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1. Introduction

Let D denote the open unit disc of the complex plane C and H(D) the
space of all analytic functions in D. Every analytic self-map ¢ of the unit disk
D induces through composition a linear composition operator C, from H(ID)
to itself. It is a well-known consequence of Littlewood’s subordination princi-
ple ([27]) that the formula C,(f) = f o ¢ defines a bounded linear operator
on the classical Hardy and Bergman spaces. That is, C,, : H? — H? and
Cy, : AP — AP are bounded operators. Some characterizations of the bound-
edness and compactness of the composition operator between various Banach
spaces of analytic functions can be found in [4, 6, 8, 12, 33, 41, 52, 53, 54].
Recently, R. Yoneda in [48] gave some necessary and sufficient conditions for
a composition operator C, to be bounded and compact on the logarithmic
Bloch space defined as follows

2
1= 7]

e = {f € HD) - ]| = sup(1 = |2 (1og ) (2)] < oo},

The space By is a Banach space under the norm || f||s,, = [f(0)] + [|f[]. Tt
is obvious that there are unbounded B, functions. For example, consider
the function f(z) = loglog t%. There are also bounded function that they
do not belong in Bj,,. In fact, the interpolating Blaschke products do not
belong in B,e. S. Ye in [44] characterized the boundedness and compactness
of the weighted composition operator uCy, between the logarithmic Bloch space
Bioe and the S-Bloch space B? on the unit disk, as well as the boundedness
and compactness of the weighted composition operator uC,, between the little

logarithmic Bloch space Bj,g o and the little 5-Bloch space Bg on the unit disk.
A function f € H(D) is said to belong to the Bloch-type space (or $-Bloch
space), denoted by B® = B (D), if

Bs(f) = sup(1 - |2[*)°1f'(2)] < oo

The space B becomes a Banach space with the norm || f||s = |f(0)| + Bs(f).
It is easily proved that for 0 < a < 1, B* G Biog & B'. Let BP denote the
subspace of B consisting of those f € B? such that

lim (1 — [2*)°|f'(2)| = 0.

|z]—1
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This space is called the little Bloch-type space. For = 1, we obtain the
well-known classical Bloch space and the little Bloch space, simply denoted by
B and By. Let Bigo denote the subspace of B, consisting of those f € Biog
such that

i (1 | |)(10g o |) 7()] =

For more information about the B see [55]. S. Ye in [43] proved that Bjgo is
a closed subspace of By,,. P. Galanopoulos in [7] characterized the bounded-
ness and compactness of the composition operator C, : Biog — Qfog and the
boundedness and compactness of the weighted composition operator uC,
Biog — Biog. S. Li in [13] characterized the boundedness and compactness
of the weighted composition operator uC,, from Bergman spaces Ag into the
logarithmic Bloch space Bjos on the unit disk. S. Ye in [45] characterized the
boundedness and compactness of the weighted composition operator uC, from
the general function space F(p, ¢, s) into the logarithmic Bloch space Bjos on
the unit disk. Some characterizations of the weighted composition operator
between various Bloch-type spaces can be found in [5, 19, 28, 30, 31, 32]. S. Li
and S. Stevi¢ in [20] studied the boundedness and compactness of the following
two Volterra-type integral operators

-/ 1€ de
/ r(e

on the Zygmund space, for any ¢ € H(D). Y. Yu and Y. Liu in [50] char-
acterized the boundedness and compactness of operators I, and J, from the
logarithmic Bloch spaces into the Bergman-type spaces. S. Ye and J. Gao in
[46] characterized the boundedness and compactness of operators J, between
the logarithmic Bloch spaces and the Bloch-type spaces. Boundedness and
compactness of the operators .J, and ,, some one-dimensional, as well as their
n-dimensional extensions, acting on various function spaces were investigated
in [1,2,3,9,10, 11, 14, 16, 17, 18, 20, 21, 24, 34, 35, 36, 40, 42, 47, 49, 50, 51].
S. Stevi¢ in [37] introduce the following integral-type operator on the space
H(B) of all holomorphic functions on the unit ball B in C*

