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Abstract

Ranking of fuzzy numbers play an important role in decision making,
optimization, forecasting etc. Fuzzy numbers must be ranked before an
action is taken by a decision maker. Cheng (A new approach for rank-
ing fuzzy numbers by distance method. Fuzzy Sets and Systems 95
(1998) 307-317) pointed out that the proof of the statement “Ranking
of generalized fuzzy numbers does not depend upon the height of fuzzy
numbers” stated by Liou and Wang (Ranking fuzzy numbers with inte-
gral value. Fuzzy Sets and Systems 50 (1992) 247-255) is not ture. In
this paper, by giving an alternative proof it is proved that the above
statement is correct. Also with the help of several counter examples it is
proved that the results proposed by Chen and Chen (Fuzzy risk analysis
based on ranking generalized fuzzy numbers with different heights and
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different spreads. Expert Systems with Applications 36 (2009) 6833-
6842) are not accurate. The main aim of this paper is to modify the
Liou and Wang approach for the ranking of L-R type generalized fuzzy
numbers. The main advantage of the proposed approach is that the pro-
posed approach provide the correct ordering of generalized and normal
fuzzy numbers and also the proposed approach is very simple and easy
to apply in the real life problems. It is shown that proposed ranking
function satisfy all the reasonable properties of fuzzy quantities.

Keywords and Phrases: Ranking function, L-R type generalized fuzzy num-
ber.

1. Introduction

Fuzzy set theory [19] is a powerful tool to deal with real life situations. Real
numbers can be linearly ordered by > or <, however this type of inequal-
ity does not exist in fuzzy numbers. Since fuzzy numbers are represented by
possibility distribution, they can overlap with each other and it is difficult to
determine clearly whether one fuzzy number is larger or smaller than other.
An efficient approach for ordering the fuzzy numbers is by the use of a ranking
function R : F(R) — R, where F(R) is a set of fuzzy numbers defined on real
line, which maps each fuzzy number into the real line, where a natural order
exists. Thus, specific ranking of fuzzy numbers is an important procedure for
decision-making in a fuzzy environment and generally has become one of the
main problems in fuzzy set theory.

The method for ranking was first proposed by Jain [9]. Yager [18] pro-
posed four indices which may be employed for the purpose of ordering fuzzy
quantities in [0,1]. In Kaufmann and Gupta [10], an approach is presented
for the ranking of fuzzy numbers. Campos and Gonzalez [2] proposed a sub-
jective approach for ranking fuzzy numbers. Liou and Wang [13] developed a
ranking method based on integral value index. Cheng [5] presented a method
for ranking fuzzy numbers by using the distance method. Kwang and Lee [11]
considered the overall possibility distributions of fuzzy numbers in their evalu-
ations and proposed a ranking method. Modarres and Nezhad [14] proposed a
ranking method based on preference function which measures the fuzzy num-
bers point by point and at each point the most preferred number is identified.
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Chu and Tsao [6] proposed a method for ranking fuzzy numbers with the area
between the centroid point and original point. Deng and Liu [7] presented a
centroid-index method for ranking fuzzy numbers. Liang et al. [12] and Wang
and Lee [17] also used the centroid concept in developing their ranking index.
Chen and Chen [3] presented a method for ranking generalized trapezoidal
fuzzy numbers. Abbasbandy and Hajjari [1] introduced a new approach for
ranking of trapezoidal fuzzy numbers based on the left and right spreads at
some a-levels of trapezoidal fuzzy numbers. Chen and Chen [4] presented a
method for fuzzy risk analysis based on ranking generalized fuzzy numbers
with different heights and different spreads. A comprehensive survey of differ-
ent ranking methods of fuzzy numbers can be seen in [15]

In this paper, with the help of several counter examples it is shown that
the results proposed by Chen and Chen [4] are not accurate. The main aim
of this paper is to propose a new approach for the ranking of L-R type gen-
eralized fuzzy numbers. It is shown that the ranking of L-R type generalized
fuzzy numbers does not depend upon the height of fuzzy number. The main
advantage of the proposed approach is that the proposed approach provide
the correct ordering of generalized and normal fuzzy numbers and also the
proposed approach is very simple and easy to apply in the real life problems.

This paper is organized as follows: In section 2, some basic definitions,
arithmetic operations and ranking function are reviewed. In section 3, the
shortcomings of Chen and Chen approach [4] is discussed. In section 4, a new
approach is proposed for the ranking of L-R type generalized fuzzy numbers.
In section 5, the correct ordering of fuzzy numbers are obtained and also it
is shown that the proposed approach satisfies all the reasonable properties of
fuzzy quantities. The conclusion is discussed in section 6.

