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1. Introduction

Let A(p) denote the class of functions of the form

f(z) =2+ Z a2, (peN={1,2,...}),

k=p+1

which are analytic and p—valent in the open unit disc U = {z € C : |z| < 1}.

If f and g are analytic functions in U, we say that f is subordinate to g,
written f(z) < g(z), if there exists a Schwarz function w, which (by definition)
is analytic in U with w(0) = 0, and |w(z)| < 1 for all z € U, such that
f(z) = g(w(z)), for all z € U. Furthermore, if the function ¢ is univalent in
U, then we have the following equivalence:

f(z) < g(z) = f(0) = g(0) and f(U) C g(U).

For 0 < n < p, we denote by Sy(n), Kp(n) and C,, the subclasses of A(p)
consisting of all analytic functions which are, respectively, p—valent starlike of
order mn, p—valent convex of order n and close-to-convex in U.

Let define the multiplier transformation I3 , : A(p) — A(p) by

~ [k+A
I3 =P -
i =2 S (5

k=p+1

) apz®, (A>0, s €R).

This operator is closely related to the Salagean derivative operators [13].
The special case 1]  was studied recently by Cho and Srivastava [4], and Cho
and Kim [3], while I}, was studied by Uralegaddi and Somanatha [15]. An
investigation of the I} \ operator was given by Aghalary et. al. [1]. We also
mention the papers [2], [6], [7], [9], [11], [12] and [14], that are closely-related
recent articles on the subject of the multiplier transformations investigated in
our work.

Let M be the class of all functions ¢ which are analytic and univalent in
U and for which ¢(U) is convex, with ¢(0) = 1 and Rep(z) > 0 for all z € U.

Using the above subordination property between univalent functions, in
order to generalize the previous subclasses Sy (1), K,(n) and C,, we define the
following subclasses of A(p):

St (n; ) = {f € Ap) : 1?%77 (Zﬁ;) —77) =< @(z)} ,
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Kp(n;9) = {f € A(p) : p%n (1 + Z;/;(ZZ)) - 77) = @(2)} ,

and

Cp(n,8;0,¢) = {f € A(p): 3g €S, (m w),ﬁ (Z;C(/S) —5) < @D(Z)},

where 0 < n < p, 0 <6 < p, and p, v € M. It is easy to see that the next
equivalence holds:

2f'(2)
p

feK,(ne) & € S,(n; »). (1.1)

Setting
(kAN
;;)\(Z) =2’ + Z (L) Zk? (8 € Ra A > O)a

we define a new function f;, , in terms of the Hadamard (or convolution)

product, by
Zp

() * fpa(2) = 1= 2y’ (> —p). (1.2)

We now introduce the operator I},  : A(p) — A(p), defined by

o d G = Fia) 50 =2+ Y (157 Pt

where s € R, A > 0, u > —p, and (d); denotes the Pochhammer symbol, i.e.
1, if k=0,deC\{0},
(d)r =
dd+1)...(d+k-1), if keN, deC.
In particular, we note that

Lpoa—p f(2) = f(2) and  Tgo = 2f'(2) + (1 =p)f(2).

In view of (1.2) and (1.3), we may easily obtain the following relations:

2 (TR F(2) = A+ p) T, F(2) = AL £(2) (1.4)
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and
2 (Lo, f(2) = (u+p) Ly F(2) = nTy, f(2): (1.5)

Now, by using the operator [ , , for o, € M, s € R, A > 0, u > —p,
0<n<p,and 0 <0 < p, we will introduce the following subclasses of A(p):

Definition 1.1. 1. Let denote by

Soopme)={f€Alp): L, feSine)}

the class of p—valent generalized p—starlike of order 7.
2. Let

Koo me)={feAp): L, fe€K(ne)}

be the class of p—valent generalized p—convex of order 7.
3. Let denote by

C;;)\,,u(nu(s; @7¢) = {f S A(p) p)\,uf S ¢ (7]7 7 P ¢)}
the class of p—valent generalized p—close-to-convex of order 7.

