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Abstract

Let h be a harmonic function on R", n > 2. Then there exists
on entire function f on C such that f(u) = h(u,0,....,0) for all real
. This fact has been used to deduce theorems for harmonic function
on R™ from classical results about entire functions. Moreover, we have
considered the characterizations of lower order and lower type of h in
terms of coefficients and ratio of these successive coefficients occurring
in power series expansion of f.
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1. Introduction

A twice differentiable function h(zx),x = (x1, 2z, -+ ,,), which is a solution

of Laplace’s equation
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said to be harmonic in R",n > 2. If h is harmonic in R",n > 2 ,then there
is a unique entire (holomorphic) function on the complex plane C' such that

f(u) = h(u,0,---,0) for all real u.

This fact has been used to deduce theorems for harmonic function on R"
from classical results about entire functions [7,11].The space of functions that
are harmonic on R" is denoted by N, and the space of entire functions on
C' is denoted by €. If feR, (respectively €),then we write M, (f,r) for the
maximum value of |f| on the sphere of radius r centered at origin and

Ma(for) = ( /S () Pdo ()2,

where S is the unit sphere in R" (or the unit circle in C') and o is (n

_ 1)
dimensional surface measure (or length measure )normalized so that o(s) = 1

Let 8, ,, denote the vector space of all homogenous harmonic polynomials
of degree m on R". Then X,, ,, is a vector space of dimension

(n+m — 3)!
d, = 2m — 2)——.
(n+2m —2) m!(n — 2)!
Suppose that heR,,. Then h has a unique expansion of the form
h = E;?:OHma (11)

where H,,eN,, ,, such that the series ¥°_ | H,,| is locally uniformly convergent

on R™[1,p.84].We then say 3°_,H,, is the polynomial expansion of h. Write
e* for the vector (1,0,---,0)in R", we have

h(ue*) = X2 Hp(ue*) = X0°_(H,(e*)u™ for all real u.

m=0
Let
f(z) = X0 g Hm(e7) 2" (1.2)
The power series converges for all real numbers and hence all complex z,so
fe€.

Following the usual definitions of order and type of an entire function of several
complex variables, the order p and type T of h are defined as

loglog M (h,r)

p = lim sup ,
r—00 l()g?"
log M. (h,
T = limsupOg—(T), 0 < p <00,

r—00 rP
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where M. (h,7)is the maximum value of |hlon the sphere in R"of radius r
centered at origin.

Using various techniques, the coefficient characterizations of order p and
type T in R® were obtained by Fryant [5] and others. Srivastava [14] also
obtained the coefficient characterizations of lower order and lower type in R3.
However non of them studied the growth of entire harmonic function A in
R, n > 3.

In this paper we consider the characterizations of lower order and lower
type in terms of H,,(e*) and ratio of these coefficients in R",n > 2.

2. Auxiliary Results

Lemma 1. The harmonic function heX,, can be extended to an entire function
of and only iof
lim |H,,(e")|"/™ =0, (2.1)

m—ro0

where H,,(e*) are defined in (1.2).

Proof. Since the power series defined by (1.2) is converges for all real and
hence all complex z, so f is entire. Hence using the well known condition for
entire function f we can easily prove the lemma [3,pp.27-28].

Lemma 2. If heX,, then f and g are also entire functions. Further
KlMoo(ffr) S Moo(har) S Moo(gar)a (22)
where g(z) = X0 N dpym Hy(€¥)2™,

Meo(f,7) = max | (=)}, Mao(g, ) = max lg(2)],

|2I< |z[<r

My (h,7) defined as earlier and K, is a constant depending on m.

Proof. Let heX, can be extended to an entire function. In view of (2.1),
we have

lim (\/dp|Hy(e))Y™ = lim dY/*™.|H,,(e*)]Y™ = 0, (d}fm —1 as m — 00).
m—0o0

m—o0
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Hence both fand g are entire functions. To prove inequalities in (2.2),we

have by Brolet and Choquet [4, Prop.4]

H(e")| < Vdmr ™ My(H,7r)  (HeX,p,,, 7 > 0),

(2.3)

where d,,, = dim X, ,. Since the series h = Zﬁzo H,, converges uniformly on

every sphere, we have
MZ(h,r) = ZMQ m,T)  (r>0).

In view of (2.3) and (2.4), we get

Hp(e9)| < \/dpr™Ms(h, 7).

The power series expansion of f(z) with the help of (2.5), leads to

:i|Hm(e )r™ < My(h, ) i\/@
m=0 m=0

Since d,,, — % as m — oo , it follows that there is a constant Ky =

such that

Mao(f,r) < Mp(h,r) Y Kom™ 272 (m > 1,1 > 0)

m=0
or

1
Sy Kom 27

Moo(f; ’I“) S Mg(h,r), Kl =

It can be easily prove from [6, pp.106] that

My(h,r) < My (h, 7).

