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Abstract

In the present paper we establish an important result involving a
fractional differential operator given by Misra [5] for the product of H̄-
function, general polynomial set and two general class of polynomials.
On account of the general nature of the functions and the polynomials
occurring in our main results a large number of simple results follow
as its special cases. For the sake of illustration, we present here two
special cases involving product of general class of polynomials and the
generalized Riemann Zeta function.
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1. Introduction

Fractional Differential Operator
Misra [5] has defined the fractional derivative operators in the following man-
ner:

D
α

x(xµ−1) =
dα

dxα
xµ−1 =

Γ(µ)

Γ(µ− α)
xµ−α−1, α 6= µ (1.1)

Dk,α,x(x
µ) =

Γ(µ+ 1)

Γ(µ− α + 1)
xµ+k , α 6= µ+ 1 (1.2)

D
n

k,α,x(x) =
n−1∏
r=0

[
Γ(µ+ 1 + rk)

Γ(µ+ 1 + rk − α)

]
xµ+nk (1.3)

α and k are not necessarily integers

General class of Polynomials of g-variables

The following general class of polynomials of g-variables due to Srivastava
and Garg [7, p.686, eq.(1.4)] is defined and denoted as follows:

S
M1,...,Mg

N [x1, ..., xg] =

M ≤N∑
k1,...,kg=0

[(−N)M B(n; k1, ..., kg)]

g∏
i=1

(xi)
gi

gi !
(1.4)

where M =
∑g

i=1Miki (Mi ≥ 1, i = 1, ..., g) and B (N ; k1, ..., kg) are ar-
bitrary constant (real or complex).

A Generalized Polynomial Set

Raizada has introduced and studied a generalized polynomial set. The
explicit form of this generalized polynomial set [6, p.71, eq.(2.3.4)] is:

Sα,β,τn [x ; r, s, q, A,B,m, k,`] = Bqn x`(m+n) (1− τxr)sn `m+n

m+n∑
p=0

p∑
e=0

m+n∑
δ=0

δ∑
i=0

(−1)δ(−p)e (−δ)i(α)δ
p ! δ ! i ! e !

(α− qn)i
(1− α− δ)i

(
− β
τ
− sn

)
p
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(
`+ k + re

`

)
m+n

(
− τxr

1− τ xr

)p (
Ax

B

)δ
If τ → 0 and using following result

lt
| b | → ∞

(b)n

(z
b

)n
= zn

we arrive at the following polynomial set:

Sα,β,0n [x ; r, q, 1, 0,m, k,`] = xqn+`(m+n) `m+n
m+n∑
p=0

p∑
e=0

(−p)e
p ! e !

(
α+ qn+ k + re

`

)
m+n

(βxr)p

(1.5)

H̄-function
The H̄-function was introduced by Inayat Hussain [4] and studied by

Bushman and Srivastava [1]. The H̄-function will be defined and represented
in the following manner:

H̄
M,N

P,Q
[z] = H̄

M,N

P,Q

[
z
∣∣∣(aj,αj ;Aj)1,N , (aj,αj)N+1,P

(bj ,βj)1,M , (bj ,βj ;Bj)M+1,Q

]
=

1

2πω

∫
φ̄ (ξ) zξ dξ (z 6= 0) (1.6)

where

φ̄(ξ) =

∏M
j=1 Γ(bj − βjξ)

∏N
j=1{Γ(1− aj + αjξ)}Aj∏Q

j=M+1{Γ(1− bj + βjξ)}Bj
∏P

j=N+1 Γ(aj − αjξ)
(1.7)

Here aj (j = 1,. . . ,P) and bj (j = 1,. . . ,Q) are complex parameter αj = 0 (j =
1,. . . ,P), βj = 0 (j = 1,. . . ,Q) (not all zero simultaneously) and the exponents
aj (j = 1,. . . ,N) and bj (j = M+1,. . . ,Q) can take on integer values.

