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Abstract

In the present paper, we first establish a general theorem that gives
the image of a modified H-transform in the fractional integral operator
involving the multivariable H-function. Next, we deduce two important
corollaries involving Wright generalized Bessel function, Mittag-Leffler
function, Appell function F1 and the product of Whittaker functions
which are also quite general in nature and of interest by themselves.
Several other new and known results can also be obtained from our main
theorem. We record here exact reference to one such known result.
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1. Introduction

The new modified H-transform that is a generalization of transform studied
by Saigo et al. [6] will be defined and represented in the following manner:

h(s1, ..., sn) = h
0,0 :M

′
1,N
′
1 ;...;M

′
n,N

′
n

P ′,Q′ :P
′
1,Q
′
1 ;...;P ′n,Q

′
n

[F1(x1, ..., xn) ; ρ1, ..., ρn ; s1, ..., sn]

=

∫ ∞

d1

...

∫ ∞

dn

n∏
i=1

(sixi)
ρi−1H

0,0 :M
′
1,N
′
1 ;...;M

′
n,N

′
n

P ′,Q′ :P
′
1,Q
′
1 ;...;P ′n,Q

′
n

 (s1x1)k1
...

(snxn)kn

∣∣∣∣(a2j ;α(1)
2j ,..., α

(n)
2j )1,P ′ :

(b2j ;β
(1)
2j ,...,β

(n)
2j )1,Q′ :

(c
(1)
2j

,γ
(1)
2j

)
1,P
′
1

;...; (c
(n)
2j

, γ
(n)
2j

)
1,P
′
n

(d
(1)
2j

,η
(1)
2j

)
1,Q
′
1

;...; (d
(n)
2j

,η
(n)
2j

)
1,Q
′
n

]
F (x1, ..., xn) dx1... dxn (1)

for k1, . . . , kn > 0, where

F (x1, ..., xn) = f

(
a1

√
x2

1 − d2
1U (x1 − d1) , ..., an

√
x2
n − d2

nU(xn − dn)

)

x1 > d1 > 0 , · · · , xn > dn > 0 (2)

Here U(xi −−di) (i = 1, . . . , n) is the well-known Heaviside’s unit function.
Further, we assume that h(s1, . . . , sn) belongs to V1, where V1 is the class of

functions f(x1, . . . , xn) on R
(n)
+ which are infinitely differentiable with partial

derivatives of any order such that

f (x1, ..., xn) =

[
0 ( |xi |wi) ( max { |x1| , ..., |xn| } → 0)

0 ( |xi |−τi) ( min { | x1 | , ..., |xn| } → ∞)

]
(3)

The transform defined by (1) exists provided the following (sufficient) con-
ditions are satisfied.
(i) | arg si| < 1

2
π Ωi/ki

where

Ωi = −
P ′∑
j=1

α
(i)
2j −

Q′∑
j=1

β
(i)
2j +

N
′
i∑

j=1

γ
(i)
2j −

P
′
i∑

j=N
′
i+1

γ
(i)
2j +

M
′
i∑

j=1

η
(i)
2j −

Q
′
i∑

j=M
′
i+1

η
(i)
2j > 0
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∀i ∈ {1, ..., n}.

(ii) <(wi) + 1 > 0.
(iii)

< (ρi − τi) + ki max
1 5 j 5N ′n

[
<

(c(i)
2j − 1)

γ
(i)
2j

]
< 0

∀i ∈ {1, ..., n}.

The multivariable H-function has been studied extensively by Srivastava
and Panda in their two basic papers on the subject (see [10, pp.119-137] and
[11, pp.169-197]). In the present paper, we shall define and represent it in the
following manner [9, p. 251, Eq. (C.1)]:

H [z1, ..., zr] = H0,N :M1,N1;...;Mr,Nr
P,Q : P 1,Q1 ;...;Pr,Qr

 z1
...
zr

∣∣∣∣(aj ; α1
j ,...,α

(r)
j )1,P : (c1j ,γ

1
j )1,P1

;...; (c
(r)
j ,γ

(r)
j )1,Pr

(bj : β
1
j
,...,β

(r)
j

)1,Q : (d1
j
,η1
j
)1,Q1

;...; (d
(r)
j

,η
(r)
j

)1,Qr


=

1

(2πω)r

∫
L1

...