and

PUNG = [ Fet(e) S < B,
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where g € H(B), g(0) = 0 and ¢ is a holomorphic self-map of B, and investi-
gated the boundedness and compactness of the operator P from the weighted
Bergman space AP (B) to the Bloch-type spaces. S. Stevi¢ in [38] continued to
investigate the boundedness and compactness of the operator PZ from the log-
arithmic Bloch space Bjog(B) and the little logarithmic Bloch space Biogo(B)
to the Bloch-type space B, (B) or the little Bloch-type space B, o(B). S. Stevi¢
in [39] continued to investigate operator PJ from the Bloch space B(B) and
the little Bloch space By(B) to the Bloch-type space B,(B) or the little Bloch-
type space B, o(B) on the unit ball and calculated the essential norm of the
operators PJ : B(B)(or By(B)) — B,(B)(or B,o(B)) in an elegant way. Y.
Liu and Y. Yu in [26] investigated integral-type operator C from Bloch-type
spaces into logarithmic Bloch spaces, where

Clf(z /f (w)dw, for f,g € H(D).

Products of composition operators and integral-type operators have been re-
cently introduced by S. Li and S. Stevi¢ in [15, 22, 23, 25], where they charac-
terized the boundedness and compactness of these operators between various
spaces.

Here, we shall be interested in characterizing the products of composition
operators and Volterra-type integral operators, which are defined by

©(z)
(Codyf)(z / Flw)g (w)du. (Co1, 1)) = [T wig(w) du
on H(D). More precisely, the boundedness and compactness of the operators
CyJ, from the logarithmic Bloch spaces into the Bloch-type spaces are studied
in this paper.
In this paper, positive constants are denoted by C'. They may differ from
one occurrence to the next.

2. The Boundedness of C,J; : Big(or Biogo) —
B (or BY)

In this section, we study the boundedness of C,J; : Biog(or Biogo) —
B’ (or Bg ). For this purpose, we start this section by stating some lemmas
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which are used in the proofs of main results of this paper. They are incorpo-
rated in the lemmas which follow.

Lemma 1. ([44, 46]) Let f € Biog, then

2

5 <0 (2+1ogog 2 ) 1l

(1*|Z‘)10g%‘z|
[1—z| logﬁ ’

Lemma 2. ([44, 46]) Let f(z) = z €D, then |f(2)] < 2.

(1—|Z|)10g1_i‘z|
(1*|tz|)10gﬁ’

Lemma 3. ([44, 46]) Let gi(z) =
|9:(2)] < 2.

t € [0,1], z € D, then

Lemma 4. ([44, 46]) Let f € Biogo, then

[f(2)

— =0

|z|—1 log log %M

Theorem 1. Suppose 0 < [ < o0, ¢ is an analytic self-map of D and
g € H(D). Then the following statements are equivalent:

(a) Cupdy : Biog — BP is bounded.

(b) Cyudy 2 Biogo — BP is bounded.

()

M; = sup(1 - 1213719 (@ ()¢ (2)] < oc. (2.1)

and

My = sup(1 = Y19 ()¢ ) (loglog =2 ) <00 (22

zeD

Proof. We first prove that (¢) = (a). Suppose that (2.1) and (2.2) hold. For
z €D and f € By, by Lemma 1 we have
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(1= [2[)5(CLd, f) (2)] = (1= |21 F ()]l ()] (2)]
2 / / :

< O fllBig (1 = 1211719 (0(2)] | (2)] (2 +loglog m)

< 20| fllBos (1 = 1212719 (9 (D)1 (2)]

+C| I, (1 = |21)°19 (0 ()¢ (2)] (10% log %)

< (2CM; + CMs)| |5,

On the other hand, note that the quantity ‘ ‘m‘a)(c ' |¢'(w)] is finite since the set
w|<|p(0

|w| < |p(0)| is compact in view of the fact |p(0)| < 1. By Lemma 1 we have
that

©(0)
(ColO = | [ Hwig ()
= Wit 19 )

2
<c (2+1oglog—> T
EEOTALS
thus

HCthngB = |(C<Pjgf)(0)| + B(ijgf)
< CHfH610g7

so that C,J, : Biog — B? is bounded.

(a) = (b). This implication is clear.