2. Preliminaries

In this section some basic definitions, arithmetic operations and ranking
function are reviewed.
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2.1. Basic Definitions

Definition 1. [10] The characteristic function pa of a crisp set A C X assigns
a value either 0 or 1 to each member in X. This function can be generalized
to a function pz such that the value assigned to the element of the universal
set X fall within a specified range i.e. pz : X — [0,1]. The assigned value
indicate the membership grade of the element in the set A.

The function p ; is called the membership function and the set A = {(z, p;(z));
x € X} defined by p () for each x € X is called a fuzzy set.

Definition 2. [10] A fuzzy set fl, defined on the universal set of real numbers
R, is said to be a fuzzy number if its membership function has the following
characteristics:

1. pi: R—[0,1] is continuous.

2. ui(z) =0 for all x € (—o0,alJ[d, 00).

3. pi(x) strictly increasing on [a,b] and strictly decreasing on [c,d].

4. pi(x) =1 for all x € [b,c], where a < b < c<d.

Definition 3. [10] A fuzzy number A = (a,b,c,d) is said to be a trape-
zoidal fuzzy number if its membership function is given by

L~

z=a) o< p<b

(b=a)’
pilz) =14 1 b<z<c
((i:j)) c<x<d

Definition 4. [}/ A fuzzy set A, defined on the universal set of real num-
bers R, is said to be generalized fuzzy number if its membership function has
the following characteristics:

1. pi: R—[0,w] is continuous.

2. ui(z) =0 for all x € (—o0,alJ[d, 00).

3. pi(x) strictly increasing on [a,b] and strictly decreasing on [c,d].

4. pi(x) =w, for all x € [b,c|, where 0 < w < 1.

Definition 5. [8] A fuzzy number A = (a,b,c,d;w)pg is said to be a L-R
type generalized fuzzy number if its membership function is given by
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where L and R are reference functions.

Definition 6. [8/ A L-R type generalized fuzzy number A= (a,bc,d;w)pg is
said to be a generalized trapezoidal fuzzy number if its membership function is
gien by

Wy o ST b
pilz)=¢ w , b<z<e
w((i:j)) , c<z<d

2.2. Arithmetic Operations

In this subsection, arithmetic operations between two L-R type generalized
fuzzy numbers, defined on universal set of real numbers R, are reviewed [8].

Let Ay = (ay, by, ¢1,dy;wi) g, Ay = (az, b, c2, do; ws) L and
As = (as, b3, c3,d3; w3) gy, be any L-R type generalized fuzzy numbers and then

(i) {11 P /:12 = (a1 + ag, by + by, 1 + c2,dy + do; minimum (wy, ws)) LR
(i) A1 © A3z = (a1 —ds, by — c3,¢1 — bs, dy — ag; minimum (wy, ws))Lr
i ()\al,)\bl,)\cl,)\dl;wl)LR A>0

(iif) Ady = { (Ad1, Ac1, Aby, Aags wi) gz A < 0.

2.3. Ranking Function

An efficient approach for comparing the fuzzy numbers is by the use of
a ranking function [9] ® : F(R) — R, where F(R) is a set of fuzzy numbers
defined on set of real numbers, which maps each fuzzy number into the real
line, where a natural order exists i.e.,
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(i) A= Biff R(A) > R(B)
(i) A< Biff R(A) < R(B)
(iii) A ~ B iff R(A) = R(B)

Remark 1. [16] For all fuzzy numbers A, B, C' and D we have

(i) A>—B:>A69C’>—B@C
i) A-B=AocC»~BoC
(iii) AnB=>AaC~BaC
(iv) A~-B,C~D=>AaC»~Ba®D

3. Shortcomings of Chen and Chen Approach
(4]

In this section, the shortcomings of Chen and Chen approach on the basis of
reasonable properties of fuzzy quantities and on the basis of height of fuzzy
numbers, are pointed out .

