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Abstract
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1. Introduction, Definitions and Preliminaries

Let A,, denote the class of functions f normalized by

fl2)=z+ Y azf, meN:=1,23 ), (1.1)

k=n-+1

which are analytic in the open unit disk U = {z# € C : |z| < 1}. Denote
feArif f € A, and ap > 0(k > n + 1). Suppose also that S*(3) and
IC denote the subclasses of A; consisting of functions which are, respectively,
starlike of order 8 in U (0 < 8 < 1) and convex in U. Set S} (/) := S*(8)NA,.
Then, we have

2f'(2)
f(2)

For functions f € A; given by (1.1) and g given by

S(8) = {f € Ay Re ( ) > (e}

g(z2) =2+ bk,
k=2
the Hadamard product(or convolution) of f and g is defined by

(f*9) ::z+Zakbkzk =:(g*f).

k=2

J. L. Li and S. Owal[3] proved the following theorem.

Theorem A. ( Li and Owa [3]) Suppose that o« > 0 and f € A,. If

w (5 )

>—%(ZGUL

then
f(z) e $7(0)=S8".

Ravichandran et al. [6] gave the following modification of Theorem A.
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Theorem B. ( Ravichandran et al. [6]) Suppose that « > 0 and 0 < 5 < 1.
If f € Ay and satisfies
az?f"(z) | zf'(2)
Re +
( f(2) f(2)

no

)>aﬁ(5—l—g—1)—l—ﬁ—7(z€U), (1.2)

then

f(z) € 5°(B).

Assuming that « > 0,0 < 8 < 1 and f € A,, Liu et al. [4] introduced
the function classes H,,(«, 5) and H, (a, 8). That f(z) € H,(«, 5) if and only
if f(z) satisfies condition (1.2), and #H. (a, #) denotes the subset of H,(«, 5)
such that all functions f(z) € H,(«, ) have the following form:

f(z)=2z2-— Z arz® (a > 07k >n+1). (1.3)

Liu et al. [4] investigated the various properties and characteristics of these
two function classes. In particular, they obtained several inclusion relations,
Hadamard products, coefficient estimates, distortion theorems and covering
theorems of these two function classes.

S. Owa and J.Nishiwaki[5] introduced and investigated the coefficient esti-
mates and sufficient conditions for the class M, () with g > 1. That M, ()
denote the subclass of A, consisting of functions which satisfies

Re (ZJ{;S)) <p (z€U,B>1).

Now we introduce the function class M, («, ).

Definition 1.  Assuming that o > 0, § > 1 and f € A, then f(z) €
Mt (a, ) if and only if f(z) satisfies

az?f"(z2) zf’(z)) n no
Re( + <af(f+=-—-1)+p—— (2 €). 1.4
) fm ) ST kel
It is evident that M, (0, 5) = M,F(5).
In this paper, we investigate several properties and characteristics of func-
tions belonging to the subclass M («, 3) of analytic functions. In particular,
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their inclusion relationships, Hadamard products, coefficient estimates, distor-
tion theorems and covering theorems are proven here. The integral operator
and (n,d)-neighborhood of the function class M, (a, 8) are also considered.
Furthermore, some interesting distortion theorems for the Srivastava-Saigo-
Owa fractional integral operator are obtained.

In order to derive our main results, we need the following lemmas.

Lemma 1. ([2]) Let the function f € A} given by (1.1), then for 0 <n <1,
f(z) € Sk(n) if it satisfies

Lemma 2. (Ruscheweyh and Sheil-small [7]). Let ¢(z) be convexr and g(z)
be starlike in U. Then, for each function F(z) analytic in U and satisfying the
following inequality:

Re(F(z)) > 0 (2 € U),

Re((s@*Fg)(Z)

w*w@>)>0“€U”

Lemma 3. (Ruscheweyh and Sheil-small [7]). Let ¢(z) and g(z) be starlike
of order % in U. Then, for each function F(z) analytic in U and satisfying the
following inequality:

Re(F(z)) >0 (2 € U),

Re((s@*Fg)(Z)

w*mu>)>0“€U”
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2. Properties of the Function Class M («, )

We first derive the sufficient and necessary conditions for f(z) € M, («a, f).

