
On Multiple Integral Relations Involving

Generalized Mellin-Barnes Type of Contour

Integral ∗

Praveen Agarwal†

Department of mathematics, Anand International College of Engineering

Jaipur-303012, India

Received Feburary 25, 2010, Accepted June 8, 2010.

Tamsui Oxford Journal of Information and Mathematical Sciences 27(4) (2011) 449-462
Aletheia University

Abstract

In this paper, we first evaluate two finite basic integrals involving
the product of the multivariable polynomial Sh1,...,hr

L [x1, ..., xr] and two
generalized Mellin Barnes type of contour integrals. Next, with the
help of these basic integrals we establish two integral relations which
involve general arguments and are the most general in nature. Again by
suitably specializing the function f in the first integral relation, we have
evaluated a multiple integral which is new and quite general in nature.
Finally, we present four special cases of our main findings involving the

pψq(z), J
ν,µ
λ (z) and Sh

L[x], which are also believed to be new. Some
known results follow as special cases of our findings.
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1. Introduction

A lot of research work has recently come up on the study and development of
a function that is more general than the Fox’s H-function, popularly known
as H-function. It was introduced by Inayat-Hussain [4, 5] and now stands on
fairly firm footing through the research contributions of various authers [1-5, 8].

The H-function is defined and represented in the following manner [2].

H
m,n

p,q [z] = H
m,n

p,q

[
z
∣∣∣(aj ,αj ,Aj)1,n,(aj ,αj)n+1,p

(bj ,βj)1,m,(bj ,βj ,Bj)m+1,q

]
=

1

2πi

∫
L

zξϕ(ξ)dξ (z ̸= 0) (1.1)

where

ϕ(ξ) =

m∏
j=1

Γ(bj − βjξ)
n∏

j=1

{Γ(1− aj + αjξ)}Aj

q∏
j=m+1

{Γ(1− bj + βjξ)}Bj

p∏
j=n+1

Γ(aj − αjξ)

(1.2)

It may be noted that the ϕ(ξ) contains fractional powers of some of the
gamma function and m,n, p, q are integers such that 1 ≤ m ≤ q, 1 ≤ n ≤
p, (αj)1,p , (βj)1,q are positive real numbers and (Aj)1,n , (Bj)m+1,q may take
non-integer values, which we assume to be positive for standardization pur-
pose. (aj)1,p and (bj)1,q are complex numbers.

The nature of contour L, sufficient conditions of convergence of defining inte-
gral (1) and other details about the H-function can be seen in the papers [2, 3].

The behavior of the H-function for small values of |z| follows easily from a
result given by Rathie [8]:

H
m,n

p,q [z] = o (|z|α); where

α = min︸︷︷︸
1≤j≤m

Re

(
bj
βj

)
, |z| → 0 (1.3)

The following series representation for the H-function given by Saxena et al.
[9] will be required later on:
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H
m,n

p,q

[
z
∣∣∣(aj ,αj ,Aj)1,n,(aj ,αj)n+1,p

(bj ,βj)1,m,(bj ,βj ,Bj)m+1,q

]
=

∞∑
t=0

m∑
h=1

f(ζ)zζ (1.4)

where

f(ζ) =

m∏
j=1

j ̸=h

Γ(bj − βjζ)
n∏

j=1

{Γ(1− aj + αjζ)}Aj

q∏
j=m+1

{Γ(1− bj + βjζ)}Bj

p∏
j=n+1

Γ(aj − αjζ)

(−1)t

t!βh

, (1.5)

ζ =
bh + t

βh

(1.6)

µ1 =
m∑
j=1

|Bj|+
q∑

j=m+1

|bjBj| −
n∑

j=1

|ajAj| −
p∑

j=n+1

|Aj| > 0 (1.7)

0 < |z| < ∞.

The following functions which follow as special cases of the H-function will be
required in the sequel [3]:

(I)

pΨq

[
(aj, αj;Aj)1,p
(bj, βj;Bj)1,q

; z

]
= H

1,p

p,q+1

[
−z| (1− aj, αj;Aj)1,p

(0, 1), (1− bj, βj;Bj)1,q

]
(1.8)

(II)

J
ν,µ

λ (z) = H
1,0

0,2

[
−z| −

(0, 1), (−λ, ν;µ)

]
(1.9)

A general class of multivariable polynomials is defined by Srivastava and Garg
[11]:

Sh1,...,hr

L [x1, ...xr]

=

h1k1+...+hrkr≤L∑
k1,...,kr=0

(−L)h1k1+...+hrkrA(L; k1, ..., kr)
xk1

k1!
...
xkr

kr!
(1.10)
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where h1, ..., hr arbitrary positive integers and the coefficients A(L; k1, ..., kr),
(L;hi ∈ N ; i = 1, ..., r) are arbitrary constant, real or complex.