∫
Lr

ψ(ξ1, ..., ξr)
r∏
i=1

{φi(ξi) zξii } dξ1...dξr (4)

where ω =
√
−1,

φi(ξi) =

∏Mi

j=1 Γ (d
(i)
j − η

(i)
j ξi)

∏Ni
j=1 Γ (1− c

(i)
j + γ

(i)
j ξi)∏Qi

j=Mi+1 Γ(1− d(i)
j + η

(i)
j ξi)

∏Pi
j=Ni+1 Γ(c

(i)
j − γ

(i)
j ξi)

, ∀ i ∈ {1, ..., r}

(5)

ψ (ξ1, ..., ξr) =

∏N
j=1 Γ (1− aj +

∑r
i=1 α

(i)
j ξi)∏P

j=N+1 Γ (aj −
∑r

j=1 α
(i)
j ξi)

∏Q
j=1 Γ (1− bj +

∑r
i=1 β

(i)
j ξi)

(6)
∀ i ∈ {1, ..., r}.

For the convergence, existence conditions and other details of the multivariable
H-function, we refer to the book mentioned earlier [9, pp. 251-253, Eqs.(C.2)
to (C.8)]
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An excellent survey of the work done on operators of fractional integration
and their applications has been made in the highly useful work of Srivastava
and Saxena [12]. Further, theory and applications of fractional differential
equations have been recently studied in a text book by Kilbas et al. [4].
Generalized multivariable fractional integral operators have been studied from
time to time by several authors including Srivastava et al. [13], Gupta et al.
[2] and Saxena et al. [7].

In the present paper, we shall study the fractional integral operator involv-
ing multivariable H-function, which is a generalization of an operator studied
by Saxena and Kumbhat [8] and defined as follows:

Rη1,...,ηn,α
x1,...,xn,r1,...,rn

[f(x1, ..., xn)] =
n∏
i=1

(ri x
−ηi−riα−1
i )

∫ x1

t1=0

...

∫ xn

tn=0

n∏
i=1

{tηii (xrii −t
ri
i )α}

·H0,N : M1,N1;...;Mn,Nn
P,Q :P1,Q1 ;...;Pn,Qn


K1

(
t
r 1
1

x
r 1
1

)ml (
1− t

r 1
1

x
r 1
1

)n1

...

Kn

(
tr nn
xr nn

)mn (
1− tr nn

xr nn

)nn
∣∣∣∣∣∣∣∣∣

(a1j ;α
(1)
1j ,..., α

(n)
1j )1,P : (c

(1)
1j , γ

(1)
1j )1,P1

;...; (c
(n)
1j ,γ

(n)
1j )1,Pn

(b1j ;β
(1)
1j

,..., β
(n)
1j

)1,Q : (d
(1)
1j

,η
(1)
1j

)1,Q1
;...; (d

(n)
1j

, η
(n)
1j

)1,Qn

]
f (t1, ..., tn) dt1... dtn (7)

where N,P,Q,Mi, Ni, Pi, Qi are non-negative integers such that
0 = N = P,Q = 0, 1 = Mi = Qi and 0 = Ni = Pi

and

| arg Ki| <
1

2
Ω
′

iπ (Ω
′

i > 0)

Ω
′

i = −
P∑

j=N+1

α
(i)
1j−

Q∑
j=1

β
(i)
1j +

Ni∑
j=1

γ
(i)
1j −

Pi∑
j=Ni+1

γ
(i)
1j +

Mi∑
j=1

η
(i)
1j −

Qi∑
j=Mi+1

η
(i)
1j > 0

∀i ∈ {1, . . . , n}.

Here ri,mi, ni are non-negative integers. The (sufficient) conditions of validity
of this operator are given below
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(i) < (ηi) + rimi min
15 j 5Mi

{
<
(
d
(i)
1j

η
(i)
1j

)}
+ 1 > 0 (i = 1,. . . ,n)

(ii) < (α) + ni min
15 j 5Mi

{
<
(
d
(i)
1j

η
(i)
1j

)}
+ 1 > 0 (i = 1,. . . ,n)

2. Main Theorem

In this section, we first prove our main result as detailed below.

