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Abstract

In this paper we establish some new Ostrowski-Griiss type inequal-
ities with two mappings. Some applications for two dependent cumula-
tive distribution functions are also given.

Keywords and Phrases: Ostrowski-Griss type inequality, Lipschizian type
function, Griss type inequality, Cumulative distribution function.

1. Introduction

In 1938, Ostrowski proved that the following interesting and useful theorem
(see [1,p.468]).

Theorem 1.1. Let f : A C R — R be a differentiable mapping in A, the
interior of A, and let a,b € A with a < b. If || f' |lee= sup |f'(z)| < oo, then

x€(a,b)

we have the inequality:
G v ,
(b—a) | f' sV €la,b]. (1)

' / it ‘“’ =L

#2000 Mathematics Subject Classification. Primary 26D10, 26D15.
"E-mail: yangwg8088@163.com




398 Wengui Yang

Griiss [2] obtained the following well-known theorem (Griiss type inequal-
ity) which establishes a connection between the integral of the product of two
functions and the product of the integrals of the two functions.

Theorem 1.2. Let f,g : [a,b] — R be two integralable functions such that
¢ < flx) <P and vy < g(x) < T for all x € [a,b], ¢, P,~,T" are constants.
Then we have

' —a/f dx_bia/abf(a:)dfﬂ‘bia/abg(w)d

Dragomir and Wang [3] first derived a new inequality of Ostrowski type
using Griiss type inequality (2) as follows.

1

<@ =) 7). (2)

Theorem 1.3. Let f : A C R — R be a differentiable mapping in A and let
a,b € A with a <b. If f' € Li[a,b] and v < f'(x) < T, for all x € [a,b], v,T

are constants. Then we have the following inequality:

)= 010 () L [ | < 10— o -
Ve € [a,b]. (3)

Cheng [4] gave a sharp version of the Ostrowski-Griiss type integral in-
equality, i.e., i is replaced by % in inequality (3). Ujevié [5] provided new
estimations of the left part of (1) as follows.

Theorem 1.4. Let f : A C R — R be a differentiable mapping in A and let
a,b € A with a < b. If f' € Ly[a,b] and v < f'(x) < T, for all x € [a,b], v,T

are constants. Then for all x € [a,b], we have the following inequalities:

R e e = /bf<y>dy]s§<b—a><s—v>, )

—a 2
- 1O (o)L i) < J0-a0-9), ©

where S = (f(b) = f(a))/(b— a).
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In order to narrate conveniently, we cites the definition of L—Lipschitzian
and (I, L)—Lipschitzian.

Definition 1.5.[6] The function f : [a,b] — R is said to be L—Lipschitzian
on [a, b] if
[f(@) = f(y)l < Llz —y|, Yo,y € [a,b],

where L > 0 is given.

Definition 1.6.[6] The function f : [a,b] — Ris said to be (I, L)—Lipschitzian
on [a, b] if

(o —y) < flz) = fly) < Lz —y), Yo,y € [a, 0],
where [, L € R with [ < L.

By means of the L—Lipschitzian and (I, L)—Lipschitzian properties of the
functions, Z. Liu [6] gave the following results.

Theorem 1.7. Let f : [a,b] — R be (I, L)— Lipschitzian on [a,b]. Then we

have
0= (o= ) s 2 [ ] < fo-aw-0. ©
)~ (o= 57) 5~ bia " sas| < j0-ais-0. @
and

- (o= ) s [wa] < jo-ow-s. ®

for all x € [a,b], where S = (f(b) — f(a))/(b— a).
Theorem 1.8. Let f : [a,b] — R be L— Lipschitzian on [a,b]. Then we have

o (o-25) 51 f

‘f(m)_@_a;b) b—a/f ‘

for all x € [a,b], where S = (f(b) — f(a))/(b— a).

(VAN
[\Dll—‘ .hl»—

(b—a)L, (9)

(b—a)(T" = |5]), (10)
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In [7], Pachpatte established the inequality involving two functions similar
to (1) as follows.