(2.4)

(2.5)

Ko(m)

For right hand inequality, following on the lines of proof of [6 ,Lemma 1,pp.106]
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we have

h(ze)| = | Hn(ze")],

— |ZiHmj(€*)T‘meﬁ(7”I)|
< S H () )
< Ol (PO )

H,Zl(rm);l:l be an orthonormal basis for N, ,as the spaces N, ,are mutually
orthogonal in the sense that

/Hm(rx)Hi(r:p)da(x) =0,

s

(Hp€Ryny HieX; ,m # i, > 0). Now in the consequence of the Pythagorean
identity for spherical harmonics[15 ,pp.144], that is the identity

dm

> HL (@) = din,

=1

for all x on the unit sphere. For, on the sphere of radius r,we get
h(xe®)] < 1™ Hy ()| di.
0

Thus we have
My (h,r) < My(g,7).

Hence the proof is completed.

Lemma 3. Let fand g be entire functions as defined above.Then orders and
types of f and g are equal.
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Proof. Let f(z) = Y °_, Hy(e*)z™ be an entire function of order p(f) and
type T'(f). Then it is well known [3,pp.9-11] that

p(f) = lim sup og H ()T (2.6)
T(f) = — lim sup m|Ho(e")?/™ (2.7)

€0 m—oo
Hence for the function ¢(z) = >~ \/d,nHy,(e*)2™, we have

1

1 log V| Hole)|”
—— = lim inf
o) o mlogm
-1/2 _ *
o Tog(d) V2 log | Hiu(e)
m—00 mlogm
log |H,,(e*)| L/2m
= lim inf 0 |Him(")] _ logd
m—00 mlogm logm

. 1/2
Since di®™ — 1 as m — 00 ,50 we get

Hence p(f) = p(g). Now using (2.7) we can easily show that T'(f) = T'(g) .
Hence the proof is completed.

Let heX,, can be extended to an entire function of order p and type T'. In
analogy with these definitions, we define lower order A and lower type t as

A=Ah) = lim inf log l0g Moo (h, 1)
r—00 log r

t=t(h) = lim inf log Moo(h, 1)

r—00 rP

)
) 0<p<oo.
Now we have

Lemma 4. If (|H,,(e*)|/|Hmi1(e*)|) forms a non-decreasing function of m
then ([ amy1) also form a non-decreasing function of m, where c,, = /dy|Hp(€%)].
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Proof. We have

Qm _ [(n+2m—2)(m+1)}1/2‘ H,,(e*)
(n+2m)(n+m—=2)]  Hpp(e)

Xmt1

1/2
Let f(z) = [%] . By logarithmic differentiation, we have

Flz) 1 2 1 1 2

F(x) _§[n+2x—2+x+1_x+n—2_2x+n

}>0 for any x> 0.

m(e”)

Hpga(en) | °

Thus F'(z) > 0 for x > 0. Hence a2 Is nondecreasing if |
nondecreasing.

3. Main Results

Theorem 1. Let heR,, can be extended to an entire function of order p, lower
order A\, type T and lower type t. If f and g are entire functions as defined
above, then

p(f) = plg) = p(h) (3.1)
T(f)=T(g) =T(h) (3:2)
A(f) < Ah) < Ag) (3-3)
t(f) <t(h) <t(g). (3.4)
Proof. Using (2.2), we have
hfﬂigp(mf) log log([l(olg]\foo(f, 7)) < 1i£risotgp(inf) log loglé\gio(h, T)

log log M.
< limsup(inf) 08 08 Oo(g’r).
r—00 IOgT

It is well known [3, p-13] that for an entire function f of finite order,
log Moo (f,7) >~ logm(f,r) as r — oo.

Where m(f,r) is the maximum term in the power series expansion of f(z).
Hence in view of above inequalities we get

p(f) < p(h) < p(g); A(f) < A(h) < Ag).
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Since p(f) = p(g) ,we thus obtain (3.1) and (3.3). Denoting by p the common
value of orders of f, g and h, we have from (2.2),

! log M, log M.
limsup 285 i gup 198 Moo T) o 108 Mo (9,7

T—00 rP r—00 rP T—00 rP

Hence using Lemma 3 we get (3.2). Similarly we can prove (3.4).

Theorem 2. Let heX,, can be extended to an entire function of order p(0 <
p < 00), type T and lower type t. Then

Hypya (e Hy,
lim infﬂ(ﬂ)p<t<T<hmsup (‘ +1(¢ ’)|)

R AT ] msw> T (o) (3:5)

Further, if (|H,,(e*)|/|Hmi1(e*)]) forms a non-decreasing function of m for all
m > myg, then

m | Hmi(€")]

lim sup — (—)p < eT, (3.6)
m—oo P [Hm(e")]
1
lim sup e = p. (3.7)

m—soo 108(|Hyn ()| /| Himi1(e*)])

Proof. If F(z) =~ Hy(e*)z™ is an entire function of order p, type T and
lower type t , then we have [8, Thm.1]

m m, Hyyq(e*
lim 1nf—|¢|p <t<T< hmsup— ﬁ\p

A ) s o) (38)

Applying left hand inequality to f(z) =Y °_, Hu(e*)z™ , we get

lim inf@ [|%

m— 00

!r <t(f), e t(f) <t(h) =t

To prove right hand inequality of (3.5),we consider the entire function

9(2) =" o VdnHy(e*)z™ . Then we obtain

_ m | Hpsr(e?) [ (n+m—2)(n+2m)\ "> g
Tlg) < limsup = [' H;(e*) |((n+2m—2)(m+1)> ] '

m—oo P
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Now we consider

%[log(n +m — 2) +log(n + 2m) — log(n + 2m — 2) — log(m + 1)]
= %[logm + log(1 + nT—2) + log 2m + log(1 + %) —log2m
— log(1+ n2_;12) —logm —log(1+ 1/m)].