The following sufficient conditions for the absolute convergence of the defin-
ing integral for the H̄-function given by Bushman and Srivastava [1]

T =
M∑
j=1

βj +
N∑
j=1

|Ajαj| −
Q∑

j=M+1

|Bjβj| −
P∑

j=N+1

αj > 0 (1.8)

and
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|arg z |< 1/2 T π

Binomial Expansion

Binomial Expansion is given

(axν + b)λ = bλ
λ∑
`=0

(
λ
`

) (
axν

b

)`
(1.9)

where λ > 0

2. Main Result

Dn
k,α,x{xµ(axν + b)λ S

M1,...,Mg

N [y1x
u1(axν + b)η1 , ..., yg x

ug(axν + b)ηg ]

S
M
′
1,...,M

′
f

N [y1x
u
′
1(axν + b)η

′
1 , ..., yf x

u
′
f (axν + b)η

′
f ]

Sα,β,0n′ [ zxu
′ ′

(axν + b)η
′ ′

; r′, q, 1, 0,m, k′,`]

H̄
M,N

P,Q

[
z xλ

∣∣∣(aj,αj ;Aj)1,N , (aj,αj)N+1,P

(bj ,βj)1,M , (bj ,βj ;Bj)M+1,Q

]

=

M ′ ′≤N∑
k1,...,kg=0

M ′ ′ ′≤N ′∑
k
′
1,...,k

′
f=0

m+n′∑
p=0

p∑
e=0

∞∑
h=0

θ(k1, ..., kg; k
′

1, ..., k
′

f , p, e)

bλ+η′ ′ R+
∑g
j=1 ηjkj+

∑f
s=1 η

′
sk
′
s xµ+νh+ u′′R+nk+

∑g
j=1 ηjkj+

∑f
s=1 η

′
sk
′
s

(λ+ η
′ ′
R +

∑g
j=1 ηjkj +

∑f
s=1 η

′
s k
′
s) !

h ! (λ− h+ η′ ′R +
∑g

j=1 ηjkj +
∑f

s=1 η
′
sk
′
s) !

(a/b)h H̄
M,N+n

P+n,Q+n

[
zxλ

∣∣∣∣(−µ−tk−νh−u′ ′R−∑g
j=1 ujkj−

∑f
s=1 u

′
sk
′
s λ ; 1)t=0,n−1

(bj ,βj)1,M , (bj ,βj ;Bj)M+1,Q

(aj ,αj ;Aj)1,N , (aj ,αj)N+1,P

(α−µ−tk−νh−u′ ′R−
∑g
j=1 ujkj−

∑f
s=1 u

′
sk
′
s,λ ; 1)t=0,n−1

]
(2.1)
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where

θ (k1, ..., kg; k
′

1, ..., k
′

f , p, e) =
(−N)M ′ ′

k1! ... kg!

(−N ′)M ′ ′ ′
k
′
1 ! ... k

′
f !

E (N ; k1, ..., kg)

F (N ′; k
′

1, ..., k
′

f ) y
k1
1 , ..., y

kg
g ; y

k
′
1

1 , ..., y
k
′
f

f (`)m+n′ (−p)e
p ! e !

(
α + qn′ + k′ + r′e

`

)
m+n′

βpzR

M ′ ′ = M1k1 + ...+ Mgkg

M ′ ′ ′ = m
′

1k
′

1 + ...+ M
′

f k
′

f

R = qn′ + r′p + ` (m+ n′)

and provided that the following conditions are satisfied:
(i) The quantities uj, ηj, u

′
s, η

′

s′ , u
′ ′, η′ ′ (j = 1, ..., g; s = 1, ..., f)are all pos-

itive.
(ii) ν ; Mj, M

′
s(j = 1, ..., g ; s = 1, ..., f) are arbitrary positive integers and

the coefficients E(N ; k1, ..., kg), F (N ′; k
′
1, ..., k

′

f ), (N,N ′; k
′
1, ..., k

′
g, k

′
1, ..., k

′

f ≥
0) are arbitrary constants, real or complex.
(iii) T =

∑M
j=1 βj+

∑N
j=1 |Ajαj| −

∑Q
j=M+1 |Bjβj| −

∑P
j=N+1 αj > 0 (2.2)

(iv) | arg z | < 1
2
T π

(v) Re (µ) > 0,
(vi) α < 0
(vii) λ+ η′ ′ q n′ + η′ ′r′p+ η′ ′`(m+ n′) +

∑g
j=1 ηjkj +

∑f
s=1 η

′
sk
′
s > 0

Proof of Our Main Result
To establish (2.1), we first use series representation (1.4) and (1.5) for

S
M1,...,Mg

N [x1, ..., xg] and S
α,β,0

n respectively and contour integral representation
(1.6) for H̄-function occurring in the left hand side of (2.1), it takes the fol-
lowing form (say ∆)

∆ = D
n

k,α,x{xµ(axν + b)λ
M1k1+...+Mgkg≤N∑

k1,...,kg=0

(−N)M1k1+...+Mgkg

k1 ! ... kg !
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E (N ; k1, ..., kg) y
k1
1 , ..., y

kg
g xu1k1+...+ugkg(a xν + b)η1k1+...+ηgkg

M
′
1k
′
1+...+M

′
fk
′
f≤N

′∑
k
′
1,...,k

′
f = 0

(−N ′)M ′1k′1+...+M
′
fk
′
f

k
′
1 ! ... k

′
f !