Theorem. If

h(s1, ..., sn) =
∫∞
d1
...
∫∞
dn

∏n
i=1 (sixi)

ρi−1H
0,0 :M

′
1,N
′
1 ;...;M

′
n,N

′
n

P ′,Q′ :P
′
1 ,Q
′
1 ;...;P ′n,Q

′
n

 (s1x1)k1
...

(snxn)kn

∣∣∣∣(a2j ;α(1)
2j ,..., α

(n)
2j )1,P ′ :

(b2j ;β
(1)
2j

,...,β
(n)
2j

)1,Q′ :

(c
(1)
2j ,γ

(1)
2j )

1,P
′
1
;...; (c

(n)
2j , γ

(n)
2j )

1,P
′
n

(d
(1)
2j

,η
(1)
2j

)
1,Q
′
1

;...; (d
(n)
2j

,η
(n)
2j

)
1,Q
′
n

]
F (x1, ..., xn) dx1...dxn

and

Rη1,...,ηn,α
x1,...,xn,r1,...,rn

[f(x1, ..., xn)] =
n∏
i=1

(ri x
−ηi−riα−1
i )

∫ x1

t1=0

...

∫ xn

tn=0

n∏
i=1

{tηii (xrii −t
ri
i )α}

·H0,N : M1,N1;...; Mn,Nn
P,Q : P1,Q1 ;...; Pn,Qn


K1

(
t
r 1
1

x
r 1
1

)ml (
1− t

r 1
1

x
r 1
1

)n1

...

Kn

(
tr nn
xr nn

)mn (
1− tr nn

xr nn

)nn
∣∣∣∣∣∣∣∣∣

(a1j ;α
(1)
1j ,..., α

(n)
1j )1,P : (c

(1)
1j , γ

(1)
1j )1,P1

;...; (c
(n)
1j ,γ

(n)
1j )1,Pn

(b1j ;β
(1)
1j

,..., β
(n)
1j

)1,Q : (d
(1)
1j

,η
(1)
1j

)1,Q1
;...; (d

(n)
1j

, η
(n)
1j

)1,Qn

]
f (t1, ..., tn) dt1... dtn (8)

then

Rη1,...,ηn,α
s1,...,sn,r1,...,rn

[h(s1, ..., sn)] =
∫∞
d1
...
∫∞
dn

∏n
i=1(sixi)

ρi−1
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H
0,n+N :M1,1+N1 ;...; Mn,1+Nn; M

′
1,N
′
1 ;...; M

′
n,N

′
n

n+P+P ′,n+Q+Q′ : P 1+1,Q1 ;...; Pn+1,Qn ; P
′
1 , Q

′
1 ;...; P ′n, Q

′
n



K1
...
Kn

(s1x1)k1
...
(snxn)kn

∣∣∣∣∣∣∣∣∣∣∣∣∣

A∗ : C∗

B∗ : D∗


·F (x1, ..., xn) dx1... dxn (9)

where

A∗

=



1−
(
η1+ρ1
r1

)
; m1, 0, ..., 0︸ ︷︷ ︸

n−1

, k1r1 , 0, ..., 0︸ ︷︷ ︸
n−1

 ,

1−
(
η2+ρ2
r2

)
; 0, m2, 0, ..., 0︸ ︷︷ ︸

n−2

, 0 , k2r2 , 0, ..., 0︸ ︷︷ ︸
n−2


, ...,

1−
(
ηn+ρn
rn

)
, 0, ..., 0︸ ︷︷ ︸

n−1

, mn, 0, ..., 0︸ ︷︷ ︸
n−1

, kn
rn


a1j ; α(1)