3.1. On the Basis of Reasonable Properties of Fuzzy
Quantities [16]

Let A and B be any two fuzzy numbers then

A>B?A@B>B@B (Using remark 1)
ie, R(A) >R(B)=RASB)>R(BSB)

In this subsection, several examples are chosen to prove that the ranking func-
tion, proposed by Chen and Chen, does not satisfy the reasonable property,
A>-B= A6 B> B&B, for the ordering of fuzzy quantities i.e., according
to Chen Chen approach A ~ B # A6 B > B& B, which is contradlctlon
according to Wang and Kerre [16].
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Example 1. Let A = (0.1,0.3,0.3,0.5;1) and B = (0.2,0.3,0.3,0.4;1) be
two generalized trapezoidal fuzzy numbers then according to Chen and Chen
approach B> Abut B A< A6 Aie, B-A4ABoAs=Ac A

Example 2. Let A = (0.1,0.3,0.3,0.5;0.8) and B = (0.1,0.3,0.3,0.5;1) be
two generalized trapezoidal fuzzy numbers then according to Chen and Chen

approachf3>—/~lbutB@fl%fl@fli.e.,B>—A#}B@fl>—fl@f1.

Example 3. Let A = (—0.8,—0.6, —0.4, —0.2;0.35) and B = (—0.4, —0.3, —0.2,
—0.1;0.7) be two generalized trapezoidal fuzzy numbers then according to
Chen and Chen approach A = Bbut A6 B<B&Bie, A= B4 ASB ~
Bo B.

Example 4. Let A = (0.2,0.4,0.6,0.8;0.35) and B = (0.1,0.2,0.3,0.4;0.7) be
two generalized trapezoidal fuzzy numbers then according to Chen and Chen
approach B> Abut BEA<AcAie,B-A#BoA> Ao A

3.2. On the Basis of Height of Fuzzy Numbers

In this subsection, it is proved that, in some cases, Chen and Chen approach
[4] states that the ranking of fuzzy numbers depends upon height of fuzzy
numbers, while in several cases the ranking does not depend upon the height
of fuzzy numbers.

Let A = (ay, as, as, as;wy) and B = (a1, as, as, ag; wy) be two generalized trape-
zoidal fuzzy numbers then according to Chen and Chen [4]

A< B, ifw < w,
Case (i) If (a1 + az + ag + a4) # 0 then A= B, ifw, > ws

ANB, 1fw1 = Wa.
Case (ii) If (a; + a2 + az + a4) = 0 then A ~ B for all values of w; and
Wa.

Example 5. Let A = (1,1,1,1;w;) and B = (1,1,1,1;ws,) be two gener-
alized trapezoidal fuzzy numbers then according to Chen and Chen approach
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[1-<Bifw1<w2,/~1>Bifw1>w2andf~1~Bifw1:w2.

Example 6. Let A = (—4,—.2,—.1,.7;w;) and ENZ (=4, —2,—.1,.T;wy),
be two generalized trapezoidal fuzzy numbers then A ~ B for all values of w;
and ws.

According to Chen and Chen [4] in first case ranking of fuzzy numbers de-
pends upon height and in second case ranking does not depend upon the
height which is contradiction.

4. Proposed Approach

Cheng [5] pointed out that the proof of the statement “Ranking of generalized
fuzzy numbers does not depend upon the height of fuzzy numbers” stated by
Liou and Wang [13], is incorrect. In this section, by modifying the Liou and
Wang approach [13] a new approach is proposed for the ranking of generalized
fuzzy numbers and using the proposed approach, in the proposition 1, it is
proved that the above statement is correct.

Let A = (a1,b1,¢1,dy;wy) R, and B = (ag, by, ca, do; ws) 1, R, be two L-R gen-
eralized fuzzy numbers then

(i) A= Bif R(A) > R(B)
(i) A< Bif R(A) < R(B)

A
(iii) A ~ B if R(A) = R(B) (1)

4.1. Method to Find the Values of ®(A) and R(B)

Let A = (ay,by, c1,dy;wy)n,r, and B = (ag, by, ¢a, do; ws) 1,5, be two L-R type
generalized fuzzy numbers then use the following steps to find the values of

R(A) and R(B)

Step 1. Find w = minimum (wy, wy)
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Step 2. Let the membership function of A and B be u ;(x) and p5(z) respec-
wlLl(b1 a1> , ar <x<b
tively, where, pj(x)=< w; , hh<zx<c¢g

w1 Ry (dl 61) , a <x<d.
and
w2L2(b2 é) , as < T < by
pp(r)=< ws , <z <o
MQRQ(;;:CC?Q) , <z < ds.

a(x) € [0,un] and jig(a) € [0,ws)

Let A represent the membership value, which is common for both A and B,
then A € (0, w], where w = minimum (wy, wy)

wL(bl A=), e <z <b

bi—a
= pi(z)=g w L h<e<a
whRy (;1 cc11) , oo <x<d.
and
wLQ(EZ{%) , ap < x < by
pp(r)=q w , bh<r<c
UJRQ(%> , Co S T S dg.
Let le( L) =Xand wR (=) = A= 2= = LiN(2) = o =b — (b —

b=
a;)Ly ( ) and = =L Rfl(g) =xr=c+ (d —c1)Ry 1(%)