Theorem 1.9. Let f,g : [a,b] — R be continuous functions on [a,b] and
differentiable on (a,b), whose derivatives f' g : (a,b) — R are bounded on
(A, B), ice., |[Fl = Sup |f/(2)] < 00, [¢lloo = sup |¢/(x)] < co. Then

z€(a,b) z€(a,b)
F(7.9) < 3ol e+ 15l 1) |3+ 52 )]@—@vxq%wm>

where F(f,q) = |f(z)g(z) — 20— a)|: f fly)dy + f(z f 9y ”

In this paper, we establish some new estimations of inequality (11) similar
to Theorem 1.3, 1.4, 1.7, 1.8. Some applications for two dependent cumulative
distribution functions are also given.

2. Main Results

Theorem 2.1. Let f,g : A C R — R be two differentiable mappings in A
and let a,b € A with a < b. If f',g' € Li[a,b], v = mingepy f'(z), [ =
maxyeap) [ (), ¢ = mingepy ¢'(2), and ® = max,epy f'(z). Then we have
the following inequality:

G(f.9) < 1@—@)[@—7)!9(%)! +(@—-9)f(0)l], Veelsbl.  (12)

a+b
{ ([ 1+ 00 -y (» - 52))
Proof. By Theorem 1.3, we have

(/g iy + (a0) = g(a)) (- “52) ) ||
0= (,_oxt

- 10 ) - [ ] < jo-ow -2, 03

B (bi:cgl(a) (x_(l;—b> 1

where

gUyw{ﬂwm@
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In combination with (13) and (14), we obtain

(1.9 = [3{ato [ - L1 (o 20) - L )

+f () {g(fv) - g(bZ = z(a) (x = ; b) B ﬁ /abg(y)dy} H

S () —bia/abf@)dy\
()|t - 2090 ( - “;b) - /@bff(y)dyH
< %(b — @[T = )lg(a)] + (@ — &) f()]].

Remark 2.2. By means of the method of Cheng[4], we give also a sharp
version of inequality (12), i.e., % is replaced by %.

Theorem 2.3. Let the assumptions of Theorem 2.1 hold. Then we have the
following inequalities:

G(f,9) < 10— )5 ~Vlg@)| + (T - OU@I.  (5)
G(f,9) < (b= )T =)o) + (@~ D). (16)

for all x € [a,b], where S = (f(b) — f(a))/(b—a), T = (g(b) — g(a))/(b— a).

Proof. The proof of inequality (15) is only given, since the proof of inequality
(16) is the similar to that of inequality (15). By Theorem 1.4, we have

- LI (o) L ] < 36— as -, )

o) - 20200 (o 28 - [awa] < 50— o - 0. (9
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In combination with (17) and (18), we obtain

G(1.9) < 3 [loto i) - 2O (s D) [y
oo ce58) 1

%(b — Q)[(S = )g(@)| + (T = &)|f()|].

Theorem 2.4. Let f,g : [a,b] — R is (I, L), (m, M)— Lipschitzian on |a, b,
respectively. Then we have

IA

G(f,9) < 1—16(17— a)[(L = Dlg(@)| + (M —m)|f(x)]], (19)
G(f,9) < %(b —a)[(S = Dg(x)] + (T = m)|f ()], (20)

and
g(f,9) < (b—a)[(L—S)\g(ﬂf)!+(M—T)\f(ﬂf)\]’ (21)

for all x € [a, b, where S = (f(5) — f(a))/(b— a), T = (g(b) — g(a))/(b — a).

Proof. The proof of inequality (19) is only given, since the proofs of inequal-
ities (20) and (21) are the similar to that of inequality (19). By inequality (6)
in Theorem 1.7, we have

oy - 010 ()L [ | < - e - .2
R (e E bia [ stos| < - w1 - my0)

In combination with (22) and (23), we obtain

(1.9) < 3 [loto st - 2O (s D) [y

R ) B T |

< %(b —a)[(L = Dlg(@)[ + (M —m)|f(z)[]
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Remark 2.5. We also obtain the following inequalities:

G(f,9)

IN

(b—a) [1/4(S = Dlg(x)[ + (T —m)|f(2)]],
G(f,9) < 7(b—a) [1/4(S = Dlg(x)| + (M = T)|f ()],
9(f,9) < 7(0=a)[(S = Dlg(x)| + 1/4(M —m)|f(2)]],
G(f,9) = 7(0=a) [(L = S)lg(x)| + 1/4M —m)|f(2)]],
g(f,9) < (b—a)[( = Dlg(x)| + (M =T)|f ()],

IN

VAN
»—n-lle»lkl»—wl;Ir—‘

and
G(f,9) < 3(b = (L~ S)g(e)| + (T = m) ()],

for all « € [a,b], where S = (f(b) — f(a))/(b—a), T = (g(b) — g(a))/(b— a).