(b) = (c). Assume that C,J, : Bigo — B is bounded. By taking the
function given by f(z) = 1 we obtain (2.1). For w € D, set

4
fw(Z) =2 —+ 10g log e
1—p(w)z

Since

ful) = elw)

v~ Y
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we obtain that for each w € D,

(= 1) (tow 2 ) 1)

—(1—1 (10 2 p(w
- 0= (5 ) [T e

(1= |2) (log 25)
(1= [p(w)]) log?

— 0 (as |z| = 1).

By Lemmas 2 and 3 we have

sup(1 — ) (1og 2 ) 1£2(0)

zeD 1_"2‘

2 w)
= sup(1 — |z]?) (log ) —
€D L—1]z]) | (1 — p(w)z)log 1_%z
(1 - 12P) (108 +25)
< sup — 1

zeD | (1 — p(w)z) log o

(1—2]) (10g %) 1 — |p(w)z]) log —2——
SZSup 1—|z| ( |90( ) |> g(l,w(w)z‘)

— 2 N 4
zed (1 = |p(w)z]) log mrmyy 11— ¢(w)z|log ot

<8

— Y

it follows that sup ||fu] < 8, and f,, € Bigo for each fixed w € D. From
weD

this and the boundedness of C,J, : Biggo — B?, we have that the following
inequality holds

(1~ )l (o) || () (log 10g%)

< (1 - [wP)lg (o)) | fu ()] ()
= (1= |wP)[(Cody ) (w)
< NCeTyfulls < ICo Tyl fullt, < € < o0,
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we obtain (2.2), finishing the proof of the implication.

Remark 1. In [25], for a € (0,1) and 0 < 8 < oo, S. Li and S. Stevi¢ proved
that the operator Cy,J, : B*(BS$) — B is bounded if and only if the operator
C,Jy: B*(BS) — BP is compact if and only if (2.1) holds.

Theorem 2. Suppose 0 < 8 < 00, ¢ is an analytic self-map of D and g €
H(D). Then C,Jy : Biogo — Bg is bounded if and only if C,Jy : Biogo — B?
15 bounded and

lim (1 — [2[%)?]¢'(¢(2)]|¢'(2)] = 0. (2.3)

|z]—1

Proof. Assume that C,J; : Biego — Bg is bounded, Then clearly C,J, :
Biogo — BP is bounded. Taking the test function f(z) = 1 € Bygo, we obtain
that (2.3).

Conversely, assume (2.3) holds and C,.J, : Biogo — B” is bounded. From
this it follows that for any € > 0, there exists a § € (0,1), such that § < |z| < 1
implies

C(1 = 1)l (e())ll¢'(2)] < % (2:4)

and

el e
log logl_ilz| 2M,’

(2.5)

for each function f € Bjogo by Lemma 4. Hence writing Dy = {z € D : § <
|z| < 1}, using (2.4), (2.5) and Theorem 1, we deduce that

sup (1= [2[)?|(Cpdy)'(2))]
[2eDiile(2)]<o)

= sup (1= f(e(2))llg (e())ll¥'(2)]

{zeD1:[p(2)|<d}
<sup |[f(u)]  sup (1= [2*)7]g'(¢(2))]1¢'(2)]

lu| <8 {z€D1:|p(2)|<d}
<C su]DI))(l — 121)°19 (¢ (2)|l¢' (2)]
z€lDy

<=, (2.6)

N
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and

sup (1= [2)7[(CyJy)'(2)]
{zeD1:6<|p(2)|<1}

= sup (L= 2| fF(())lg ()¢ (2)]
{z€D1:0<|p(2)|<1}

€ 2\B1 4/ ! 2
sup 1—|z g (e(2)|]¢' (2 (log log —)
2M, {ze]]))l:6<|go(z)|<1}( 12171 2 ) 1 —|p(2)]

€
< -. 2.7
<t (2.7
From (2.6) and (2.7), we get that C,J,f € Biogo, that is C,J, : By — Biogo i

bounded which finishes the proof.

Remark 2. In [25], for a € (0,1) and 0 < 8 < 0o, S. Li and S. Stevié¢ proved
that the operator C,.J, : B*(BY) — By is bounded if and only if (2.3) holds.