Theorem 1. Suppose that a >0, 1 < § < Z=nVATEE2ntd g g

Y= a0, B) = aB(B+ 5 = 1)+ 8- T (2.1)

If f(2) € Af, then f(2) € M (a, ) if and only if

o0

D k(1 + ko — o) = yalag < - 1. (2.2)

k=n+1

Proof. First, we show that f(z) € M, («, ) if the inequality (2.2) holds
true. Since a > 0 and 8 > 1, we have

n nao
Tn—1 = aﬁ(ﬂ+§—1)+ﬁ—7—1
no

= 7(6—1)+(a6+1)(5—1)>0.

Now, for the function

a2 ()
PE) =5 T

let q(z) = =2 Ty the end, it suffices to prove that
Yn—1

‘ q(z) — 1

<1
Q(Z)+1‘
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By the coefficient inequality (2.2), we thus obtain

=) _ | 1=t
q(z) +1 29, — 1 —p(2)
ST — ak(k —1) — klagz*!
_ k=n+1
v —2)+ > 2% —1—ak(k—1)— klagzk1
k=n+1
> Jak(k—1) + k — 1]ay
k=n+1
< o0
29, —2— > [ak(k—=1)+k — 27y, + 1]ay
k=n+1
Soolak(k—1)+k—y]ar + > (9 — Dag
_ k=n+1 k=n+1
29, —2— > Jak(k—=1)+k—yar + > (yn— Dag
k=n+1 k=n+1
'Vn_l‘l' Z (’Yn_l)ak
S k=n+1 -
2(7% - 1) - (’Vn - 1) + Z (’Vn - 1>ak
k=n+1
= 1.

Hence we obtain

Re(p(2)) <, (2 €U),

that is, f(z) € M, («a, ).
Conversely, we suppose that f(z) € M («, ), then

Re(p(z)) < m (2 €U), 23)
where
p(z) = OAZ2f//(Z) N 2f'(2) B 1+ k:;_H k(ka + 1 — a)apz*~
f(z) f(z) L i .

k=n+1
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Now we choosing z = (0 < r < 1) to be real, therefore, by (2.3) we obtain
that

1+ Z E(ka 41— a)apr™™ <y, (1 + Z agr®™h).

k=n+1 k=n+1
That is,
Z k(14 ko — ) — yp)apr™ <, — 1. (2.4)
k=n-+1

Since av > 0 and 1 < 8 < Z=ntv 1722+20”+4 < n+ 1, we have

E(1+ka—a) =,

> (n+1)(1+na) = [af(B+2 — 1)+ -2
— —al# G- ) 1o
( 2—n+\/17n2—|—20n—|—4)
> —al| f— 1
<B+n—2+\/17:2+20n+4)

> 0 (k>n+1).

Hence, for every m > n+1 and 0 < r < 1, we get

Z k(1 + ka — a) — y]apr®t < k(1 + ka —a) — ylapr®™™ < 4, — 1,
k=n+1 k=n+1

which, upon letting » — 17, immediately yields

m

D k(1 + ko — o) = yalag < - 1.
k=n+1

It follows that the inequality (2.2) holds true. This completes the proof of
Theorem 1. U
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Corollary 1. Leta > 0,1 < B < 2_"“1722”0“4 and v, = vn(a, B) is
defined by (2.1). Suppose that f(z) € M, (a, 3), then
Yo — 1
<
= k(14 ka —a) — 7,

(k>n+1).

Each of these inequalities is sharp, with the extremal function given by

’Yn_]-
E(1+ka—a) —,

fe(2) = 2+ & (k>n+1). (2.5)

Nezxt, we prove the following inclusion relations. With the aid of Theorem
1, we have the following results.

Theorem 2. Leta; > a; >0 and 1<y < By <1+ 5. Then

M (o, Br) € M,y (a2, B2).