1j , ..., α
(n)
1j , 0, ..., 0︸ ︷︷ ︸

n


1,P

,

a2j ; 0, ..., 0︸ ︷︷ ︸
n

, α
(1)
2j , ..., α

(n)
2j


1 , P ′



B∗ =



−α− (η1+ρ1
r1

)
; (m1 + n1), 0, ..., 0︸ ︷︷ ︸

n−1

, k1
r1
, 0, ..., 0︸ ︷︷ ︸

n−1

 ,−α− (η2+ρ2
r2

)
; 0, (m2 + n2), 0, ..., 0︸ ︷︷ ︸

n−2

, 0 , k2
r2
, 0, ..., 0︸ ︷︷ ︸

n−2

 , ...,−α− (
ηn+ρn
rn

)
, 0, ..., 0︸ ︷︷ ︸

n−1

, (mn + nn), 0, ..., 0︸ ︷︷ ︸
n−1

, kn
rn

b1j; β
(1)
1j , ..., β

(n)
1j , 0, ..., 0︸ ︷︷ ︸

n


1,Q

,

b2j; 0, ..., 0︸ ︷︷ ︸
n

, β
(1)
2j , ..., β

(n)
2j


1 , Q′
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C∗ =

(
(−α, n1), (c

(1)
1j , γ

(1)
1j )1,P 1

; (−α, n2), (c
(2)
1j , γ

(2)
1j )1,P 2

; ...; (−α, nn), (c
(n)
1j , γ

(n)
1j )1,Pn ;

(c
(1)
2j , γ

(1)
2j )

1,P
′
1

; (c
(2)
2j , γ

(2)
2j )

1,P
′
2
; ...; (c

(n)
2j , γ

(n)
2j )

1,P
′
n

)

D∗ =

(
(d

(1)
1j , η

(1)
1j )1,Q1

; (d
(2)
1j , η

(2)
1j )1,Q2

; ...; (d
(n)
1j , η

(n)
1j )1,Qn ;

(d
(1)
2j , η

(1)
2j )1,Q

′
1

; (d
(2)
2j , η

(2)
2j )1,Q

′
2
; ...; (d

(n)
2j , η

(n)
2j )1,Q

′
n

)
provided that
(i) | arg si| < 1

2
πΩi/ki (Ωi > 0)

(ii) | arg Ki| < 1
2
πΩ

′
i (Ω

′
i > 0)

(iii) ri,mi, ni are non-negative integers.
(iv) < (wi) + 1 > 0

and < (ρi − τi) + ki max
1 5 j 5N

′
i

{
<
(
c
(i)
2j −1

γ
(i)
2j

)}
< 0

(v) < (ηi) + rimi min
1 5 j 5Mi

{
<
(
d
(i)
1j

η
(i)
1j

)}
+ 1 > 0

and < (α) + ni min
1 5 j 5Mi

{
<
(
d
(i)
1j

η
(i)
1j

)}
+ 1 > 0

(vi) <
(
ηi+ρi
ri

)
+ mi min

1 5 j 5 Mi

{
<
(
d
(i)
1j

η
(i)
1j

)}
+ ki

ri
min

1 5 j 5M
′
i

{
<
(
d
(i)
2j

η
(i)
2j

)}
>

0 (∀i ∈ {1, . . . , n}).
Proof. On substituting the value of h(s1, . . . , sn) from (2) in the left-hand
side of (8), we get
Rη1,...,ηn ;α
s1,...,sn; r1,...,rn

[h(s1, ..., sn)]

=
n∏
i=1

{ri s−ηi−riα−1
i }

∫ s1

t1=0

...

∫ sn

tn=0

n∏
i=1

{tηii (srii − trii )α}

·H0,N : M1,N1 ;...;Mn,Nn
P,Q : P 1,Q1 ;...;Pn,Qn

[
K1

(
tr 1
1

sr 1
1

)m1
(

1− tr 1
1

sr 1
1

)n1

, ..., Kn

(
trnn
srnn

)mn (
1− trnn

srnn

)nn]

·
∫ ∞
d1

...

∫ ∞
dn

n∏
i=1

(tixi)
ρi−1 ·H0,0 :M

′
1,N
′
1 ;...;M

′
n,N

′
n

P ′,Q′ : P
′
1, Q
′
1 ;...;P ′n,Q

′
n

[(t1x1)k1 , ..., (tnxn)kn ]
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·F (x1, ..., xn) dx1...dxn} dt1... dtn. (10)

Now, interchanging the order of xi and ti integrals which is permissible under
the given conditions, we obtain

Rη1,...,ηn ;α
s1,...,sn; r1,...,rn

[h(s1, ..., sn)] =
n∏
i=1

{ri s−ηi−r iα−1
i }

∫ ∞
d1

...