Theorem 3. Suppose 0 < [ < o0, ¢ is an analytic self-map of D and
ge HD). If

i (1 Y15 (ol ] (24 loglos =) =0, (29

|z|]—1

then C,J, : Biog — Bg is bounded.

Proof. For any f € By, we have
(1= RPN (I ()
< Ol (1= P19 (DI (] (2 + oglog
=0 (as |z] = 1),

thus, C,J,f € Bj. Since (2.8) implies (2,1) and (2.2), by Theorem 1, C,J, :
Biog — B? is bounded, we obtain that the operator Cply + Biog — Bg is
bounded. The proof is completed.

i)

Theorem 4. Suppose 0 < [ < 00, ¢ is an analytic self-map of D and
g€ HD). If Cpdy : Biog — By is bounded, then

lim (1 — |2[2)°|g'(0(=))]|¢(2)] (2 +log 1og1_%p(z)) —0.  (29)

|z|]—1
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Proof. It C,J, : B,y — B is bounded, we use the fact that for each function
[ € Bigg, the analytic function C,J,f € Bg . Then taking the test function
f(2) =1 € Biog and f(z) =loglog 1% € By, we obtain that

i (1~ 22l (2(:)) ()] = 0, (2.10)
and
tim (1~ o) l¢ (o)1) (1og10g1_+0(2)) 0. (2.11)

(2.10) and (2.11) imply (2.9) holds.

Theorem 5. Suppose 0 < f < 00, ¢ is an analytic self-map of D, g € H(D)
and Uiog = {f € Biog : [ is uniformly continuous on D}. Then C,Jy : Uiy —
Bg is bounded if and only if C,J, : Uieg — BP is bounded and (2.3) holds.

Proof. Necessity. If C,J, : Uog — Bg is bounded, then C,J, : Uog — B? is
bounded. Taking the function f(z) =1 € Ujog we get (2.3).

Sufficiency. Suppose that C,.J, : U,e — B? is bounded and (2.3) holds.
For each polynomial p(z) the following inequality holds

(1= [P 1(CpTgp) (2)] = (1 = 2) Ip(p()llg' (9 ()| (2)]
< lplloo(X = 1212?19 (L())l¥'(2)]-

(2.3) imply that C,J,p € By. For any f € Uy, let fi(z) = f(tz) (0 <t < 1).
From Lemma 3 we have

(=12 (tow 2 Y152 = 1= ) (to 2 ) )
< g ) (1og 27)
(1= It2[2) (1og 12

(1= |2 (108 125)

(
(1= [tP) (log 27 )

—0 (as |z] = 1),

S CHfHBlog
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and for every € > 0, there is a 9 > 0 such that when 1 — 9 <t < 1,

(= o) (o 2 ) 1= Y = = 1) (1o 2 ) e7e2) = /)

1—|z] 1—|z]

< (1 o) (1o 2 ) (009 - 72 41769 - 7))

(1 |2%) (log 5
(1= It2f2) (log 12
< C(1= )| flls, + CIf (t2) - 1'(2)]

<€+€
—+ - =
2 2

2

<(1-—-t
— ( )”fHBlog 1 _ ’Z|

# 1= ) (log 2 ) 1702 - 1)

Hence f; € Biog,o and
1fe = fllBe, — 0 as t — 1.

Since the set of all polynomials is dense in By,g 0([43]), the set of all polynomials
is dense in Ujog. Thus there is a sequence of polynomials {p,} such that

P = fllB, — 0 as n — oo.

Since

HJgappn - JgOstHB < HJgC<p||||pn - f||Blog7

and Bigo is the closed subset of Bi,,, we see that J,C,f € Bg , thus the
operator J,C,, : Uiog — Bg is bounded. The proof is completed.

3. The Compactness of C,J, : Biyg(or Biogo) —
B
B’ (or BY)
Now we turn to study the compactness of C,,.J, : Biog(0r Biogo) — B%(or BY).

Recall that an operator is said to be compact provided it takes bounded sets
to sets with compact closure. For this purpose, we start this section by stating
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some useful lemmas. By standard arguments(see, for example, [6]) the follow-
ing lemmas follow.