Proof. First, we show that
M, (an, B1) C M, (ay, fa). (2.6)

Suppose that f € M («ay, 1), by Theorem 1, we have

o0

> k(L + ko — on) = Yalas, Br)lar < (o, Br) — 1,

k=n+1

where v, (aq, 81) is defined in Theorem 1. Noting ~, (a1, 51) —1 > 0 for a > 0
and 1 < 8 <1+ 3, it follows that

o

]{?(1 + ]{?Oél — 041) — Vn(al, 51)
k:;-l-l an(Oél,Bl) —1 W < 1. (27)

Since a; > 0,1 < 81 < B < 1+ 5 and k > n + 1, direct computation
yields

k‘(l + k’Oél — Oél) — ’)/n(Oél, 52) _ k‘(l + k’Oél — Oél) — ’)/n(Oél, 51)
Yn(au, B2) — 1 Ynla, B1) — 1
_ (k=D + 1)(B1 — Bo)[(a(Br + Pa+ § — 1) +1]

[V, B1) = 1[ym(au, B2) — 1]

<0. (2.8)
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Hence, connecting (2.7) and (2.8), we conclude that

oo

k(14 kon —oq) — yalou, f2)
2 Tnla, B2) — 1

< Z k(1 + kay —ay) — %(alaﬁl)ak <1
a1751) _1

Qg
k=n+1

(2.9)

k=n-+1

which gives (2.6) by Theorem 1.
Next, it suffices to see that

M, (e, B2) C M, (ag, Ba). (2.10)

Since a; > ap > 0,1 < 8 < B <1+ 3, and k > n + 1, by computing easily,
we have

k(]' + ka2 B a2) - 7”(0427 52) _ k(l + kaél — 041) — ’yn(al’ 52)
Ynlaz, B2) — 1 Yn(a, Ba) — 1
(e —ag)(k =) (B = D) (B2+ § — k)
- [Yn (a2, B2) — 1][yn(aq, B2) — 1] <0. (2.11)

By Theorem 1 and (2.11), we obtain that (2.10) holds true, and this completes
the proof. O

Corollary 2. Leta>0and1 < B <1+ 3. If f(2) € M (o, B) for z € U,
then f(z) € M (5).

By taking 5 = a/2 and n = 1 in Corollary 2, we have the following corol-
lary.

Corollary 3. If f(z) € Al and satisfies

a2 f'(2)  2f(2)
Re( @ e

for some a (2 < a < 3), then f(z) € M{ (a/2).

)<%(a—1), (z € U)

Theorem 3. Leta>0,0<7n<1, and1<5<1+ﬁr12 Zn If f € MF(a, ),
then f € S:(n).
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Proof. Since 0 <7 < 1, we observe that

n(1—n) n_ 2—n++17n2+20n+4
<8<l —- <1 - <
p +n—|—2—2n +2 4 ’

then by Theorem 1, we have

[e.9]

Z E(1+ka —a) — vy,
Vn_l

ag S 17
k=n+1

where 7, is defined in Theorem 1. Using Lemma 1, it suffices to see that

k—n k(l+ka—a)—m

< 0. 2.12
1_77 ’}/n_l ( )

It is easy to know that

(k=) = 1) = k(1 + ka — @) = 7,](1 = 1)

= (k=mafB+5-)+5- 5 1]
—[k(1+ka—a) = aB(8+5 —1) = B+ F](1—1)

= al(k =20+ DF+ (5 = (k= 29+ 1) = S(k =2+ 1) —k(k = 1)(1 = )]
+(k—=2n+1)8 —2k+n+ kn.

Since 1 < 3 <1+ :J(rlz__gz < 1+ %, by some computation easily, for k > n + 1,
we have

(k=D —n)

<0
kE+1-—2n ’

(k—2n+1)pB—-2k+n+kn=(k—-2n+1)|f—1—

and
(k =20+ 18+ (5 = Dk =20+ 18— 2 (k =20+ 1) — k(k = 1)(1 1)
= (k=2p+ DB 1)(B+3) — k(k = 1)1 1)
<(m+2=2m)(B—1)(B+3)—nn+1)(1-1)

n(1=m(B+5—n—1)=n(l-n)B-5-1) <0
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Hence, we obtain that
(k - 77)(% - 1) - [k(l + ka — Oé) - 7n](1 - 77) < 07

which leads to (2.12). This completes the proof. O

Theorem 4. Leta>0,0<n<1, and1<5<1+:f2__’;)n, If
f(z) e M (a,B) and ge KNAY,
then

(f *9)(2) € M (a, B).