F (N ′, k
′

1, ..., k
′

f ) y
k
′
1

1 , ..., y
k
′
f

f xu
′
1k
′
1+...+u

′
fk
′
f

(axν + b)η
′
1k
′
1+...+ η

′
fk
′
f [z xu

′ ′
(axν + b)η

′ ′
]qn
′+ `(m+n′) `(m+n′)

m+n′∑
p=0

p∑
e=0

(−p)e
p ! e !

(
α + qn′ + k′ + r′e

`

)
m+n′

{β zr′ xu′ ′r′ (axν + b)η
′ ′r′}p

{
1

2πω

∫ ω∞

−ω∞

φ̄(ξ) zξ xλξ dξ

}
(2.3)

Interchanging the order of summation and integration (which is permissible
under the condition stated)

∆ =

M1k1+...+Mgkg≤N∑
k1,...,kg=0

M
′
1k
′
1+...+M

′
fk
′
f≤N

′∑
k
′
1,...,k

′
f= 0

m+n′∑
p=0

p∑
e=0

(−N)M1k1+...+Mgkg

k1 ! ... kg !

(−N ′)
M
′
1k
′
1+...+M

′
f
k
′
f

k
′
1 ! ... k

′
f !

E(N ; k1, ..., kg) F (N ′ : k
′

1, ..., k
′
g) y

k1
1 , ..., y

kg
g y

k
′
1

1 , ..., y
k
′
f

f

(−p)e
p ! e !

`(m+n′)
(
α+qn′+k′+r′e

`

)
m+n′

βp zqn
′+r′p+`(m+n′) 1

2πω

∫ ω∞

−ω∞

φ̄ (ξ) zξ

D
n

k,α,x{xµ+u′ ′qn′+u′ ′r′p+ `u′ ′(m+n′) +
∑g
j=1 ujkj+

∑f
s=1 u

′
sk
′
s+λξ

(axν + b)λ+η′ ′ q n′+η′ ′r′p + η′ ′`(m+n′)+
∑g
j=1 ηjkj+

∑f
s=1 η

′
sk
′
s} dξ (2.4)

Now using the Binomial Expansion given by (1.9), we get with the help of
equation (1.3)
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∆ =

M1k1+...+Mgkg≤N∑
k1,...,kg=0

M
′
1k
′
1+...+M

′
fk
′
f≤N

′∑
k
′
1,...,k

′
f= 0

m+n′∑
p=0

p∑
e=0

∞∑
h=0

(−N)M1k1+...+Mgkg

k1 ! ... kg !

(−N ′)M ′1k′1+...+M
′
fk
′
f

k
′
1 ! ... k

′
f !

E (N ; k1 + ...+ kg) (N ′ ; k
′

1, ..., k
′

f )

yk11 , ..., y
kg
g y

k
′
1

1 , ..., y
k
′
f

f

(−p)e
p ! e !

(`)m+n′
(
α + qn′ + k′ + r′e

`

)
m+n′

βp zqn
′+r′p+`(m+n′) bλ+η′ ′{qn′+r′p+`(m+n′)}+

∑g
j=1 ηjkj+

∑f
s=1 η

′
sk
′
s

(λ+ η′ ′{ qn′ + r′p+ `(m+ n′) +
∑g

j=1 ηjkj +
∑f

s=1 η
′
sk
′
s}) !

h ! (λ− h+ η′ ′{ qn′ + r′p + `(m+ n′) +
∑g

j=1 ηjkj +
∑f

s=1 η
′
sk
′
s}) !

(a
b

)h

x
µ+νh+u′ ′{qn′+r′p+`(m+n′)} + nk +

∑g
j=1 ujkj+

∑f
s=1 u

′
sk
′
s { 1

2πω

∫ ω∞
−ω∞

φ̄(ξ) (xλz)ξ

[
n−1∏
t=0

Γ(1 + tk + µ+ νh+ u′ ′{qn′ + r′p+ `(m+ n′)}+
∑g
j=1 ujkj +

∑f
s=1 u

′

sk
′

s + λξ)

Γ(1 + µ+ νh+ tk − α+ u′ ′{qn′ + r′p+ `(m+ n′)}+
∑g
j=1 ujkj +

∑f
s=1 u

′
sk

′
s + λξ)

]
}dξ

Further interpreting the above result with the help of (1.7), we get required
result (2.1) after a little simplification.