∫ ∞
dn

n∏
i=1

(xi)
ρi−1 ·F (x1, ..., xn)

·

{∫ s1

t1=0

...

∫ sn

tn=0

n∏
i=1

{ tηi+ρi−1
i (sr ii − tr ii )α}

·H0,N :M1,N1 ;...;Mn,Nn
P,Q : P 1,Q1;...;Pn,Qn

[
K1

(
tr 1
1

sr 1
1

)m1
(

1− tr 1
1

sr 1
1

)n1

, ..., Kn

(
trnn
srnn

)mn (
1− tr nn

srnn

)nn]

·H0,0 :M
′
1,N
′
1 ;...;M

′
n,N

′
n

P ′,Q′ : P
′
1,Q
′
1 ;...;P ′n,Q

′
n

[(t1x1)k1 , ..., (tnxn)kn ] dt1....dtn

}
dx1...dxn. (11)

Further, on expressing both the multivariable H-functions in terms of their
corresponding Mellin-Barnes contour integrals with the help of (4) and chang-
ing the order of contour integrals and ti-integrals, we arrive at the following
result:
Rη1,...,ηn ;α
s1,...,sn; r1,...,rn

[h (s1, ..., sn)] =
∏

i = 1n
(
ri
si

) ∫∞
d1
...
∫∞
dn

∏n
i=1(sixi)

ρ i−1 F (x1, ..., xn)

[
1

(2πω)2n

∫
L1

...

∫
Ln

∫
L
′
1

...

∫
L
′
n

ψ(ξ1, ..., ξn)ψ
′
(ξ
′

1, ..., ξ
′

n)
n∏
i=1

{φi(ξi)Kξi
i }

·
∏
i

= 1n{φ′i(ξ
′

i) (sixi)
kiξ
′
i}


∫ s1

t1=0

...

∫ sn

tn=0

n∏
i=1

(
tr ii
sr ii

) ηi+ρi
r i

+miξi+
kiξ
′
i−1

r i

(
1− tr ii

sr ii

)α+niξi

dt1... dtn


·dξ1...dξndξ

′

1...dξ
′

n

]
dx1. .. dxn (12)

Next, we transform the ti-integrals to well known multiple Beta integrals by
the following transformation:
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1− tr ii
sr ii

= yi or ti = si(1− yi)1/r i . (13)

Further, we evaluate the multiple Beta integrals thus obtained and finally on
reinterpreting the resulting expression thus obtained in terms H-function of
2n variables, we easily arrive at the right-hand side of the main theorem after
a little simplification.

3. Special Cases

On reducing the multivariable H-function involved in (2) to the product of
Wright generalized Bessel function [9, p.19] and the Mittag-Leffler function [3,
p.65] and the multivariable H-function occurring in (8) to Appell function F1

[9, p.89],we arrive at the following corollary after a little simplification.

Corollary 1. If

h1(s1, s2) =

∫ ∞
d1

∫ ∞
d2

2∏
i=1

(sixi)
ρi−1 Jυλ (s1x1) Eγ , µ (−s2x2) F (x1, x2) dx1 dx2

and

Rη1,η2,α
x1,x2; 1,1[f(x1, x2)] =

2∏
i=1

x−ηi−α−1
i

∫ x1

t1=0

∫ x2

t2=0

2∏
i=1

{tηii (xi − ti)α}

·F1

(
a, c, e ; b ;

t1
x1

,
t2
x2

)
f (t1, t2) dt1 dt2 (14)

then

Rη1,η2,α
s1,s2; 1,1[h1(s1, s2)] =

[Γ(1 + α)]2Γ (η1 + ρ1) Γ (η2 + ρ2)

Γ (1 + α + η1 + ρ1) Γ (1 + α + η2 + ρ2) Γ (1 + λ) Γ (µ)
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·
∫ ∞

d1

∫ ∞

d2

2∏
i=1

(sixi)
ρi−1 F 3 : 1 ; 1 ;0 ;1

3 : 0 ; 0 ; 1 ;1

[
A∗1 : C∗1
B∗1 : D∗1

; 1 , 1 , −s1x1 , −s2x2

]
F (x1, x2) dx1dx2

(15)
where

A∗1 = ((η1 + ρ1; 1, 0, 1, 0), (η2 + ρ2; 0, 1, 0, 1), (a, 1, 1, 0 , 0))