Corollary 2.6. Under the assumptions of Theorem 2.4, we have

oo () -l (259
fo-n o223 (2]
and

M) <400 =)o (5)| + or-n]r (57)]]

where S = (f(b) — f(a))/(b—a), T = (g9(b) — g(a))/(b— a), and
M(f,g)

(5o (5) ~mg o (57) L owmes (57) [

Proof. We set 2 = %t in (19)-(21) to get Corollary 2.6.

==

M(f,g) <

I =

M(f,g) <
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Corollary 2.7. Under the assumptions of Theorem 2.4, we have

N(f,9) <
N(f,9) <

(b= a)[(L = D(lg(a)] + |g(0)]) + (M —m)(|f(@)] + [F(B)])];
(b= a)[(S = D(lg(a)| + |g(O)]) + (T = m)(|f(@)| + [F(B)D];

N| =00l =

and
N(f,9) < (b —a)[(L = S)(lg(a) + [g(®)]) + (M =T)(|f(a)| + [ f(B)])],
where S = (f(b) — f(a))/(b—a), T = (g(b) — g(a))/(b — a),

N(f.9)
Lo - g [ 'y + (50) - F(@) / bg(y)dy] .

Proof. We set = a and x = b in G(f, g) defined in Theorem 2.1, we have

2 4
Since
N(f,9)
— a a ’ ’

_ 5| U(0)g(b) 2f( )g( ))_2 L l ))/a Fy)dy + ))/ ( )dyl
b b

_ {f<“>29<>+ L)o@ [O0) L [gw)/a f(y)dy+f<a>/ag<y>dy]}
b

{ (6)29()+ ()g(b)jlrf(b) [g(b)/a fy)dy + f / ) H‘

< 2(G(f(a),g(a)) + G(£(b), 9(b)))-
In combination with the right of (19)-(21), we get Corollary 2.7.
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Theorem 2.8. Let f,g : [a,b] — R is L, M—Lipschitzian on |a,b], respec-
tively. Then we have

G(f,9) < 5(b— @Mlg(e)| + LIS ()] (24)
G(1,9) < 70— @)L = SDlg(@)] + (M = [T @], (29

for all x € [a,b], where S = (f(b) — f(a))/(b—a), T = (g(b) — g(a))/(b— a).

Proof. It is easy to build the proof of Theorem 2.6, since the the proofs of
Theorem 2.6 and Theorem 1.8 are similar. So it is omitted.

Remark 2.9. Let g(x) = 1, then ¢ = ® = 0. We recapture Theorem 1.3, 1.4,
1.7, 1.8 from Theorem 2.1, 2.3, 2.4, 2.6, respectively.

3. Some Applications

Let X (Y) be a random variable having the probability density function f
(9) : [a,b] — R+ and the cumulative distribution function F(x) = Pr(X < x)
(G(y) = Pr(Y <y)), ie,

F(z) = /: f(t)dt <G(y) = /ayg(t)dt) , Vz € la,b).

Joint distribution function of X and Y is defined by F(z,y) = Pr(X <
x,Y < y). Let X and Y be two dependent random variables, then Pr(X <
z,Y <y)=Pr(X <z)-Pr(Y <y). E(X) is the expectation of X. Then we
have the following inequalities.

