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Abstract

Let H(B) denote the space of all holomorphic functions on the unit
ball B of C" and Rh(z) = > 27, zjg—:j(z) the radial derivative of h. In
this paper we study the boundedness and compactness of the extended
Cesaro operator

! dt
TG = [ 1eRe(e) T e HB), 2B,
from mixed norm spaces to Zygmund type spaces.
Keywords and Phrases: Mized norm space, Zygmund type space, Extended
Cesaro operator.
1. Introduction

Let B be the unit ball of C" and dv the normalized Lebesgue measure on
B. Let H(B) be the class of all holomorphic functions in B and Rf(z) =
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> i zj%(z) stand for the radial derivative of f € H(B). It is well known
that, if f =) a.2* € H(B), then

Rf(z) = Z la|agz,

where « is a multi-index. We write R2f for R(Rf) (see [25]).
A positive continuous function g on the interval [0, 1) is called normal if
there is 6 € [0,1) and s and ¢, 0 < s < t such that

M) deerens NG R
- is decreasing on [d,1) and 11&1% A=rF 0;

p(r) is increasing on [6,1) and lim p(r) = 00 (1)
(1=r) S R (e T,

If we say that p: B — [0, 00) is normal we will assume that u(z) = u(|z|), z €
B (see, e.g. [4, 21]).

Let v be a normal function on [0,1). For 0 < p,q < oo, the mixed norm
space H(p,q,v) = H(p,q,v)(B) consists of all f € H(B) such that

1/p
dr) < 00,

VP (r)
1—17r

1
T ( [
where

1/q
st = ([ 10raso)
S
For p = q and ¢(r) = (1 — 7“2)%1, the mixed norm space is equivalent to the
weighted Bergman space A? = AP(B), which consists of all f € H(B) such
that

117, = / FEP( = [2P)du(z) < oo

Recall that the Bloch space B = B(B) is the space of all f € H(B) for
which (see [25])
b(f) = sup(l — [2*) [Rf(2)] < oo

z€B

Under the norm introduced by || f||z = |f(0)| + b(f), B is a Banach space.
Let A = A(B) denote the class of all f € H(B) such that

igg(l = [2[)|R*f(2)] < oo. (2)
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Denote by A(B) the ball algebra on B. From [25, p. 261] we see that f € A
if and only if f € A(B) and there exists a constant C' > 0 for which

|f(C+h)+ f(C—h) =2f()| < Ch,
for all ( € OB and ( £ h € OB, the boundary of B. Write

[ £lla = 1£(0)] +sup(l — |2[*)[ %2 f (2)]. (3)

From [25] we see that A is a Banach space with the norm || - ||x. A is called
the Zygmund space. Let Ag denote the class of all f € H(B) such that

lim (1 — =) %2/ (=) = 0.

|z]—1

It is natural to generalize the Zygmund space to a more general form. Let
i B —[0,00) be normal. An f € H(B) is said to belong to the Zygmund
type space, denoted by A, = A,(B), if

sup p1(2) R f(2)] < 0. (4)

zeB

Under the norm
17, = £ + sup a2 RS ()], )

A, becomes a Banach space. Let A, denote the subspace of A, consisting of
those f € A, such that

tim, (2)| R ()] = . (6)

which will be called the little Zygmund type space.
Suppose that g € H(B). We consider the extended Cesaro operator (or
the Riemann-Stieltjes operator) T} as follows

dgc(iiz) _ /Olf(tZ)%g(tZ)%, feH(B), z€B. (7)

ri) = [ s

This operator was introduced in [4], and was studied in [1, 2, 4, 5, 6, 7, 8, 9, 10,
11,12, 13, 14, 15, 16, 17, 19, 22, 23, 24, 26, 27]. For example, the boundedness
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and compactness of the extended Cesaro operator on Bloch spaces and Bloch
type spaces, were studied in [5, 10, 19, 22, 23, 26, 27]. In [16], Li and Stevié
studied the boundedness and compactness of the extended Cesaro operator on
Zygmund spaces.

In this paper, we study the operator 7Tj from mixed norm spaces to Zyg-
mund type spaces. Some sufficient and necessary conditions for the operator
T, to be bounded or compact are given.

Throughout the paper, constants are denoted by C, they are positive and
may not be the same in every occurrence.

2. Auxiliary Results

In order to prove the main results of this paper, we need some lemmas which
follows.

Lemma 1. ([4]) For every f,g € H(B) it holds R[T,(f)](z) = f(z)Rg(2).

Lemma 2. Assume that 0 < p,q < o0, g € H(B), v : B — [0,00) and
p: B — [0,00) are normal. Then T, : H(p,q,v) — A, is compact if and
only if Ty - H(p,q,v) = A, is bounded and for any bounded sequence (fi)ren
in H(p,q,v) which converges to zero uniformly on compact subsets of B as
k — oo, we have ||Tg fi|la, — 0 as k — oo.