Remark 1.1. If f € C;, ,(n,0;p,%), then I, | f € Cy(n, 0; ¢,), hence there
exists a function g € S *(n; @) such that

1 (I;/\uf(z)>, .
p—a< L o() 5)”(2"

In this case we call that f € C} u(n, 1o, 1), or [ is a p—valent generalized
p—starlike of order 7, related to the function g € S (n; ¢).

Since 12;071_10 f = f, these classes generalize the already defined S;(n; ¢),
K,(n; ), and Cp(n, §; ¢, 1) subclasses of A(p). Also, it is easy to check that

2 (I f) =T (2. 16

p

and according to this formula, we have the next equivalence:

2f'(2)
p

fe Ky, ne) < € Spo (M5 9)- (1.7)
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In particular, we set

) 5 1+ Az\“
p;A7M(n;A,B;a) = Spu (775 (1 —I—Bz) ) )

) s 1+ Az\“
p;A,u(m A, B;a)) = P (U? (1 + BZ) ) ’

where 0 < a<1l,and - 1< B< A< 1.

In the first part of this paper we investigate several inclusion properties
of the classes Sy, (1;0), K., ,(n;¢) and C;, ,(n,d;0,9), associated with
the operator I, ,, while in the second paper we will prove that a well-known
class of integral operators preserve these subclasses of A(p). Some applications

involving these and other classes of integral operators are also considered.

and

2. Inclusion Properties Involving the Operator
s
Ip;A,u
The following results will be required in our investigation.

Lemma 2.1. [8] Let ¢ be convex (univalent) in U, with ¢(0) =1 and
Re (Bp(2) +) > 0 for all z € U, where 5,y € C. If the function q is analytic
in U, with q(0) = 1, then

2q'(2) B
q(z) + a(2) 17 < ¢(2),

implies that

q(z) < ¢(2).
Lemma 2.2. [10] Let ¢ be convex (univalent) in U, and let w be analytic in
U, with Rew(z) > 0 for all z € U. If the function q is analytic in U, with
q(0) = ¢(0), then

q(z) + w(2)zq'(z) < v(2)

implies that

q(z) < ¢(2).

With the help of Lemma 2.1, we obtain the next inclusions:
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Theorem 2.1. Let se R, A >0, u>—p, 0<n<p, and p+n > 0.

1. ]ff € S;;/\er(n; ©), then [ € S;;)W(n; ¢), whenever I\ | f(z) # 0, for
all € U=U\ {o}.

2: If f € Sy (s ), then f € S;;Jf\,lu(n; ©), whenever I;;J;fu (2) #0, for all
z e U.

Proof. Let f € S, ,.1(n; ), and set
1 (25, f(2) )
q(z) = F— — . 2.1
( ) p—n ( Ip;)\7u f(Z) K ( )

From the assumption, the function ¢ is analytic in U, with ¢(0) = 1. According
to (2.1) and using the relation (1.5), we obtain

(pﬂﬂ% = (p—n)q(2) +n+ p. (2.2)

DA

Taking the logarithmic differential on both sides of (2.2), and multiplying
then by z, we have

2q'(z) _ 1 (Z(I;;)\,u+1 f(2))
(p—maz)+n+p p—n\ L,,.f(2)

Since ¢ € M, then Rey(z) > 0 for all z € U, and from the assumptions
pw>—pand p+n >0 we get

q(z) +

—n)<¢@» (2.3)

Re((p—n)p(z) +n+pn) >0, z€ U (2.4)

Now, by applying Lemma 2.1 for the subordination (2.3), it follows that ¢(z) <

p(2), e f €Sy, (m50)
To prove the second part, let f € S, /w(n; ¢) and put

Mo — <4§EMLﬂay_n>.