Evidently by the case r = 1 of polynomials (1.10) would correspond to the
polynomials given by Srivastava [12]

Sh
L[x] =

[L/h]∑
k=0

(−L)hk
k!

A(L; k)xk (L ∈ N = {0, 1, 2, ...}) (1.11)

where h is an arbitrary positive integer and the coefficient AL,k(L, k ≥ 0)
are arbitrary constant, real or complex.

In our investigation, we also require the following result:

From Mac-Robert [6], we have

∫ π
2

0

cos(2uθ)(sin θ)νdθ =

√
π Γ

(
u− ν

2

)
Γ

(
1

2
+

ν

2

)
2Γ
(
−ν

2

)
Γ
(
1 + u+

ν

2

) (1.12)

where u is an integer and Re(ν + 1) > 0.

2. Basic Integrals

First Integral

∫ π
2

0

cos(2uθ)(sin θ)νH
m1,n1

p1,q1

[
a(sin θ)σ

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
bzρ(sin θ)ω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m2 ,(dj ,δj ,Dj)m2+1,q2

]
dθ

=

√
π

2

∞∑
t1=0

m1∑
h1=1

f(ζ)aζH
m2+1,n2+1

p2+2,q2+2

[
bzρ
∣∣∣P
Q

]
(2.1)
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where

P =

(
1

2
− ν

2
− σζ

2
,
ω

2
; 1

)
, (cj, γj;Cj)1,n2 , (cj, γj)n2+1,p2 ,

(
−ν

2
− σζ

2
,
ω

2

)

Q =

(
−ν

2
− σζ

2
+ u,

ω

2

)
, (dj, δj)1,m2 , (dj, δj;Dj)m2+1,q2 ,

(
−ν

2
− σζ

2
− u,

ω

2
; 1

)
(2.2)

Second Integral∫ π
2

0

cos(2uθ)(sin θ)νSh1,...,hr

L [c1(sin θ)
η1 , ..., cr(sin θ)

ηr ]×

H
m1,n1

p1,q1

[
a(sin θ)σ

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
bzρ(sin θ)ω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m,(dj ,δj ,Dj)m2+1,q2

]
dθ

=

√
π

2

∞∑
t1=0

m1∑
h1=1

h1k1+...+hrkr≤L∑
k1,...,kr=0

(−L)h1k1+...+hrkr×

A(L; k1, ..., kr)
r∏

i=1

ckii
ki!

f(ζ)aζH
m2+1,n2+1

p2+2,q2+2

[
bzρ
∣∣∣P ′

Q′

]
(2.3)

P ′ =

(
1

2
− ν

2
− σζ

2
−

r∑
i=1

ηiki
2

,
ω

2
; 1

)
, (cj, γj;Cj)1,n2 , (cj, γj)n2+1,p2 ,

(
−ν

2
− σζ

2
−

r∑
i=1

ηiki
2

,
ω

2

)

Q′ =

(
−ν

2
− σζ

2
−

r∑
i=1

ηiki
2

+ u,
ω

2

)
, (dj, δj)1,m2 , (dj, δj;Dj)m2+1,q2 ,(

−ν

2
− σζ

2
−

r∑
i=1

ηiki
2

− u,
ω

2
; 1

)
(2.4)

where f(ζ) is given by (1.5)
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The above results (2.1) and (2.3) are valid for:

(I) Re(ν + 1) > 0, u = 0, 1, 2, ..., and σ > 0, ω > 0, ρ > 0 and ηi > 0,

|arg(a)| < 1

2
Ωπ, |arg(b)| < 1

2
Ω′π,Re(Ω) > 0, Re(Ω′) > 0. (2.5)

Ω =
m∑
j=1

βj +
n∑

j=1

Ajαj −
q∑

j=m+1

Bjβj −
p∑

j=n+1

αj (2.6)

Ω′ =

m2∑
j=1

δj +

n2∑
j=1

Cjγj −
q2∑

j=m2+1

Djδj −
p2∑

j=n2+1

γj > 0 (2.7)

(II)

Re

[
1 + ν + σ

(
bj
βj

)
+ ω

(
dj
δj

)]
> 0 (2.8)

and the various H-function occurring in equation (2.1) and (2.3) satisfy the
conditions corresponding appropriately to those given by papers [2, 3] and
(1.7).