Proof. The proof follows by standard arguments similar to those outlined in

Proposition 3.11 of [3]. We omit the details.

Lemma 3. Assume that p: B — [0,00) is normal. A closed set K in A, is
compact if and only if it is bounded and satisfies

lim sup u(2)|R2f(2)| = 0.
|z1=1 fek

Proof. The proof is similar to the proof of Lemma 1 in [18]. We omit the
details.

Lemma 4. ([20]) Assume that 0 < p,q < oo and v : B — [0, 00) is normal. If
f € H(p,q,v), then there is a positive constant C independent of f such that

||f||H(p,q7V)
fEls O LM cen 0
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Similarly to the proof of Lemma 1 of [20] and by using the following well-
known asymptotic formula (see, e.g. [4])

[ v = g0+ [ gm0 - o

we obtain the following lemma.

Lemma 5. Assume that 0 < p,q < o0 and v : B — [0,00) is normal. If
f € H(p,q,v), then there is a positive constant C independent of f such that

||f||H(p,q,V)
IRf(2)| < CV(Z>(1 S e B. 9)

3. Main Results and Proofs

In this section, we give our main results and proofs.

Theorem 1. Assume that 0 < p,q < o0, g € H(B), v : B — [0,00) and
p: B —[0,00) are normal. Then T, : H(p,q,v) — A, is bounded if and only

if

M, = sup AR (10)

ceB v(z)(1— |z[2)a !

and

My = sup ,u(z)\?)?%q(z)]ﬂ < 00. (11)

zeB v(2)(1 —|2]?)

Proof. Assume that (10) and (11) hold. For any f € H(p, q, V), using Lemmas
1, 4 and 5 we have

()R (T f)(2)] = n(2) RS (2)Rg(2) + f(2)R7g(2)]
plz )|3?g(2)| u(2)|3?29(2)
C H(p,q,v n ] H(p,q,v n -

(12)
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On the other hand, we have that T,(f)(0) = 0. On account of the conditions
(10) and (11), the boundedness of the operator T, : H(p,q,v) — A, follows
from (12) by taking the supremum over B.

Conversely, assume that T, : H(p,q,v) — A, is bounded. By taking the
function f(z) =1, we get g € A,,, i.e.

sup pu(2)|R2g(2)] < 0. (13)

Taking the functions given by f;(z) = z;, j=1,...,n, we obtain

sup 1(2)|2;Rg(2) + z;R%g(2)] < 0, j=1,...,n. (14)

z€B

(14) together with g € A, imply
sup 1(2)|2;%g(2)] < oo, (15)
ze

for each j =1,...,n. From (15) we get

sup u(z)[Rg(2)] <3 sup Zu )Izi|[Rg(2)] < o0,

1/3<|z|<1 1/3<\z|<1
from which we obtain

sup u(z)|Rg(z)] < oo. (16)

zeB
For a € B, set
(1— |a|?)t+
v(a)(1—(z,a)) "

From [20] we see that f, € H(p,q,v) and sup,cg || fall (p,g) < 00. By Lemma
1 we have

00> [Ty fulls, = spn(IR(T, L) ()] = sup p(IR (o - Ro) (<)
= sup u(2) [RE(IRg(:) + ()R ()

pl@lafRo(@] __p@)Rgl@)] g
v(a)(1 — ’&|2)q+ v(a)(1 —lal?)«

(17)

fa<z> =

v

n
(=+t+1)
q
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1 (1 _ |a|2)t+1 1 (1 _ |a|2)t+2

ha(z) = %—}-t—l— 1 l/(a)(l B <Z’a>)%+t+1 - %+t+2y(a)(1 . (z,a>)%+t+2'<19)

Then, as the case of f,, hy € H(p,q,v) and sup,cp ||l m(pgr) < 00 . Since

1 1 1
St 12+t 20(a)(1 — |af? )%

Rha(a) =0, hy(a) =

we obtain
00 > || Tyhalla, = Supu( )| Rha(2)Rg(2) + ha(2)R2g(2)|

> ( )3tha(a ) 9(a) + ha(a)R?g(a)|
= pa)lha(a)R*g(a)]

L L p(@)Rg(a)]

St 1R+t 20(a)(1 - |af?)s]

which means that (11) holds by the arbitrary of a € B.
From (18) and (20) we obtain

sup pla)laP|Rg(a)] oo, (21)

aeB v(a)(1 — |af?)a ™

which implies that

p(a)[Rg(a )I (@)]al*|Rg(a)|

=

st 9 su n 0. 99
|“|>p% v(a)(1 — la?)s™ ) |a\>p% v(a)(1 - |a]?)a™! = (22)
From (16),
sup —@Rg(a)| w“ R
P a1 — i € o HalRgla)] < o (23)

Combining (22) with (23) we get (10). The proof of this theorem is completed.
]