Since n > 2 , we have

B 1[(n—2_(n—2)2 (n —2)3 ) (n o )
2% m 2m? 3m3 2m  8m?2
n—2 (n—2)> 1 1

Hence

1/2

-2 2
(n+m )(n + 2m) —1 as m — oo.

(n+2m —2)(m+1)

Since T'(g) = T'(h) =T ,We get from above inequality

H,, *

Hence the proof of (3.5) is completed.

To prove (3.6) and (3.7), let us consider an entire function f(z) =Y °_ Hy,(e*)z™
of order p(f) and type T'(f) . If | Hiﬁ(le(e)) forms a non-decreasing function of

m for m > my then we know ([12],]2,Thm.2]) that

logm
p(f) = limsup : 3.9
)= B g H () Hor () &
Further we know [8, Thm.3] that
. Hm-l-l(e*)
lim sup A1) < eT(f). 3.10
P o) H ey =Y 1

Let us suppose that |H,,(e*)/H,11(e*)| forms a non-decreasing function
of m for m > mg. From Lemma 4, (q,/am+1) also forms a non-decreasing
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function of m for m > mg. Applying (3.9) to g(z) = > o VdpnHp(e*)2™, we
get

logm

= limsu
p(g) m—)oop log(am/am+1>

logm
= limsu
s log |Hp, (€*)/Hpmi1(e*)| + 3 [log(n + 2m — 2) + log(m + 1) — log(n — 2m) — log(n + m — 2)]

. logm
= lim sup )
m—oo 108 [Hm(e*)/Hmi1(e*)]

using the calculations of the first part. Since p(g) = p(h) = p, we obtain (3.7).
Now using (3.10) for g(z) =Y o~V dpHp(e*)2™, we get

i Hya(e), [ (n42m)(n+m — 2) 1/2°9)
11;?321’ p(9) [‘ H,,(e*) | [(n +2m — 2)(m + 1)} ] < eT(g).

Since p(g) = p(h) = p,T(g) = T'(h) = T, we thus obtain

H,, *
lim sup m ﬂy’ <eT.

Hence the proof of Theorem 2 is completed.

Finally we obtain the coefficient characterizations of the lower order A and
lower type t of he,,.

Theorem 3. Let heX,, can be extended to an entire function of order p,0 <
p < 00, lower order A ,and lower type t. If |Hy,(e*)/Hpi1(e®)| forms a non-
decreasing function of m for m > mg, then

o mlogm
A=1 f
mvoe log [H(e)] 7!

(3.11)

m—r0o0

t = liminf 2| H,, (") |"/™. (3.12)
ep
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Proof. For entire function f(z) = > >~ _  Hp(e*)2™, if |Hy(e*)/Hpmii(e")]
forms a non-decreasing function of m for m > mg then we have ([9,Thm.2],[11]),

1
A(f) = liminf — 28"

. 1
e [ () (3:13)

Let |H,,(e*)/Hpy1(e*)| forms a non-decreasing function of m for m > my.
Applying Lemma 4 and (3.13) to g(2) = > o V/dwHp(e*)2™,

.. mlogm
A =1 f
) = R g Ho ()T — Toa(d)12

m log mlogH,,(e*) ™!

(3.14)

= lim inf
m—0o0

In view of (3.3) with the relations (3.13) and (3.14), the proof of (3.11) is
completed.

If f(z) =" _ Hn(e*)z™ is an entire function of order p(f), lower type
t(f) and |H,,(€*)/Hypy1(e*)| forms a non-decreasing function of m for m > my,
then by a result of Shah [13], we get

tf) = lim inf W|Hm(e*)|p(f)/m’

t(g) = liminf ——|H,,(e*)|P9/™.
(9) = limint S|, (")

(3.12) now follows in view of (3.1) and (3.4). This completes the proof of
Theorem 3.

Theorem 4. Let heX,, can be extended to an entire function of lower or-
der X\, and let |Hp,(e*)/Hpi1(e*)| forms a non-decreasing function of m for
m > mg. Then

logm
A = lim inf 3.15
2 Tog TH ) Hyn (o) 1)
Proof . For an entire function f(z) = >~ Hy(e*)z™, from [10,corol-
lary,p.312], we have
1
A(f) = liminf s (3.16)

M—00 lOg ‘Hm(e*)/Herl(e*)’
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provided |H,,(e*)/Hp+1(€*)| forms a non-decreasing function of m for m > my.
Using the condition on {a,,} we can easily prove, that

logm
A(g) = lim inf
(9) m—oo log |Hp,(e*)/Hyq1(e*)]

(3.17)

The relation (3.15) follows in views in view of (3.3) with (3.16) and (3.17).
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