Proof. Suppose that f(z) € M, («, 3). Then, by Theorem 3, we have
feSi(n) and Re(H(z)) >0 (z€U),

where

na a2z 2G)
RN CON

If we set F'(2) := (f*g)(2), then F'(z) € A}. By Lemma 2, simple computation
yields

H(2) ::aﬁ(5+g—1)+ﬁ—

Re (aﬁ(ﬁ+g 1)y pne_oBFR) ZF/(Z))

2 2 F(z)  F(2)
(g * Hf)(Z))
Re | ————2— ).
(i) =0 e
Hence
F(2) = (f % g)(2) € M, (e, B),
which completes the proof of Theorem 4. O

With the aid of Lemma 3, if we apply the same method as in our proof of
Theorem 4, we obtain the following corollary.
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Corollary 4. Leta >0, 3 <n<1,and1 < <1+ =L +2 217 If

f(z) e M (a,8) and g€ S*( )ﬂA+
then

(f *9)(2) € M (o, B).

Next, we consider the distortion theorems for the function class M («, ().

Theorem 5. Leta > 0,1 < 8 < 2_"+V17Z2+20"+4 and v, = u(a, B) is
defined by (2.1). Suppose that f(z) € M (a, ), then
Yn — 1 n+1 Tn — 1 n+1
_ < <
" (n+1)(1+na)—%r sIfG)sr+ (n+1)(1+na)—%r
(|z| =r < 1), (2.13)

Y

and

n+Dm=1) n+D(wm—-1) .,
a (n+1)(1+na)—%r Sl §1+(n+1)(1+na)—%r
(|z] =r < 1). (2.14)

Y

Each of these inequalities is sharp, with the extremal function given by

_ T —1 n
fros1(2) = 2+ CES T + (2.15)

Proof. In view of Theorem 1, we get

> (e
kS (n+ 1)(1+ na)

k=n+1 —n

Therefore, the distortion inequalities in (2.13) follow from

o

r— gttt Z ar < f(2)] <r 4"t Z ar, (2| =r<1).

k=n+1 k=n+1
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Furthermore, Theorem 1 also implies

S oy < (0 D01

(n+1)(1+na) —,’

the distortion inequalities in (2.14) follow from

1= Y kap < |f/(2)| <14+ > kay, (2| =r<1).

The proof of Theorem 5 is thus completed. 0

Corollary 5. Leta > 0,1 < <1+4+% and v, = Yu(a, B) is defined by (2.1).
Suppose that f(z) € M;F(«, 8), then the unit disk U is mapped by f(z) onto a
domain that contains the disk |w| < 1o, where

(n+1)(1+na) — 2y, +1

et D0 tna) =

To ‘=

The result is sharp, with the extremal function f,1(2) given by (2.15).
With the aid of Theorem 1, we have the following results.

Theorem 6. Let o > 0, 1 < § < ZnbVATEEInEL g o = o (a, B) is
defined by (2.1). Then the class M, (a, ) is a convez set.

Theorem 7. Suppose that a > 0, 1 < B < =0ty 1722+20"+4 and v, = Yn(av, B)
is defined by (2.1). Also let

Tn — 1
E(1+ka—a) — v,

faz) =2  and  fi(z) =2+ 2 (k>n+1).

Then f(z) is in the class M (a, B) if and only if is can be expressed in the
following form:

F(2) =Y mefi(2),

where

o0

pr > 0(k >n) and Z,ukzl.
k=n



52 Ming-Sheng Liu, Ying-Ying Liu, and Zhi-Wen Liu

Corollary 6. Under the hypothesis of Theorem 7, the extreme points of the
class MF(a, B) are the functions fx(z)(k > n) given in Theorem 7.
Next, we derive the integral operators for f(z) € M (a, f3).

Theorem 8. Suppose thata > 0, 1 < B < 2=n4v 17Z2+20"+4 and v, = yn(a, B)
is defined by (2.1). Also let ¢ be a real number such that ¢ > —1. If f(z) €
Mt (a, ), then the functions F(z) defined by

Flz) = <1 / 1 (1) dt (2.16)

ZC
also belongs to the class M, («a, 3).