418 Xiangling Zhu

Theorem 2. Assume that 0 < p,q < o0, g € H(B), v : B — [0,00) and
p: B —[0,00) are normal. Then T, : H(p,q,v) — A, is bounded if and only
if Ty : H(p,q,v) = A, is bounded, g € A, and

Jim, p(z)[Rg(z)] = 0. (24)

Proof. Assume T, : H(p,q,v) — A, is bounded. Then it is clear that
T, : H(p,q,v) — A, is bounded. Taking f = 1, from the boundedness of
Ty : H(p,q,v) = A, it follows that g € A, . By taking the functions given
by fij(2) = z;, j=1,...,n, and similarly to the proof of the Theorem 6 of
[17], we see that (24) holds .

Conversely, suppose that T, : H(p,q,v) — A, is bounded, g € A, and
(24) holds. For any polynomial p(z),

()R (Typ) (2)] < p(2)[Rg(2)[|Rp(2)] + n(2)|R*g(2)lp(2)]. (25)

From g € A, and (24), we have that T;p € A, o. Since the set of all polyno-
mials is dense in H, ,, we have that for each f € H, ,,, there exist a sequence
of polynomials (pi)ren such that ||f — pi|ln,,, — 0, as k — oo. From the
boundedness of the operator T, : Hy,,, — A,, we have

HTgf _Tgpk”Ap, S ||Tg||Hp,q,u—>Au f _pk”Hp,q,u'

From this and since A, is closed, we obtain
T,f= lim T,p, € A
of = lm Typy € Ayp,

which together with the boundedness of T, : H,,, — A, implies the bound-
ednes of T, : Hp, 4, — A, 0. The proof of this theorem is completed. O

Theorem 3. Assume that 0 < p,q < o0, g € H(B), v : B — [0,00) and
i B —[0,00) are normal. Then the following statements are equivalent.

(a) T, : H(p,q,v) = A, is compact;

(b) T, : H(p,q,v) = A, is compact;

(c)

p(2)[Rg(2)]

=1 p(2)(1 = [=f2) s

—0 (26)
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and

p(2)[ g ()]

=1 () (L~ [#f2)

~0. (27)

Proof. (¢) = (b). Assume that (c) holds. Then, for any f € H(p,q,v), it
follows from Lemmas 4 and 5 that

u(2) [ RA(T, £)(2)]

R
< Ollfllpgn— 1) “"(f”

2IRg(:)] p(2) (=)
V(L= )T

v(z)(1 - |22)5

+C||f||H(p,q7V)

Employing Lemma 3 and condition (c¢), we see that T, : H(p,q,v) = A, is
compact.

(b) = (a). This implication is clear.

(a) = (c). Assume that T, : H(p,q,v) = A, is compact. Let (2x)ren be a
sequence in B such that limy . |zx| = 1. Set

(1 — )™

v(z) (1= {z,2)) 7T

fi(z) = (28)

Then fi, € H(p,q,v), sup || full a(p,qr) < o0 and fi, = 0 uniformly on compact
subsets of B as k — oco. By Lemma 2,

k—o00
On the other hand, we have

0« HTgkaM:Sggﬂ<z)|%fk<z)%g<z>+fk(z)§R2g(Z)|

11(zk) IR fi(zr) Ry (2) + fr(ze)R2g(20)]
> |®htt) M(Zk)fzk!2|3?g(zf)| B M(Zk)|8%29(zk)|n (30)
e v(z) (1= |z v(z)(d = |af?)e |

v

as k — oo. Now set

1 (1 — )™ 1 (1 —J=f*)™*

hk(z) i 7 n [ .
G T ()1 = (zz) ™ T 20(z) (1 — (2, 2)) e T




420 Xiangling Zhu

Then hy, € H(p, q,v), supy, ||Al| m(p.gr) < 00 and hy — 0 uniformly on compact
subsets of B as k — oo. By Lemma 2, it hold limy_,q ||Tyhx||a, = 0. Since

1 1 1
LS+ 20 o)t

%hk(zk) =0 and hk(zk) =

we have

0 < [|Tyhx |,

v

sup 1(2)|[Rhi(2)Rg(2) + hi(2)Rg(2)|

z€B
11(2) | RAu () Ry (zi) + P (z1) R g (2]
1 1 11(ze) [ R2g (1) |
FEH LR+ 20(2)(1 - |2]2) e

v

Vv

(31)

v
as k — 0o, which means that (27) holds. It follows from (30) and (31) that

lim (E Lt41) M(Zk)|2k|2|%g(zf_>~_|l — lim M(Zk:)hRQQ(Zk)L’ (32)
koo g v(z) (1 — |zi]?) @ h=oo v(z) (1 — |zx]?) @

if one of the limits exists. From (27) and (32), (26) follows. The proof of this
theorem is completed. O
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