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Abstract

In this article a description of the Orlicz difference sequence space
€0 (A(my) generated by Orlicz function M and a new generalized dif-
ference operator A, is presented. We investigate some topological
structures relevant to this space. It is also shown that under certain
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condition £ (A ) is topologically isomorphic to £. Furthermore we
define a subspace ha(A(y,) of £a(Apy)) and it is shown that under
certain condition hps(A(,y,)) is topologically isomorphic to cp.

Keywords and Phrases: Difference sequence space, Orlicz function, AK-BK
space, Topological isomorphism.

1. Introduction

Throughout this section w, ¢, ¢1, ¢ and ¢y denote the space of all, bounded,
absolutely summable, convergent and null sequences x = (x}) with complex
terms respectively. The notion of difference sequence space was introduced
by Kizmaz [4], who studied the difference sequence spaces (. (A), ¢(A) and
co(A).

For Z a given sequence space we have Z(A) = {z = (z}) € w : (Axy) € Z},
where Az = (Axy) = (Azy, — Axgyq). For Z = (o, ¢ and ¢y, we have the
spaces o (A), ¢(A) and c¢o(A) introduced and studied by Kizmaz [4].

Let m be a non-negative integer. Then Dutta [2] defined the following
sequence spaces for Z a given sequence space Z(Ay)) = {z = (z) € w :
(Agmyar) € Z}, where Ay = (Apmyer) = (Th — Tp—m) and Agxy, = xy, for
all k € N. For Z = l, c and ¢y, we have the spaces (o (A(m)), ¢(Apn)) and
co(Amy) respectively.

Taking m = 1, we get the spaces Z(A)). It is obvious that (z1) € Z(Aq))
if and only if (x) € Z(A).

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous,
non-decreasing and convex with M (0) = 0, M(xz) > 0, forx > 0and M(x) —
00, as T — 0.

An Orlicz function M can always be represented in the following integral
form

where p, known as kernel of M, is right differentiable for ¢ > 0, p(0) = 0,
p(t) > 0 for t > 0, p is non-decreasing, and p(t) — oo as t — 0.

Consider the kernel p(t) associated with the Orlicz function M (t), and let
q(s) = sup{t : p(t) < s}. Then ¢ possesses the same properties as the function
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p. Suppose now

Then @ is an Orlicz function. The functions M and ® are called mutually
complementary Orlicz functions.

Now we state the following well known results.

Let M and F are mutually complementary Orlicz functions. Then we have
(Young’s inequality)

(i) For z,y > 0, zy < M(z) + ®(y) (1.1)
We also have
(i) For z > 0, zp(x) = M (z) + ®(p(z)) (1.2)

(iii) M(Az) < AM(z) for all z > 0 and A with 0 < A < 1.

An Orlicz function M is said to satisfy the Ay—condition for all small x
or at 0 if for each k > 0 there existsR, > 0 and x; > 0 such that M (kz) <
Ry M (z) for all z € (0, zy].

Moreover an Orlicz function M is said to satisfy the Ay—condition if and
only if

M (2
lim sup (x)<oo

xr—0 M(J,‘)

Two Orlicz functions M; and M, are said to be equivalent if there are
positive constatns «, [ and xq such that

M (ax) < My(x) < M;y(Bz) for all z with 0 < z < . (1.3)

Lindenstrauss and Tzafriri [7] used the Orlicz function and introduced the
sequence space £, as follows:

Uy = {(xk) Gw:ZM(@) < 00, forsomep>0}.
k=1

p
Let m be a non-negative integer. Then we define the following spaces.
Definition 1.1. Let M be any Orlicz functions. Then we define
O (Agmy) = {x = (z) €w: 6(M, Ay, ) = > M (|Agmyzil) < oo} :
k=1

where ATy = T — Ty, for all & > 1.
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If m = 0, then we write EM(A(m)) = (. If m = 1, the space reduced to
the space studied by Dutta [1].

Definition 1.2. Let M and ® be mutually complementary functions. Then
we define

Ui (Amy) = {x = (zx) Ew:

(A(m)xk) yr converges for all y € g¢}
k=1

and we call this sequence space as Orlicz A,,)-difference sequence space.

If m = 0, then we write £3/(Apn)) = ar. If m = 1, the space reduced to
the space studied by Dutta [1].

2. Main Results

The main aim of this section is to describe the space £3;(A(,)) and investigate
some properties of this space as well as the subspace h(Apn)) of £ar(Agmy).