Cp—n\ IR f(2)

From the assumption, we have that h is analytic in U, and h(0) = 1. Then,
by using similar arguments to those detailed above, together with the relation
(1.4), it follows that

zh (2) _ 1 (Z(I;;)\7M f(2))
(p—mh(z) +n+p p—n\ L., f(2)

h(z) +

—n)<¢@» (2.5)
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Like in the first part of the proof, the inequality (2.4) holds, and then by
applying Lemma 2.1 for the subordination (2.5), it follows that h(z) < ¢(z),

le. fe€ S;;Jf\,lu(n; ©).
Theorem 2.2. Let se R, A >0, u>—p, 0<n<p, and pu+mn > 0.
S S S Zf/(z)
1 Iff € Ky 1(m0), then f € Ky (n;0), whenever I, (T) =+
0, for all z € U.
s . s+1 . s+1 Zf/(Z)
2. If f € K, .(m;9), then [ € K\ (n;¢), whenever Y, . £ 0,
forall z € U.

Proof. If f € K, ,.1(n; ), by definition we have I}, ., f € K,(n; ).
According to (1.7) and (1.6), this last relation is equivalent to

s 22\ _ 2 g N
Ip;)\,,u-i-l < p ) - 2_9 (Ip;)\“u—i-l f(Z)), S Sp(n7 90)7
2z .
ie. Y € Sp;x7u+1(7l§ ¢). By using the first part of Theorem 2.1 together
/
with (1.6), it follows that pr(z) € Sy u(m; ), or

z s / s N
]_) (IZN)\,H f(Z)) = Ip;)\,,u ) € Sp(W 90)

Using (1.7), this is equivalent to I , , f € K,(n;¢), i.e. f € Ky ,(n;5¢).
For the second part of the theorem, let f € K, ,(7;¢). Form (1.7), that
2f'(2)
p

(zf;)(z)

means € Sy.(m ), and by using the second part of Theorem 2.1

2f'(2)
p

together with (1.6), it follows that e S¥EL (n; ), or

DA

i (L2) = 2 (55,7 € St

From (1.7), this is equivalent to I;;Jf\%uf € K,(n; ), 1e. f€ K;;}H(n; ©).
Taking

1+ Az\“
= —1<B<A<I1 <1
o) = (115) (1=B<A<LO0<as))

in Theorem 2.1 and Theorem 2.2, we have the following special cases:
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Corollary 2.1. Let s e R, A >0, u> —p, 0<n <p, and p+n > 0. Suppose
that -1 < B< A<1,and 0 < a <1.

1Iff €Sy (A, Bya), then f € S5 [(n; A, By o), whenever I}, |, f(2) #
0, for all z € U.

2. If f € S;;/\’u(n;A,B;a), then f € S;;f\’lu(n;A,B;a), whenever I;;}M f(z) #
0, for all z € U.

8. If f € Kyy,u(m A Bia)), then f € K, ,

/!

o (%}2)) #0, for all z € U.

4. 1If f € K, .(n; A, B; ), then f € K5t (n; A, B; ), whenever

DA
[5t1 (Zf (2)) £ 0, for all z € U.
p

DA, 1

(n; A, B;«)), whenever

Theorem 2.3. Let sec R, A >0, u>—p, 0<n<p, and u+mn > 0.

1 If f € Coy 10,05 0,0) related to g € Sy (05 9), then
f € Gy (0, 050,7) related to g € S5, (n;¢), whenever T, g(z) # 0, for
all z € U.

2. If f € Gy (0,050, %) related to g € S5, (0;¢), then f € S;jf\,lu(n,é; 0, )

related to g € S;;Jf\,lu(n; ©), whenever I;t\%ug(z) 40, for all z € U,

Proof. If f € C;, ,,1(n,0;p,7) related to g € S, .1 (n; ¢), according to the
definition of these classes, we have

1 (Z (IZ;%MH f(z)) _ 5) < P(2). (2.6)

b— 0 I;;)\“u—i-l g(Z)