Now R(A) = afo"”(bl—(bl—al)Ll—l(g))dHQ—a) Jo (cr+ (di—c) Ry (2))dA

Let 2 = h = d\ = wdh
R(A) = wa [, (b — (b1 — ar) LT (R))dh +w(l — @) [} (c1 + (dy — e1) Ry (h))dh

Similarly R(B) = wa [ (by — (by — as) L3 (h))dh + w(l — a) [, (co + (dz —
ca) Ry (h))dh

Remark 2. [13] The index of optimism («) is representing the degree of
optimism of a decision maker. A larger value of o indicates a higher degree
of optimism. For @ = 0 and o = 1 value of R(A) and R(B) represents the
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view points of a pessimistic and optimistic decision maker respectively while
for a = 0.5 values of R(A) and R(B) represents the view points of a moderate
decision maker.

Remark 3. The arithmetic operations between two fuzzy numbers is obtained
using the a- cut method [4] and the maximum value of A, that will be com-
mon for both fuzzy numbers, will be obtained by finding the minimum value
of the height of the fuzzy numbers, due to which in minimum (wy,ws) = w is
considered.

Remark 4. For generalized trapezoidal fuzzy numbers A = (a,b,c,d;w),
R(A) = Ja(a+b) + 5(1 — a)(c+ d) and for a generalized triangular fuzzy
number A = (a, b, C'w) R(A) = Fala+b)+%(1- a)(b—l—c) and for a L-R type
normal fuzzy number = (a,b,¢,d) g R(A) = O‘fo (b—(b—a)L7Y(h))dh +
'(h

1_0‘fo c—i— ) ))

Proposition 1. Prove that ranking of L-R type generalized fuzzy numbers
does not depend upon the height of fuzzy numbers i.e., if A, B are two L-R
type generalized fuzzy numbers and A, B are normalize fuzzy numbers, ob-
tained from A’ and B’ respectively, then (i) A"~ B iff A B, (ii) A’ < B iff
A< B, (iii) A’ ~ B"iff A~ B.

Proof. Let A = (al, bl,Cl,dl;’lUl)LlRl and B = (CLQ,bQ,CQ, dg;wz)L2R2 be two
L-R type generalized fuzzy numbers and Let A’ = (a1,b1,c1,d1; 1), R, and
B = (ag, b, c2,do; 1), R, be the corresponding normal fuzzy numbers respec-
tively and w = min(w;, ws) then using the proposed approach

A- Be RA) >RB)e wozfol by — (by — a1) L7 (h))dh + w(1 — @) fl(

(dy — e1)RyM(R)dh > wa fo (by — (by — az)Ly ' (h))dh + w(l — « fo (co +
(da — c2)Ry ' (h))dh < O‘fo (by — (by — a1) LM (R))dh + (1 — « fo c1 + (dy —
)Ry (W)dh > a [ (ba—(by—az) Ly () dh+(1-) [y (cat(da—e2) Ry ())dh
S RA)>RB) = A - B

Silmilarly it can easily proved that A’ < B iff A < B and A’ ~ B’ iff A ~ B.
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5. Results and Discussion

In this section the correct ordering of fuzzy numbers, discussed in section 3,
are obtained. Also, in the Table 1, it is shown that proposed ranking function
satisfies the all reasonable properties of fuzzy quantities proposed by Wang
and Kerre [16].

Example 7. Let A = (0.1,0.3,0.3,0.5;:1) and B = (0.2,0.3,0.3,0.4;1) be
two generalized trapezoidal fuzzy numbers.

Step 1. minimum (1,1) =1

Step 2. R(A) = 1(a(0.4) + (1 —@)(0.8)) = 0.4 — 0.2ac and R(B) = (a(0.5) +
(1 —)(0.7)) = 3(0.7 — 0.2a)

For a pessimistic decision maker, with @ = 0, R(A) = 0.4 and R(B) = 0.35.
Since R(A) > R(B) so A = B.

For optimistic decision maker, with o = 1, R(A) = 0.2 and R(B) = 0.25.
Since R(A) < R(B) so A < B.

For moderate decision maker, with & = 0.5, R(A) = 0.3 and R(B) = 0.3.
Since R(A) = R(B) so A ~ B.

Example 8. Let A = (0.1,0.3,0.3,0.5;0.8) and B = (0.1,0.3,0.3,0.5;1) be

two generalized trapezoidal fuzzy numbers.