Proposition 2.1. For any Orlicz function M, EM(A(m)) C lar(Apmy)-

Proof. Let @ € {3;(A(y)). Then > M (|Am@k|) < co. Now using (1.1), we
k=1

have

Z(A(m)ﬂik)yk
k=1

<D [Ammye] <M (1Amzel) + > S (luil) < oo,
k=1

k=1 k=1
for every y = (yx) with y € lp. Thus z € Car(Amy)-
Proposition 2.2. For each x € {j;(Agy)),

sup {

Proof. Suppose the required result is not true. Then for each n > 1, there
exists y" with §(®,y") < 1 such that

o

Z(A(m)xi)yi

=1

20(P,y) < 1} < 00

o

i=1

> 2",
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Without loss of generality we may assume that (A¢nyx;), y™ > 0. Now, we can
define a sequence z = {z;}, where

By the convexity of ®,

1 1 y; Y L1
n 1 % 7 n
‘I)<E 2_nyi><—§|:(I)<yi)+q)<5+"'+2l_1):|< """" < E Q—n‘p(%)

n=1
and hence, using the continuity of ®, we have

o0

3(®,2) =Y B(z) < ZZ%@@”) <> 2in =1

=1 i=1 n=1 n=1
But for every [ > 1,

o0

Z(A(m)ivi)zi > Z(A(m)xi) Z 2%%" = Z Z(A(m)xi)g—’: > .

i=1 i=1 n=1 n=1 i=1

Hence ) (Agn)w;)2 diverges and this implies that @ & £3/(A¢y)). This con-
i=1
tradiction leads us to the required result.
The preceding result encourages us to introduce the following norm ||o||§\2”)

on fM(A(m)).

Proposition 2.3. ¢, (A™, A) is a normed linear space under the norm HOHAA;
defined by

|| = sup{

Proof. It easy to verify that £3/(A(y)) is a linear space. Now we show that

o0

Z(A(m)ﬂfz‘)yi

=1

20(D,y) < 1} < 00 (2.1)

HOHE\?) is a norm on £y (Am))-
Let x = 6, then obviously Hx||5\?) = 0. Conversely assume ||x||5\74n) = 0.
Then using (2.1), we have

sup {

o

Z(A(m)%)yi

=1

L 5(d,y) < 1} =0
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This implies
i=1

consider y = {e;} if ®(1) <
Az = 0 for all ¢ > 1. Taking 7 = 1, we have A, xl—xl xl,m:()
ThlS implies x; = 0, by taking x;_,, = 0. Proceedlng in this way we have

Z(A(m)mi)yi‘ = 0 for all y such that 5(®,y) < 1. Now we

x; =0 for all i > 1. Thus x = 6. It is easy to show Ha:ng\?) = |of ||x||§\r4n) and
|z + y||§\?) < H:U||§\7) + HyHg\?) This completes the proof.

Proposition 2.4. () (Aqy) is a Banach space under the norm ||o||§\7;) as
defined in (2.1).

Proof. Let (z') be any Cauchy sequence in £p;(A(y,)). Then any € > 0, there
exists a positive integer ng such that [|z* — 27[|{7 < ¢, for all i, j > ng. Using
the definition of norm, we get

sup {

It follows that

Z - mk:)) Yk

k=

o0

ST (At — 23)) e

k=1

20(D,y) < 1} <eg, foralli,j> ng.

< g, forall y with §(®,y) <1 and 7,5 > n,.

qf(il)} we have

(A@myzy) is a Cauchy sequence in C for all k > 1 and hence it is a convergent
sequence in C' for all k > 1. Let lim Az} = z, say for all k > 1. Taking

T—>00

k=1,2,...,m,... we can easily conclude that lim zi = =z, say exists for
—00

Now considering y = {¢;} if ®(1) < 1 otherwise considering y = {

each k£ > 1. Now can have

sup { Z Ay (), — 1)) Yk
p

It follows that (2’ — x) € €ar(Apny) and Ca(Agyy) is a linear space and hence
xr = (l‘k) S KM(A(m))

From the above proof we can easily conclude that ||x’||§\?) — 0 implies
that zj, — 0 for each ¢ > 1. Hence we have the following Proposition.

:§(<I>,y)§1} <eg, foralli>ngasj — oc.

Proposition 2.5. (y/(Aun) is a BK spaces under the norm as defined in

(2.1).
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Our next aim is to show that £3/(Aqy,)) can be made BK space under a
different but equivalent norm.