Theorem 3.1. Let X and Y be two dependent random variables and F and
G be defined by the above. If there exist constants L,1, M, m such that 0 <1 <
f(t) <L and0<m < g(t) < M forallt € [a,b], then we have the inequalities

PIXY) < (b~ a)l(L - DG() + (M ~m)F@)],  (26)
P(X.Y) < (b a)(S ~ )G(x) + (T~ m)F(x)], (27)

and
P(X.Y) < 1(b— )L ~ S)G(x) + (M~ T)F(x)], (28)
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for all x € [a,b], where S =T = (b—a)™!, and

P(X.Y) = Pr(ng,Ygx)_ﬁ [G<x> ((b_E(X))+ <x_ a+b)

Proof. It is see to observe that F(z) = [ f(t)dt, G(z) = [T g(t)dt is (I, L),
(m, M)-Lipschitzian on [a b], respectlvely So, by Theorem 2.4, we get

G(F,G) < (b - a)[(L — D|G(x)| + (M —m)|F(a)]],

6
(

.-lkIH'—‘

G(F,G) < (b= a)[(S = DIG@)| + (T = m)|F(z)]],
and

G(F,G) < (b~ (L~ )|G()| + (M ~ T)|F(x)]],

where G(%,0) is defined in Theorem 2.1. As F'(a) = G(a) =0, F(b) = G(b) =
L,

b b
/ F(t)dt = b— B(X) and / Glt)dt = b— E(Y),
then G(F,G) = P(X,Y), this completes the proof Theorem 3.1.

Remark 3.2. We also obtain the following inequalities:

~(b—a) [L/4(S — )G(x) + (T — m)F(x)).
(b—a)[1/4(S = [)G(z) + (M = T)F(x)],

P(X,)Y)

IA

P(X,Y)

IN

P(X,Y)

IN

(b—a)[(S = D)G(x) + 1/4(M —m)F(z)],

IA

P(X.,Y) (b—a)[(L—9G(x)+1/4M —m)F(x)],

P(X,Y)

AN
e S R SN B N Ny B N e

(b—a)[(S = DG(x) + (M = T)F(x)],

and

1

PX,Y) < 2(b—a)[(L = 9)G(x) + (T —m)F(x)],

W
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for all z € [a,b], where S =T = (b —a)~".

Corollary 3.3. Under the assumptions of Theorem 3.1, we have

[(E(X)+ E(Y)) = (a+b)| < é(b—af[(L—l) + (M =m)], (29)
(E(X)+E(Y)) —(a+b)] < %(b— a)’[(S = 1) + (T —m)],  (30)

and
[(E(X)+ E(Y)) = (a+b)] < %(b— a)’[(L — 8) + (M = T)], (31)

where S =T = (b—a)™".
Proof. We set 2 = b in (26)-(28) to get (29)-(31).
Corollary 3.4. Under the assumptions of Theorem 3.1, we have

AX,Y) < ~(b—a) {(L e, (a;b) (M —m)F (“;bﬂ (32)
(b—a) {(s— e (“;b) (T —m)F (“;b)] L (33)

Q(X,Y) <

=

and

Q(X,Y) < ;l(b— 0) [(L _9)G (a;b) (M —T)F (C‘;b)} R

where S =T = (b—a)™!, and
Q(X,Y)

_ ‘m(xga;b,yga”)—%l )[G(“H’)(b—E(X))+F(“;b)(b—E(Y))H.

2 b—a 2

Proof. We set 2 = b in (26)-(28) to get (32)-(34).

Corollary 3.5. Under the assumptions of Theorem 5.1, we have

R(X,Y) < 2(b—a) [(L_Z)G (“'2”7) + (M= m)F (a;b)] (35)

8
R(X,Y) < %(b — ) [(S e (a;b> (T —m)F (“‘2”’)1 . (36)
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and

a+b

(b-@[(L—S)G( i >+(M—T)F<a;b>}, (37)

where S =T = (b—a)™', and
a+b a+b 1 a+b a+b
XY)=|PriX<—Y < - = F .

Proof. Using the triangle inequality, we get

R(X,Y) <

N —

) < o (s 2hsnit) L) (2
% i(%%:)(E(X)_“;b)ﬁUb(_“%:) (E(Y)_a;tb)
4[58 (so-252) 22 (s 531)|
< ‘Pr(X< ;b,y<‘“2rb)
_2(b1—a) {G(agb) (b= E(X)) F(“b) <b—E<Y>>H
208 23 E 228

In combination with (32)-(34) and Corollary 3 in Liu [6], we get our results:
(35)-(37).
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