Step 1. minimum (0 8,1)=0.8

Step 2. R(A) = %B(a (0 4) + (1 — a)(0.8)) = 0.4(0.8 — 0.4) and R(B) =
05 (a(0.4) + (1 — 2)(0.8)) = 0.4(0.8 — 0.40).

Slnce R(A) = R(B) Yaso A~ B

Example 9. Let A = (—0.8, 0.6, —0.4, —0.2; 0.35) and

B = (—0.4,-0.3,—0.2,—0.1;0.7) be two generalized trapezoidal fuzzy num-
bers.

Step 1. minimum (0.35,0.7) = 0.35

Step 2. R(A) = 0.35(-0.3 — 0.4a) and R(B) = 222(-0.3 — 0.4a).

For a pessimistic decision maker, with a = 0, R(A) = —0.105 and R(B) =
—0.0525. Since R(A) < R(B) so A < B.

For optimistic decision maker, with o = 1, R(A) = —0.245 and R(B) =
—0.1225. Since R(A) < R(B) so A < B.

For moderate decision maker, with o = 0.5, ®(A) = —0.175 and R(B) =
—0.0875. Since R(A) < R(B) so A < B.
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Example 10. Let A = (0.2,0.4,0.6,0.8;0.35) and B = (0.1,0.2,0.3,0.4;0.7)
be two generalized trapezoidal fuzzy numbers.

Step 1. minimum (0.35,0.7) = 0.35

Step 2. R(A) = 0.35(0.7 — 0.4a) and R(B) = %2(0.7 — 0.4a).

For a pessimistic decision maker, with o = 0, R(A) = 0.245 and R(B) =
0.1225. Since R(A) > R(B) so A = B.

For optimistic decision maker, with o = 1, R(A) = 0.105 and R(B) = 0.0525.
Since R(A) > R(B) so A = B.

For moderate decision maker, with o = 0.5, R(A) = 0.175 and R(B) = 0.0875.
Since R(A) > R(B) so A = B.

Example 11. Let A = (1,1,1,1;w;) and B = (1,1,1,1;ws) be two gen-
eralized trapezoidal fuzzy numbers then
Step 1. minimum (wy,wy) = w

Step 2. R(A) = 2(a(2)+(1—a)(2)) = wand R(B) = 2(a(2)+(1-a)(2)) = w

Since R(A) = R(B) Yaso A~ B
Example 12. Let A = (-4, -2, —1,.7;w;) and B = (—.4,—.2,—.1,.7;w,),
be two generalized trapezoidal fuzzy numbers then

Step 1. minimum (w,wz) = w .
Step 2. R(A4) = F(a(—0.6) + (1 — )(0.6)) = 0.3 and R(B) = ¥ (a(—0.6) +

5.1. Validation of the Results

In the above examples it can be easily checked that, for a particular value of
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5.2. Validation of Proposed Ranking Function

For the validation of the proposed ranking function, in Table 1, it is shown
that proposed ranking function satisfies the all reasonable properties of fuzzy
quantities proposed by Wang and Kerre [16]

Table 1.

Fulfilment of the axioms for the ordering in the first and second class [16]

Index Al A2 Ag A4 2 A5 A@ Aé A7

Y, Y| Y| Y| Y Y|]Y | N|N| N

Y, Y| Y| Y| Y Y|Y| Y |Y N

Ys Y| Y| Y| N N|]Y | N|N|N

Y, Y| Y| Y|Y Y|Y | N|N|N

C Y| Y| Y| N N|Y | N|N|N

FR Y| Y| Y| Y Y|Y| Y |Y N

CL Y| Y| Y| Y Y|Y| Y |Y N

LW Y| Y| Y| Y Y|Y | Y|Y N

cMm} Y| Y| Y|Y Y|Y | Y|Y N

C My Y| Y| Y| Y Y|Y|Y|Y N

K Y| Y| Y| N N|N|N|N|N

W Y| Y| Y| Y N|N|N|N|N

J* Y| Y| Y|Y Y| N N|N|N

CH* Y| Y| Y|Y Y| N|N|N|N

KP* Y| Y| Y|Y Y| N|N|N|N

Proposed Approach | Y | Y | Y | Y| Y | Y| Y |Y|N

6. Conclusion

In this paper, the shortcomings of Chen and Chen [4] approach are pointed
out and a new ranking approach is proposed for finding the correct ordering
of L-R type generalized fuzzy numbers. It is shown that proposed ranking
function satisfies all the reasonable properties of fuzzy quantities proposed by
Wang and Kerre [16].
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