Proposition 2.6. (3;(Ay)) is a normed linear space under the norm HOHE”]\}))
defined by

00 Am
| ]|{y) = inf {p >0:3 M <%) < 1} (2.2)
k=1

Proof. Clearly Hx||§\74n) = 0 if z = 0. Next suppose ||x||§n]\})) = 0. Then using

(2.2) we have
o0 A .
iﬁ{p>ozzyw<LLﬁﬂ)§1}:0

k=1 P

This implies that for a given ¢ > 0, there exists some p. (0 < p. < ¢) such

that A
sup M (M) <1
k Pe

This implies that
|A(m)l‘k|
M|{———) <1 forall £k > 1.

Pe
Thus A A
MCJE@)gMCJﬂ@)§1mmmzL
€ pe
Suppose ATy, # 0, for some 7. Let ¢ — 0 then M — o00. It follows
that
| A ()T,
M| ———— ) — o0 as e — 0 for some n; € N.
€

This is a contradiction. Therefore Ag,yx, = 0 for all k& > 1. Considering
kE=1,2,...,m,... it follows that z; = 0 for all £ > 1. Hence x = 6.

Let z = (zx) and y = (yx) be any two elements of HOH(AMn) Then there exist
p1, p2 > 0 such that

A A
sup M <M> <1 and supM (M> <1.
k P1 k P2
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Let p = p1 + p2. Then by convexity of M, we have

Ay (ke + AT Ay
SupM(‘ (m) (Tk yk)\) < P SupM<! (m) k\>+ p2 SupM<\ ( )yk\> <1
k p pP1L+p2 &k P1 pL+p2 & P2

Hence we have

m) _ A (25 +
Hx—l—y”EM)):1nf{p>0:supM(| (m) (2 yk”) gl}
k P

Agn Ap
<inf {pl >0:supM (M) < 1}+inf {pg >0:sup M (M) < 1}
k P1 k P2

This implies that ||z + y||§n]\j[)) < ||:E||E"A})) + ||y||8\'})) Finally,let v be any scalar.

Then A
||1/3:HE”1\})) = inf {p >0:supM (M) < 1}
k P

Apm
= inf {r|u| >0:sup M (M> < 1} where r = -
k r

vl
= |v| HxHET}) . This completes the proof.
Proposition 2.7. For x € {y(An)), we have
- A
3 s () o
k=1 ||33||(M))

Proof. Proof is immediate from (2.2).

Now we show that the norms ||o||8\”/[)) and ||o||5\7;) are equivalent. To prove
this some other results are required. First we prove those results.

Proposition 2.8. Let & € {y/(Ayy) with ||:Jc||§(/[n) < 1. Then {p (|Apmyzal) } €
Proof. For any z € {3, we may write

o)

> (Aywi)z

i=1

< Jall§y i 6(@,2) <1 (2.3)

= 8@, 2) |l if 6(@,2) > 1
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Let now = € {3/(A(y) with HJUHS\?) < 1. Also 2™ = (zy,29,...,2,,0,0,...) €
Cri(Any) for n > 1. We observe that

12157 > 1> (Amz)n™ | = > (A )|,
=1 =1

n > 1 for every y € lg with 6(®,y) < 1 and thus H:U(”)HS\?) < H:E||S\7Jn) < 1.

Since ~ 00
Do (p(|Amml) =) @ (p (‘A(m)xg") ))
i=1 =1

We find that {p <‘A(m)x§") )} c &D for each n > 1. Let [ > 1 be an integer

such that
1 0
Z(I) (p (‘A(m)xiD) > 1. Then Z(I) <p (‘A(m)xy) >) > 1
i=1 =1

Using (1.2), we have

® (o (|80

D) < () 0 o (e

= |A(m)x§|p (‘A(m)xﬂ) for all 4,1 > 1.
So by (2.3), we get

>y (’A(m>$§”
=1

))

)) < 1=l 6 (@, {p (|aemai)})

This implies that Hx(l)Hg\T) > 1, a contradiction. This contradiction implies

that l

ZCD (p (|A(m)xi‘)) <1 foralll>1.

i=1
Hence

{p(|Amzal)} € Lo and 5(@, {p (|Aemz|)}) < 1.

Proposition 2.9. Let x € (3/(Agy)) with HxHS\Zn) < 1. Then z € {y(Aum)
and § (M, Ay, ) < ||x||S\T)
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Proof. Let y = {p(|(Aumi|) /sgn(Awmyzi)}. Then the Proposition 2.8,
y € ly and 6(®,y) < 1. By (1.2), we get

> 00 ((Bal) < 30 (Bcga) + 3 o (o)

o0

Z(A(m)%)?ﬁ

=1

<)l

= |Amai|p (|Amma|) =
=1

This implies that §(M, Apyy, z) < ||m||5\7/?)