Proof. From the representation of F(z), it follows that

F(z)=z+ Z b2,
k=n+1
where
b c+1 -
R c+k W = Ak
Therefore
S k(L +ka—a) =yl < Y (K14 ke —a) = lar. (2.17)
k=n+1 k=n+1

Since f(z) € M,/ («, B), by Theorem 1 we have

o0

D k(1 + ko — o) = yalag < - 1. (2.18)
k=n+1

Then F(z) € M,/ (a, f) follows from (2.17) and (2.18), and the proof of The-
orem 8 is thus completed. O
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Theorem 9. Suppose that a > 0, 1 < B < 2=nty 1722”0"“‘ and Yn, = Yn(a, B)
is defined by (2.1). Also let ¢ be a real number such that ¢ > —1. If F(z) €
M (a, B), then the function defined by (2.16) is univalent in |z| < R*, where

(c+ D[k(1 + ka — @) —%]} =

B= 2 [ e+ k) (g — 1)

k>n+1

The result is sharp.

Proof. Let

It follows from (2.16) that

f(z) = S e G2l _Cc[zj_Fi(Z)]/ =z+ Z et kakzk, (c>—1).

In order to obtain the required result, it suffices to show that | f'(z)—1| < 1
in |z| < R*. Now

2 k(c+k) _
! k-1
TIERTE Pl AREY
k=n+1
Thus |f'(z) — 1| < 1if
D ket k) et <1 (2.19)
c+1
k=n+1
Since F(z) € M, (a, 3), we have
~ k(l+ka—a)—,
Z (1+ka—a) Wakgl
Yo — 1
k=n+1

Hence, (2.19) will be satisfied if

k(c+k)|z|k_1 _ E(1+ka—a) —,
c+1 Y — 1
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or if
2] < (c+ D[E(1+Eka—a) —y,] ] 72
k(c+k)(y, — 1)

Therefore f(z) is univalent in |z| < R*, sharpness follows if we taking

(k>n+1).

k(14 ka —a) — Vo

(k>n+1).

This completes the proof of Theorem 9. U
Now, we consider the neighborhood of the class M (a, 3).
O.Altintag, 0.Ozkan and H.M.Srivastava [1] introduced the definition of
(n, 6)-neighborhood of a function f(z) € A, have the form (1.3). We give the
definition of (n, §)-neighborhood of a function f(z) € Al as follows.

Definition 2. Let f(z) € A and § > 0, then the (n, d)-neighborhood of a
function f(z) defined by

Nus(f)={g9€ Al :g9(z) =2+ Z br2* and Z klay — b| < d}.

In particular, for the identity of function
e(z) =z

immediately have

N, s(e)={ge Al :g(z) =2+ Z bi2" and Z kb, < 0}.

k=n+1 k=n+1

Theorem 10. Suppose that « > 0, 1 < 8 < 2_”+V1722+20”+4 and v, =
Yola, B) is defined by (2.1). Then

M (a, B) C N, s(e),

n

where

)1
(n+1)(1+na)— v,




Properties and Characteristics of Certain Subclass of Analytic Functions 99

Proof. For f(z) € M;F(«, 3), by Theorem 1, we have

S oy < (0 D01

(n+1)(1+na) —,’

which, in view of definition 2, proves Theorem 10. 0

Next, we discuss the neighborhood of the class Mt («, ) which is defined
as follows. A function f(z) € A} is said to be in the class M («, B) if there
exists a function g(z) € M;F(«, B) such that

Theorem 11. Let a >0, 1 < 8 < 14 % and v, = (o, B) is defined by
(2.1). If g(2) € M (o, B) and 6 > 0 such that

d[(n+1)(1 + na) — )
(n+1D[n+ 1)1 +na)+1—2v,] —

-1

;Eg <l—7, (z€U;0<y<1).

(2.20)

vi=1-—

Y

then
Nn, 6(9) - M’r—LI—,’y(a7 5)

Proof. Suppose that f € N, 5(g). From definition 2, we have

> klax —bil <6,

k=n+1

which readily implies the coefficient inequality

o0

)
— < - .
E |ak bk| ST (HGN)

k=n+1

Next, since g(z) € M7 (o, ) and 1 < 8 < 1+ %, from Theorem 1, we have
Yn — 1

b, <
k:;rl (n+ 1)(1 4+ na) —y,

<1,
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so that
'f(z) _1' < D entt @k — bl
g(z) I Zzozn—i-l bk
0 1
< .
- n + ]_ 1 _ ’Yn—l

(n+1)(1+na)=7n
d[(n+1)(1 + na) — )
n+D[n+ 1)1 +na)+1—2v,]
= 1=,

provided that + is given precisely by (2.20). Thus, by definition, f(z) €
M, (a, 3), which evidently completes the proof of Theorem 11. O

Srivastava et al.[9] introduced the following definition of a fractional in-
tegral operator, which is popularly referred to as the Srivastava-Saigo-Owa
fractional integral operator.