Lemma 5. Suppose 0 < 5 < 00, ¢ is an analytic self-map of D and g € H(D).
Let X = Biog 01 Biogo, ¥ = B? or Bg. Then C,Jy + X — Y is compact if
and only if Cpdy : X — Y is bounded and for any bounded sequence {f,} in
X which converges to zero uniformly on compact subsets of D as n — oo, we
have ||CypJy fully = 0 as n — oo.

Lemma 6. Let 0 < 8 < 00. A closed set K in Boﬁ s compact if and only if
K is bounded and satisfies

lim sup(1 — [2)%](2)] = 0.
|z1=1 ek

The Lemma 6 was proved in [32]. For the case § = 1, the lemma was
proved in [29].

We begin with the following necessary and sufficient condition for the com-
pactness of C,Jy @ Biogo — By

Theorem 6. Suppose 0 < [ < 00, ¢ is an analytic self-map of D and
g € H(D). Then the following statements are equivalent.

(1) Cpdy = Biog — B{f is compact,

(2) Cud, = Biogo — B is compact;

. 2 / / 2 _
i (1~ [£f2)°lg (o(2)) ' (2) (2 +log 10gm) —0. @31
Proof. (1) = (2) is obvious.

(
(2) = (3) Since C,J, : Bipgo — By is compact, we obtain by Lemma 6
lim  sup (1—[2)°|(C,J,f)(2)| = 0.

12121 11y, <1
Thus, for any € > 0, there exists a § € (0, 1), such that when § < |z| < 1,

’ €
sup_ (1= [+ (Cply ()] < =
171153 <1
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Let f. be defined in Theorem 1. It is easy to see that
1 1
— < )
C HfZHBlog

Set h, = f./||f:||, then for § < |z| < 1,

(L= ERPI I (24 oglon —2 )
< O(1 = 1Y (o) g (e ()12

= 001 = [s|(Colyh) ()

<C sup |[(1- |Z|2)ﬁ|(C¢Jgf),<z)| <6

[1£118) <1

which gives that

i (1 22’/ ()] (2 loglog ;—2 ) =0

|z]—1

(3) = (1). For any bounded sequence {f,} in B,y with f, — 0 uniformly
on compact subsets of D, we must prove that by Lemma 5

|Cpdgfullpg = 0 as n — oo.

We assume that || f,||5,, < 1. From (3.1), given € > 0, there exists a § € (0, 1),
when § < |2] < 1,

O = B0 NPl (24 toglog =2 ) < 5, (32)
then using (3.2), we get for 6 < |z| <1, n €N

(= s (Colyfa) ()] = (1= YLDl (oIl ()

< OO = RIS I O] (2 oglos o ) < 5. (33)

Since {f,} converges uniformly to 0 on a compact subset {p(z) : |2| <0} of D

and sup (1 — |2%)P|¢'(p(2))|]¢'(2)| < M, we see that there exists an N > 0,
|2|<é

such that for all n > N

33 | falp(2))] < S,
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Therefore, for all n > N, |z| <4,

(1= [2)?(Codyfa) ()] = (1 = [2*) 1 ful())]lg (0(2))] ¢ (2)]
(1= [z1)°lg' (eI (2)] _ € (3.4)
2M1 -2 ’

\)

On the other hand, note that the quantity ‘ ‘mlax |¢'(w)] is finite since the

set |w| < |p(0)| is compact in view of the fact [¢(0 )] < 1. We have that

©(0)

[(Cp g fn)(0)] = i fo(w)g (w) dw

< max max |¢'(w 3.5
[w|<]p(0)] ‘f ( >’|w|§|60(0)| |g( >| ( )

< C max |fu(w)] =0 as n — oo.
[w|<[(0)]

Combining (3.3), (3.4) and (3.5), we obtain
|Cpdgfullpg = 0 as n — oo.

The proof is complete.