Proposition 2.10. For x € {3/(Agy)), we have

> s (BBl <
k=1 [EA(bY:

Proof. Proof is immediate from Proposition 2.9.

Theorem 2.11. For x € {y (D)),
)G < Nl l57 < 2 /Iy

Proof. We have

o] Am
B inf{p >0:) M (M) < 1}.
k=1

P

Then using Proposition 2.10, we get ||x||ET4)) < ||m||§\t[n) Let us observe that if

x € Uy (Apny) with H:(:||ETA'})) < 1. Then z € 3/(A(y) and & (M, Ay, z) < 1.
Indeed,

(e 9]

ZM <iM<|Am>‘T’><1,

2 H i pa Iy

by Proposition 2.7. Thus

1 N
—— € Dy (D) with 0 (M, %) <1
H$||(M) ||$||(M)
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We further observe that for an arbitrary z € £ M(Ay),

||z||§\7/7;) — sup{ Z (A(m)zi) yil 1 0(D,y) < 1} < 1+0 (M, A(m),z) , using (1.1).
i=1
, x
Hence taking =z = oy we have
HQUH(M)
T
x x
‘ ) <1+ M <W> <2, by Proposition 2.7.
HQU”(M) M i=1 HxH(M)

Thus ||:c||§\?) <2 ||9[:||8\n4)) This completes the proof.
Hence we have the following Corollary.

Corollary 2.12. {;(A(wy) is a BK space under both the norms ||x||§(;) and

[ElF6S

Proposition 2.13. For any Orlicz function M, {y(Agy) = Ly (D)), where

oo A m
Cr(Agny) = {x cw: ZM <|(—p)xk|> < 00, for somep > 0} :
Proof. Proof follows from Proposition 2.10.

In view of above Proposition we give the following definition:

Definition 2.14. For any Orlicz function M,

o0 Am
bt (Agny) = {x cw: ZM <M> < o0, for each p > O}.

p
Clearly ha(Agn)) is a subspace of £a(Agmy).

Henceforth we shall write || e || instead of ||0||ET4)) provided it does not lead
to any confusion. The topology of h(A(nm)) is the one it inherits from || e .

Proposition 2.15. Let M be an Orlicz function. Then (hy(Ag)), || @) is
an AK-BK space.
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Proof. First we show that hy/(Agy)) is an AK-space. Let x € hy(Apn)).
Then for each €, 0 < e < 1, we can find an ng such that

g

Hence for n > ng,

o — ot H_mf{p>0 S w ('A(m%')Sl}

i>n+1

Ami
Sinf{p>0:ZM<%) Sl}e
i>n

Thus we can conclude that hy(Ay)) is an AK space.

Next to show hpr(Agm)) is an BK-space it is enough to show hp(Agyy) is
a closed subspace of £3;(A(n)). For this let {2"} be a sequence in hp(Apy)
such that ||z — || — 0, where z € €);(An)). To complete the proof we
need to show that x € hy(Apy)), i-e.,

ZM( Z|)<oo, for every p > 0.
i>1

To p > 0 there corresponds an [ such that |2/ — z|| < & . Then using the
convexity of M,

ZM< ) > M (ﬂA(m)x” —2(|Ami] - \A(mﬂz‘!))

2
i>1 i>1 P

1 2/ A\ | 1 2| A ) (2] — )|
= 52 ( ) a2 < p
i>1

i>1

1 2| A ()] 1 2| Ay (2t — ;)|
il M il
T 24 ( 2 Z |xl - xH
i>1 i>1

Thus x € ha(Aqny) and consequently ha(Agyy) is a BK space.

A

Proposition 2.16. Let M be an Orlicz function. If M satisfies the Ao-
condition at 0, then {y (A ) is an AK space.
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Proof. In fact we shall show that if M satisfies the As-condition at 0, then
Crr(Awny) = har(Agny) and the results follows. Therefore it is enough to show
that EM(A m)) C har(Amy). Let x € EM(A(m ), then p > 0,

i>1
This 1mphes that

|A ()] .
M|——— ) —0, as i — 0 (2.4)
p

Choose an arbitrary [ > 0. If p <[, then
|A(m xz
Z M < 00.
i>1

Let now [ < p and put k£ = £. Since M satisfies the Aj-condition at 0, there
exist R = Ry > 0 and r = r;, > 0 with M (kz) < RM(zx) for all z € (0,r]. By
(2.4) there exists a positive integer n; such that