Proof of the Basic Integrals: To prove the basic integral, first we express
H

m1,n1

p1,q1
occurring on the L.H.S. of (2.1) in the series form given by (1.4), change

the order of summation and integration which is permissible under the condi-
tion stated, put the value of H

m2,n2

p2,q2
in terms of Mellin-Barness contour integral

by the appliction of (1.1) change the order of integration of θ and ξ integrals,
we get:

∞∑
t1=0

m1∑
h1=1

f(ζ)aζ
1

2πi

∫
L

bξzρξϕ(ξ)

{∫ π
2

0

cos(2uθ)(sin θ)ν+σk+ωξdθ

}
dξ (2.9)

Further using the result (1.12) the above integral becomes

∞∑
t1=0

m1∑
h1=1

f(ζ)aζ
1

2πi

∫
L

bξzρξϕ(ξ)

√
πΓ
(
ν+σζ+ωξ+1

2

)
Γ
(
u− ν+σζ+ωξ

2

)
2Γ
(
−ν+σζ+ωξ

2

)
Γ
(
1 + u+ ν+σζ+ωξ

2

)dξ (2.10)

Then interpreting with the help of equation (1.1), (2.10) provides equation
(2.1). Proceeding on parallel lines (2.3) can be obtained by using relation
(1.10).
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3. Double Integral Relations

First Integral Relation∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))( y√
x2 + y2

)ν

×

H
m1,n1

p1,q1

[
a

yσ

(x2 + y2)σ/2

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m2 ,(dj ,δj ,Dj)m2+1,q2

]
f(x2 + y2)dxdy

=

√
π

4

∞∑
t1=0

m1∑
h1=1

f(ζ)aζ
∫ ∞

0

H
m2+1,n2+1

p2+2,q2+2

[
bzρ
∣∣∣P
Q

]
f(z)dz (3.1)

Where f(ζ) and P,Q are given by (1.5) and (2.2) respectively.

Second Integral Relation

∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))( y√
x2 + y2

)ν

×

Sh1,...,hr

L

[
c1

(y)η1

(x2 + y2)η1/2
, ..., cr

(y)ηr

(x2 + y2)ηr/2

]
×

H
m1,n1

p1,q1

[
a

yσ

(x2 + y2)σ/2

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m,(dj ,δj ,Dj)m2+1,q2

]
f(x2 + y2)dxdy

=

√
π

4

∞∑
t1=0

m1∑
h1=1

h1k1+...+hrkr≤L∑
k1,...,kr=0

(−L)h1k1+...+hrkrA(L; k1, ..., kr)×

r∏
i=1

ckii
ki!

f(ζ)aζ
∫ ∞

0

H
m2+1,n2+1

p2+2,q2+2

[
bzρ
∣∣∣P ′

Q′

]
f(z)dz (3.2)

Where f(ζ) and P ′, Q′ are given by (1.5) and (2.4) respectively.
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Conditions of validity of (3.1) and (3.2) easily follows from those given in (2.1)
and (2.3)

Derivation of the Integral Relations: To prove the result (3.1), we start
with result (2.1). We first replace z by r2, multiply its both sides by rf(r2) and
then integrate the resulting equation with respect to r over the semi-infinite
ray (0,∞). We thus obtain:

∫ ∞

0

rf(r2)

∫ π
2

0

cos(2uθ)(sin θ)νH
m1,n1

p1,q1

[
a(sin θ)σ

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
br2ρ(sin θ)ω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m2 ,(dj ,δj ,Dj)m2+1,q2

]
dθdr

=

∫ ∞

0

rf(r2)

√
π

2

∞∑
t1=0

m1∑
h1=1

f(ζ)aζH
m2+1,n2+1

p2+2,q2+2

[
br2ρ

∣∣∣P
Q

]
dr (3.3)

Now on changing the polar coordinates occurring on the left-hand side of (3.3)
into cartesian coordinates by means of the sustitutions

x = r cos θ, y = r sin θ, r2 = x2 + y2, θ = tan−1 y

x

and putting r2 = z in the right hand side of (3.3), we easily get the desired
result (3.1) after a little simplifications.

