, the inequalities (8) follow from (9), (10), (11) and (12).
The Proof is completed.

Remark 3. [t is not difficult to prove that the inequalities (8) are sharp
in the sense that we can construct functions f to attain the equality in (8).
Indeed, we may choose f such that

incaseb—%i(b—a)<u<a+\/7§(b—a),and

in case a + %= (b—a) < u<hb.
It is Clear that the above all f(t) satisfy the condition of Theorem 2.

a+

Remark 4. For p1 = iy = %% in Theorem 2, we have the inequality

b— 1
< —(m—m)(b—a)
which improves the inequality (2.10) in [1] and the inequality (5.13) in [2].
It should be noted that the Theorem 9 in [4] is not valid can be simply
examined by checking the case p = a or u =b.

| Ao (X) =

Ho
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