B∗1 = ((1 + α + η1 + ρ1; 1, 0, 1, 0), (1 + α + η2 + ρ2; 0, 1, 0, 1, ), (b; , 1, 1 , 0, 0))

C∗1 = ((c , 1) ; (e , 1) ; − ; (1 , 1))

D∗1 = (− ; − ; (1 + λ, ν) ; (µ , γ ))

The conditions of validity of Corollary 1 can be easily derived from the
existence conditions of the main theorem.
Again, if we reduce H-function of several variables involved in (2) to the
product of the Whittaker functions [5, p.(ix), Eq.(A.16)] and multivariable
H-function involved in (8) to a generalized hypergeometric function of several
variables [5, p. ix, Eq.(A.15)], we easily obtain the following corollary after a
little simplification.

Corollary 2. If

h2(s1, ..., sn) =

∫ ∞
d1

...

∫ ∞
dn

n∏
i=1

(sixi)
ρi−1

n∏
i=1

e−
sixi
2 Wλi,µi(sixi)F (x1, ..., xn)dx1...dxn

and

R2
η1,...,ηn,α
s1,...,sn,1,...,1

[f(x1, ..., xn)] =
n∏
i=1

x−η i−α−1
i

∫ x1

t1=0

...

∫ xn

tn=0

n∏
i=1

tη ii (xi − ti)α



A Theorem Connecting the H-Transform 393

PFQ

[
(a1j)P ;

(b1j)Q ;

n∏
i=1

(
1− ti

xi

)]
f (t1, ..., tn) dt1...dtn (16)

then

R2
η1,...,ηn,α

s1,...,sn;1, ..., 1︸ ︷︷ ︸
n

[h2(s1, ..., sn)] =
∏Q
j=1 Γ(b1j)∏P
j=1 Γ(a1j)

∫∞
d1
...
∫∞
dn

∏n
i=1(sixi)

ρi−1

H0,P : 1,1;...;1,1; 2,1;...;2,1

P,n+Q : 1, 1; ...; 1︸ ︷︷ ︸
n−times

,1; 2, 2; ...; 2, 2︸ ︷︷ ︸
n−times



−1
...
−1
s1x1
...
snxn

∣∣∣∣∣∣∣∣∣∣∣∣∣

A∗2 : C∗2

B∗2 : D∗2


F (x1, ..., xn) dx1...dxn

(17)
where A∗2 = (1− a1j; 1, ..., 1︸ ︷︷ ︸

n

; 0, ..., 0︸ ︷︷ ︸
n

)1,P

B∗2 =

 (−α− η1 − ρ1; 1, 0, ..., 0︸ ︷︷ ︸
n−1

, 1 , 0, ..., 0︸ ︷︷ ︸
n−1

) , (−α− η2 − ρ2; 0, 1, 0, ..., 0︸ ︷︷ ︸
n−2

, 0, 1, 0, ..., 0︸ ︷︷ ︸
n−2

), ...,

(−α− ηn − ρn; 0, ..., 0︸ ︷︷ ︸
n−1

, 1, 0, ..., 0︸ ︷︷ ︸
n−1

, 1), (1− b1j; 1, ..., 1︸ ︷︷ ︸
n

, 0, ..., 0︸ ︷︷ ︸
n

)1,Q



C∗2 = [ (−α, 1) ; ...; (−α, 1)︸ ︷︷ ︸
ntimes

; (1−η1−ρ1, 1), (1−λ1, 1); ...; (1−ηn−ρn, 1), (1−λn, 1) ]

D∗2 = [ (0, 1) ; ...; (0, 1)︸ ︷︷ ︸
ntimes

; (
1

2
± µ1, 1) ; ...; (

1

2
± µn, 1)].

The conditions of validity of Corollary 2 follow easily from the conditions of
the main theorem.
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Finally, if we reduce both multivariable H-functions involved in the main
theorem to the H-functions, we get a known result of Gupta [1].
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