The result (3.2) can be established on the same lines as given above.

4. Applications

By choosing suitably the function f in the integral relations obtained in the
previous section, a large number of interesting double integrals can be easily
evaluated. We shall, however, present here only one integral by way of illus-
tration:

Thus if in (3.1), we set f(z) = zµ−1HM,N
P,Q

[
wz
∣∣∣(ej ,Ej)1,P

(fj ,Fj)1,Q

]
and making use of the
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known result given by Gupta and Soni [3] we obtain:∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))
yν(x2 + y2)µ−ν/2−1HM,N

P,Q

[
w(x2 + y2)

∣∣∣(ej ,Ej)1,P

(fj ,Fj)1,Q

]
×

H
m1,n1

p1,q1

[
a

yσ

(x2 + y2)σ/2

∣∣∣(aj ,αj ,Aj)1,n1 ,(aj ,αj)n1+1,p1

(bj ,βj)1,m1 ,(bj ,βj ,Bj)m1+1,q1

]
×

H
m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

∣∣∣(cj ,γj ,Cj)1,n2 ,(cj ,γj)n2+1,p2

(dj ,δj)1,m2 ,(dj ,δj ,Dj)m2+1,q2

]
f(x2 + y2)dxdy

= w−µ

√
π

4

∞∑
t1=0

m1∑
h1=1

f(ζ)aζH
m2+N+1,n2+M+1

p2+Q+2,q2+P+2

[
bw−ρ

∣∣∣P ∗

Q∗

]
(4.1)

where

P ∗ =

(
1

2
− ν

2
− σζ

2
,
ω

2
; 1

)
, (cj, γj;Cj)1,n2 , (1− fj − Fjµ, Fjρ; 1)1,M ,

(cj, γj)n2+1,p2 ,

(
−ν

2
− σζ

2
,
ω

2

)
, (1− fj − Fjµ, Fjρ; 1)M+1,Q

Q∗ =

(
−ν

2
− σζ

2
+ u,

ω

2

)
, (dj, δj)1,m2 , (1− ej − Ejµ,Ejρ)1,N ,

(dj, δj;Dj)m2+1,q2 ,

(
−ν

2
− σζ

2
− u,

ω

2
; 1

)
, (1− ej − Ejµ,Ejρ; 1)N+1,P (4.2)

provided the the following conditions are satisfied:

ρ > 0, |arg(a)| < 1

2
Ωπ, where Ω is given by (2.6) and |arg(w)| < 1

2
Ω′′π

Ω′′ ≡
N∑
j=1

(Ej)−
P∑

j=N+1

(Ej) +
M∑
j=1

(Fj)−
Q∑

j=M+1

(Fj) > 0 (4.3)

−ρ min︸︷︷︸
1≤j≤m2

[
Re

(
dj
δj

)]
− min︸︷︷︸

1≤j≤M

[
Re

(
fj
Fj

)]
< Re(µ)

< ρCj min︸︷︷︸
1≤j≤n2

[
1− Re

(
cj
γj

)]
+ min︸︷︷︸

1≤j≤N

[
1− Re

(
ej
Ej

)]
(4.4)
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5. Special Cases

On account of the most general nature of H-function and Sh1,...,hr

L [...] occurring
in our main results given by (2.1), (2.3), (3.1) and (3.2) a large number of
integrals and integral relations involving simpler functions of one and several
variables can be easily obtained as their special cases. We however give here
only four special cases by way of illustration:

(I) If we take m1 = 1, n1 = p1, q1 = q1 + 1 in (3.1) then the H
m1,n1

p1,q1
-function

occurring therein breaks up into the p1Ψq1(.) given by (1.8) and the integral
relation (3.1) takes the following form after a little simplification which is also
believed to be new:

∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))( y√
x2 + y2

)ν

×

p1Ψq1

[
−a

yσ

(x2 + y2)σ/2

]
H

m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

]
f(x2 + y2)dxdy

=

√
π

4

∞∑
t1=0

F (t1)a
t1
(−1)t1

t1!