3. Special Cases

(i) If in the result (2.1) we take

Mj = M (j = 1, ..., g), E (N ; k1, ..., kg) = EN,k

and

M
′

s = M ′ (s = 1, ..., f), F (N ′; k
′

1, ..., k
′

f ) = FN ′,k′
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then

S
M1,...,Mg

N [x] → SMN [x] and S
M
′
1,...,M

′
f

N ′ [x] → SM
′

N ′ [x]

and we arrive at the following result:

Dn
k,α,x{xµ(axν + b)λ SMN [yxu(axν + b)η]SM

′

N ′ [yx
u′(axν + b)η

′
]}

Sα,β,0n′ [z xu
′′
(axν + b)η

′ ′
: r′, q, 1, 0,m, k′,`]

H̄
M,N

P,Q

[
z xλ

∣∣∣(aj,αj ;Aj)1,N , (aj,αj)N+1,P

(bj ,βj)1,M , (bj ,βj ;Bj)M+1,Q

]

=

[N/M ]∑
k=0

[N ′/M ′]∑
k′=0

m+n′∑
p=0

p∑
e=0

∞∑
h=0

(−N)M,k

k !

(−N ′)M ′,k′
k′ !

EN,k FN ′,k′ y
k yk

′

(−p)e
p ! e !

(`)m+n′
(
α + qn′ + k′ + r′e

`

)
m+n′

βp zR bλ+η′ ′R+ηk+η′k′

(a/b)h xµ+νh+u′′R+ηk+η′k′+nk (λ+ η′ ′R + ηk + η′k′) !

h ! (λ− h+ η′ ′R + ηk + η′k′) !

H̄
M,N+n

P+n,Q+n

[
z xλ

∣∣∣(−µ−tk−νh−u′ ′R−uk−u′k′, λ ; 1 )t=0,n−1, (aj,αj ;Aj)1,N (aj,αj)N+1,p

(bj ,βj)1,M , (bj ,βj ;Bj)M+1,Q, (α−µ−tk−νh−u′ ′R−uk−u′k′, λ ; 1)t=0,n−1

]
(3.1)

(ii) If we reduce the H̄-function occurring in the left hand side of (2.1) to
Generalized Riemann Zeta function [2, p.27, 1.11, eq.(1); 3, p.314-315, eq.(1.6)
and (1.7)] φ(z, p

′
, η)given by

φ (z, p′,η) =
∞∑
r=0

zr

(η + r)p
′ = H̄

1,2

2,2

[
−z

∣∣∣(0,1,1), (1−η,1; p′)
(0,1),(−η,1; p′)

]
,

we arrive at the following result

Dn
k,α,x{xµ (axν + b)λ S

M1,...,Mg

N [y1x
u1(axν + b)η1 , ..., yg x

ug(axν + b)ηg ]
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S
M
′
1,...,M

′
f

N [y1x
u
′
1(axν + b)η

′
1 , ..., y

′

f x
u
′
f (axν + b)η

′
f ]

Sα,β,0n′ [z u′′(ax
ν

+ b)η
′′

: r′, q, 1, 0,m, k′,`] φ(z (xλ, p′η)

=

M ′′ ≤N∑
k1,...,kg=0

M ′′′ ≤N ′∑
k
′
1,...,k

′
f=0

m+n′∑
p=0

p∑
e=0

∞∑
h=0

θ(k1, ..., kg; k
′

1, ..., k
′

f , p, e)

bλ+η′′R+
∑g
j=1 ηjkj+

∑f
s=1 η

′
sk
′
s xµ+νh+u′′R+

∑g
j=1 ujkj+

∑f
s=1 u

′
sk
′
s +nk

(λ+ η′ ′R +
∑g

j=1 ηjkj +
∑f

s=1 η
′
sk
′
s) !

h ! (λ− h+ η′ ′R +
∑g

j=1 ηjkj +
∑f

s=1 η
′
sk
′
s) !

(a/b)h

H̄
M+1,N+n+2

P+n+2,Q+n+2

[
−zxλ

∣∣∣∣(−µ−tk−νh−u′ ′R−∑g
j=1 ujkj−

∑f
s=1 u

′
sk
′
s,λ;1)t=0,n−1,(0,1;1),(1−η,1,p′)

(0,1),(−η,1,p′), (α−µ−tk−νh−u′′R −
∑g
j=1 ujkj−

∑f
s=1 u

′
sk
′
s,λ;1)t=0,n−1

]
(3.2)
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