AT 1
M <M) < =rp (Z) for all i >ny
p 2 2

We claim that MLPW‘ < r for all i > ny. Otherwise, we can find 7 > n; with

AT
|(—p”‘ > r, and thus

‘A(m)xﬂ
A, 1
M (‘ ( )le) > / p(t)dt > 3P <g>7 a contadiction.
p

I3

Hence our claim is true. Then we can find that
S ar (1Rl < 3 ar (et
Z>’n1 ’L>n1

and hence

A’rn 7
ZM(M)<OO, for every [ >0

: l
1>1

This completes the proof.
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Proposition 2.17. Let M, and My be two Orlicz functions. If My and My
are equivalent then Uy, (Agy) = o (Awny) and the identity map

o (b o Io15) — (3B 1157

15 a topological isomorphism.

Proof. Let M; and M, are equivalent and so satisfy (1.3). Suppose z €
£M2 (A(m)), then

oo for some p > 0.

Hence for some [ > 1,
Am 7
|(l—)l'| <uwy, forall ¢>1.
P

Therefore

ZM (a\A(m x) ZM (\A(m xz|) e

Thus (ar, (Am)) C lay (Apry). Similarly £y, (Agny) C Can(Apny). Let us ab-

breviate here ||e HM) and ||e]|yy; (m)

2 ~ 1.
py ]2

respectively. For x € {y,(Apn)),

One can find g > 1 with

o (3) 2

where p, is the kernel associated with M,. Hence

Am %
a, (1Bl o (@)upz (@> for all i > 1.
]2 2 2
This implies that
|A il

<z forall ¢>1.
el |l
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Therefore

e Oz|A(m)JZi|
ZMl —=ml) <
=1

|2
and so

lally < (£) llz]z

Similarly we can show ||z|ly < 8v||z|[; by choosing v with 3 > 1 such that

5 () () 21

Thus ap™||z]l; < [Jz]l2 < Bv|z|l; which establishes the topological isomor-
phism of I.

Proposition 2.18. Let M be an Orlicz function and p the corresponding ker-
nel. If p(x) = 0 for all x in [0,x¢] where xo is some positive number, then
Crr(Awny) is topologically isomorphic to log(Amy) and har(Awn) is topologi-
cally isomorphic to co(Apyy), where

loo(A(my) = {:L’ = (zg) : s%p |Amyan| < oo}

and

co(Agmy) = {.’p = (z) : lim (Agyar) = O}.

k— o0
Proof. Let p(z) = 0 for all x in [0, z0]. If y € {oo(A(ny), then we can find a

p > 0 such that W <uzgfori>1landso > M (W) < 00, giving thus
i=1

Y € ly(Apny). On the other hand let y € £y (Agy)), then Y M (M) <
=1

00, for some p > 0 and so [A(y)y;| < oo foralli > 1, giving thus Y € loo(Amy)-
Hence y € {oo(Apny) if and only if y € £p(Apy)). We can easily find an
with M(z1) > 1. Let y € loo(Apny) and a = [|y[lc = sup (JA™Ny[) > 0.

it i oo — m)Yil) 1 00 m .
(it is easy to show that ||yl sup (|A@mws]) is a norm on log(Agr) ). For

every €, 0 < € < a, we can determine y; with [Ag,yy;| > o — € and so

i=1
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As M is continuous, we find

ZM ( yz|l’1) >,

and 0 ||y||eo < x1]|y||, for otherwise

> A )Y
E M (| ‘(| |)|y |> > 1, a contradiction by Proposition 2.7.
' Y

=1

Again

§:M< ZM%>=0

1
< |— .
Iyl < (330) 19l
Thus the identity map

I: (fM(A(m)), ||.||) — (EOO(A(W))v ”.H)

is a topological isomorphism.
For the last part, let y € hy/(Apy), then for any e > 0, |Apyy| < ey, for
all sufficiently large, where x; is some positive number with p(z;) > 0. Hence

and it follows that

< %:L‘o for all

|A () yil

sufficiently large ¢. Thus M ( ) < oo for all p > 0 and y € hpy(Apny).

Hence har(Awmy) = co(Apny) and we are done.

Proposition 2.19. Let M be an Orlicz function and p the corresponding ker-
nel. If p(x) = 0 for all  in [0,z0] where xy is some positive number, then
Crr(Any) is topologically isomorphic to Lo and har(Aey) is topologically iso-
morphic to cg.

Proof. For Z = {4 and cy, Z(Ay) and Z are equivalent as topological
spaces, since T' : Z(A(yy) — Z, defined by Tx = y = (Agyzy), is a linear
homeomorphism. This completes the proof.
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