∫ ∞

0

H
m2+1,n2+1

p2+2,q2+2

[
btρ
∣∣∣P1

Q1

]
f(t)dt (5.1)

where

F (t1) =

p∏
j=1

{Γ(aj + αjt1)}Aj

q∏
j=1

{Γ(bj + βjt1)}Bj

(5.2)

P1 =

(
1

2
− ν

2
− σt1

2
,
ω

2
; 1

)
, (cj, γj;Cj)1,n2 , (cj, γj)n2+1,p2 ,

(
−ν

2
− σt1

2
,
ω

2

)
Q1 =

(
−ν

2
− σt1

2
+ u,

ω

2

)
, (dj, δj)1,m2 , (dj, δj;Dj)m2+1,q2 ,(

−ν

2
− σt1

2
− u,

ω

2
; 1

)
(5.3)
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The conditions of validity of (5.1) easily follow from those given in (3.1).

(II) If we take m1 = 1, n1 = p1 = 0, q1 = 2 in (3.1) take the H
m1,n1

p1,q1
-function

occurring therein break up into the J
ν,µ

λ (z) given by (1.9) and the integral
relation (3.1) takes the following form after a little simplification which is also
believed to be new:∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))( y√
x2 + y2

)ν

×

J
ν,µ

λ

[
−a

yσ

(x2 + y2)σ/2

]
H

m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

]
f(x2 + y2)dxdy

=

√
π

4

∞∑
t1=0

F (t1)a
t1
(−1)t1

t1!

∫ ∞

0

H
m2+1,n2+1

p2+2,q2+2

[
btρ
∣∣∣P1

Q1

]
f(t)dt (5.4)

where P1, Q1 are given by (5.3) and

F (t1) =
1

{Γ(1 + λ+ νt1)}µ
(5.5)

The conditions of validity of (5.4) easily follow from those of given in (3.1).

(III) If we take m1 = 1, n1 = p1, q1 = q1+1 and r = 1 in (3.2) take the H
m1,n1

p1,q1
-

function occurring therein breaks up into the p1Ψq1(.) given by (1.8) and the

polynomials Sh1,...,hr

L [.] reduces to Sh
L[.] given by (1.11) and the integral relation

(3.2) takes the following form after a little simplification which is also believed
to be new:∫ ∞

0

∫ ∞

0

cos
(
2u tan−1

(y
x

))( y√
x2 + y2

)ν

Sh
L

[
c

(y)η

(x2 + y2)η/2

]
×

p1Ψq1

[
−a

yσ

(x2 + y2)σ/2

]
H

m2,n2

p2,q2

[
b(x2 + y2)ρ−ω/2yω

]
f(x2 + y2)dxdy

=

√
π

4

∞∑
t1=0

h∑
k=0

(−L)hkc
kA(L; k)F (t1)a

t1

∫ ∞

0

H
m2+1,n2+1

p2+2,q2+2

[
btρ
∣∣∣P1

Q1

]
f(t)dt (5.6)



460 Praveen Agarwal

where

F (t1) =

p∏
j=1

{(aj)t1}Aj

q∏
j=1

{(bj)t1}Bj

(5.7)

The conditions of validity of (5.6) easily follow from those given in (3.2).

(IV) If we reduce the H-function to the familiar Fox’s H-function in (2.1), we
arrive at the following result after a little simplification which is also believed
to be new:

∫ π
2

0

cos(2uθ)(sin θ)νHm1,n1
p1,q1

[
a(sin θ)σ

∣∣∣(aj ,αj)1,p1

(bj ,βj)1,m1

]
×

Hm2,n2
p2,q2

[
bzρ(sin θ)ω

∣∣∣(cj ,γj)1,p2
(dj ,δj)1,m2

]
dθ

=

√
π

2

∞∑
t1=0

m1∑
h1=1

f(ζ ′)aζ
′
Hm2+1,n2+1

p2+2,q2+2

[
bzρ
∣∣∣P ′

Q′

]
(5.8)

where

P ′ =

(
1

2
− ν

2
− σζ ′

2
,
ω

2

)
, (cj, γj)1,p2 ,

(
−ν

2
− σζ ′

2
,
ω

2

)
,

Q′ =

(
−ν

2
− σζ ′

2
+ u,

ω

2

)
, (dj, δj)1,q2 ,

(
−ν

2
− σζ ′

2
− u,

ω

2
; 1

)
(5.9)

If we take Hm1,n1
p1,q1

[.] = 1 and b = ρ = 1 in the equation (5.8),we obtain the
known result given by Shrivastava [10].

If we reduce H-function to the familiar Fox’s H-function in (3.1), we arrive
after a little simplification at the known result given by Prasad and Ram [7].
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