Definition 3. (See, for details, Srivastava et al.[9, 8]). For real numbers
n >0, v and 4, the fractional integral operator Ij’)" % is defined by

Z—U—’Y
I'(n)

where f(z) is an analytic function in a simply-connected region of the complex
z-plane, containing the origin, with the following order:

17 °f(z) = /0 (z—=t)" 2 Fi(n 4, —6;m;1— é)f(t)dt, (2:21)

f(z) = O([2[) (2 = 0;e > max{0,y - 4} — 1),

2 (a)g(b)g 2F
2F1(CL,6§C§Z) :Z( 20)(k) E

k=0

denotes the Gauss hypergeometric function in terms of the Pochhammer sym-
bol (\)x given by

T(A+ k) { 1 (k =0),

()\)k:W: AA+1D) - (A+Ek=1) (k € N),

and the multiplicity of (z —¢)"~! is removed by requiring log(z — t) to be real
when z —¢ > 0.
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Lemma 4. (See [9]). The following formula holds true for the Srivastava-
Saigo-Owa fractional integral operator Ig;;” % s defined by (2.21):

ook o DEEDIE—y 464D
Fk—~y+1)I'(k+n+d+1)

Theorem 12. Let

n>0,7y<2n+0>-2v—80<2andvy(n+9) <nn+2).

Suppose also that o > 0, 1 < 3 < Z=nty 17"2+20"+ and v, = v, (a, B) is defined
by (2.1). If the function f(z) is in the class Mt («, B), then

L2 —~v+0)z]"

77“15
LSRN L2—-9Ir2+n+9)
(2)n(2 =7+ 0)u(yn — 1) )

1+ (2= )n(2+ 1+ 0)n[(n+ 1)(1 + na) _%M ) (z € Uo)
and
0 L(2—~+d)z'
B TE = S e 0T o)

_ (2)n(2 =7+ 8)n(yn — 1) o )

: (2—v)n(2+n+5)n[(n+1)(1+na)_%]| | ) (2 € Uo)
where

_JU (y<1),
UO_{U—{O} (v > 1).

Each of these inequalities is sharp, with the extremal function f,,1(z) given
by (2.15).

Proof. By Lemma 4, we have

[(2—~+0)z™" Fk+1D)IN(k—~y+d+1) _
[777775 = k A/'
S = i a0 b 2 T s DG e 65 D

k=n+1
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If we set
TR—=YNTC2+n+0) | s > N
_ 77 _ 2.22
06 == Tgonig 7B TG =+ 3 ahat, @22)
where
kﬂ(2 —'7’+‘5)k_1
k — 9 k 2 n _I_ 1 9
o) (2= Y)k-1(2+ 1+ )k ( )
then, since

n>0v<2, n+0>-2 v—9<2and y(n+0) <nln+2),

we find that
gk+1) (k+1)(k+1—v+0)
gk)  (k+1—9)(k+14+n+06)

(k+1)2—=(k+1)(y—9)
(k+1)? = (k+1)(y =) +n(k+1) —v(n+9)
< 1, (k=>2n+1).

Therefore, g(k) is a non-increasing function for integers k > n + 1, and we
have

2)n(2 =7+ 0)n

0<glk)<gn+1)= , (E>n+1). 2.23
N R NC R R
Hence, applying Theorem 5 and (2.23), we obtain
G(2)] < lzel+ g+ D" > w
k=n+1
2)n(2 — -1

(2 =2+ 0+ 0)u[(n+ (1 +na) — ]

and

G2 > |zl =g+ D" D a
<2>n(2 -7+ 5)n(7n - 1) |Z|n+1.(2‘25)

> |Z| - (2 _ ,y)n(z +n+ 5)n[(n + 1)(1 + nOé) - Vn]
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Now the inequalities in the above-mentioned assertions of Theorem 12 follows
when we make use of (2.24) and (2.25) in the definition (2.22).

The inequalities in the above-mentioned assertions of Theorem 12 are easily

seen to be attained by the function f,1(z) defined by (2.15). This evidently

completes the proof of Theorem 12. O
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