Theorem 7. Suppose 0 < [ < 00, ¢ is an analytic self-map of D and
g € H(D). Then C,J, : Biog — B is compact if and only if C,Jy, : Biog — B?
15 bounded and

. 2 / / 2 .
Jim (1= PPl I (24 oslor ) =0 (39)

Proof. Suppose that C,J, : Biog — B” is bounded and (3.6) is true. For any
sequence { f,,} in Biog such that|| f,[|5,, < 1 and f, — 0 uniformly on compact
subsets of I, it is required to show that by Lemma 5

|Cpygfullpg = 0 as n — oo.
From (3.6), we have that for every € > 0, there exists a § € (0,1), such that
d < |p(2)] <1 implies

ClL= BRI (e (] (24 toglog — ) < 5 (3)

NN e
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then using (3.7), we get for 0 < |p(2)] < 1,
(1= [PV (Codaf) )] = (1= 2PV oDl (o1 )]
< O [l ()¢ (2) (2 T loglog

<

2
1— |¢(2)|>
(3.8)

NN

Since CyJy 1 Biog — B? is bounded, using Theorem 1, we see that
M, = Suﬂr)?(l — 21719 (¢(2))||¢' (2)] < oc.
zEe

Let U ={w € D: |w| < ¢}, since {f,} converges uniformly to 0 on a compact
subset U of D, then there exists an N > 0, such that for all n > N

€
sup | fo(w)| < .
sup |fa(w)| < g

Therefore, for all n > N

sup (1= [2)7(CoJp fu) (2)]

{le(z)|<d}
= sup (1= [z 1 fu(e(2))llg (0(2))l¢(2)]
tle(2)[<d}
€ . 2\B| 4 /
<o S, (= =l (e)le ()

<3 ;41 sup(l = [2*)°lg'(e(2) I (2)

Combining (3.5), (3.8) and (3.9), we obtain
|Cpdyfullg = 0 as n — oo.

Conversely, suppose that Cy,J, : Biog — B is compact, then C,J, : Biog —

B’ is bounded. Hence we only need to prove that (3.6) holds. Assume that

{z,} is a sequence in D such that lim |p(z,)] = 1 (if such a sequence does
n—oo

not exist then (3.6) is vacuously satisfied). For each n, we choose the test
functions f,, defined by
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where a,, = loglog m. We see that f,, converges to zero uniformly on

compact subsets of D as n — oco. Using Lemmas 2 and 3, we have || f,, |5, < C
for all n. In view of Lemma 5 it follows that

|Cpyfullsg = 0 as n — oo.

Note that

||C<p<]gfn|’ﬂ
> (1= |2*)?| ful(2a)) 19 (0 (za))|#' (20)]

= (= PPl e ol (logtos =) (610

> (1= 221219 (021 (20)] (log log %) :

Letting n — oo in (3.10), we obtain that

=0. (3.11)

n—oo

lim (1~ [24%)°1g' (p(20)) 1 (z0)] (bglog %)

On the other hand, for each n, we choose the test functions g, defined by

2
1 4 1 4
() = — [1oglog ——— | — = [ 10glog ———— | |
9n(2) an< & gl—go(zn)z> an< & gl—go(zn)z>

where a,, = loglog m. We see that g, converges to zero uniformly on

compact subsets of D as n — oco. Using Lemmas 2 and 3, we have ||g,||5,, < C
for all n. In view of Lemma 5 it follows that

1CpJygnlls = 0 as n — oo.

Note that
HCSD‘]ggnHB
> (1= [z0*)|gn((za))lg (9 (21 (z0)]
> (1= |za*)’19 (0 ()l (20)] (3.12)

—(1 = |2a))’19 (P (za)) ¢ (z0)] (loglog m> '
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Using (3.10) and letting n — oo in (3.12), we obtain that

Tim (1~ |22 (e ()] (20)] = 0. (3.13)
Hence we are done.
Similarly, we can obtain the following result. The proof of the following
theorem will be omitted.

Theorem 8. Suppose 0 < 3 < 0o, ¢ is an analytic self-map of D, g € H(D)
and CyJg @ Biog — B? is bounded. Then Cyply : Biogo — BB is compact if and
only if (3.6) holds.

Remark 3. By using the same methods as in the proofs of Theorems 1-8, one
can obtain the characterizations of the boundedness and compactness of the
operators C I, from logarithmic Bloch spaces into Bloch-type spaces. Let’s
leave such topics to the interested readers.
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