Now, if we let

o) = (MO

B p—= 4 I;;)\“u g(Z)

then ¢ is analytic in U, with ¢(0) = 1. Using (1.5), we obtain

[(p=0)q(2) + 0] 9(2) + L3, f(2) = (0 + 1) Bx a f(2). 0 (27)

Differentiating (2.7) and multiplying by z, we have

!/

P+ 1)z (B £(2) = pz (B, f(2) +
(p—0)2q'(2) Ly 9(2) + [(p — 0)a(2) + 8] 2 Ly, 9(2)) . (2.8)
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Since g € S, ,.11(n;%), by the first part of Theorem 2.1 we have g €
Spau(m; @) Letting

Q(Z) _ 1 <Z (I;;A,ug(Z» _ n) 7

S p—n\ Du,92)

then Q(z) < ¢(z), and using (1.5) once again, we have

;A 41 Z

W) =(p—nQ(2) +n+p. (2.9)

From (2.8) and (2.9), we obtain

1 (2 f(2) N . 2q'(2)
p—20 ( L1 9(2) 5) =)+ (p=mQ(z) +p+n’

and combining with (2.6) we deduce that

1
(p—mQ(2)+p+n

Since p > n, p+n > 0 and Q(2) < ¢(z) € M, then Rew(z) > 0 for
all z € U. According to Lemma 2.2, the subordination (2.10) yields that
q(z) < ¥(z), where g € Sy, (n; ), Le. f € Cpy . (n,690,¢).

Since for the second part of the theorem we used similar arguments to those
detailed above together with the identity (1.4), we will omit this proof.

q(z) + w(2)zq¢'(2) < ¥(2), where w(z) = (2.10)

3. The Subclasses Images by the Integral Op-
erator F.

Let consider the integral operator F,.: A(p) — A(p), defined by

z

/tc‘lf(t)dt, (c> —p). (3.1)

0

_p+tc
ZC

Fpe(f)(2)

In this section we will prove that this operator preserves the classes S;; N H(n; ©),
K;;)\7u(n; QO) and C;;)\7u(777 67 2 ¢)
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Theorem 3.1. Let s € R, A >0, ¢c> —p, andc+n>0. If f € Sy, ,(0;0),
then Fyo(f) € Sy, (m5¢), whenever I\ F,..(f)(2) # 0 for all z € U.

DA

Proof. If we let f € S5, (n;¢), and

LA, B
( Lo Fre 1) (2) ") ’

then ¢ is analytic in U, with ¢(0) = 1.
From (3.1), according to (1.6), we have

2 (B el £)(2)) = (4 P) T, F2) = e B ), (39
and then, by using (3.2) and (3.3), we obtain

IZ;)\,M f(Z) -
T UN@—%p—mﬂd+c+n (3.4)

piAp T Pie

(c+p)

Now, taking the logarithmic differentiation on both sides of (3.4) and multi-
plying by z, we have

zq'(2) 1 Z(I;;)\7M f(2))
q@%%@—mﬂ@+c+n_p—n<1bwﬂ@

—n)<¢@» (3.5)

Since ¢ € M, then Rey(z) > 0 for all z € U, and from the assumptions
> —pand c+n >0 we get

Re((p—n)p(z)+c+n) >0, z€ U.

Hence, by virtue of Lemma 2.1, the subordination (3.5) implies that ¢(z) <
o(z), i.e. Fo(f) € S;;/\M(n; ©).
Next we derive an inclusion property involving the images of the subclasses

K3, (n;¢) via the operator F),., which is given by the following result:

A
Theorem 3.2. Let s € R, A >0, ¢c> —p, andc+n>0. If f € K, ,(n;0),

/
then Fy,..(f) € K., ,(n; 0), whenever Iy | Fp,.. (%}Z)) #0 for all z € U.
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Proof. If f € K, ,(n; ), by definition we have I}  , f € K,(n; ¢), and from
(1.7) and (1.6), this is equivalent to

s (') _ =
b (57)

€ Sy...(1m; ¢). By using Theorem 3.1 together with (1.6), it follows
2f'(2)
p

(T, F(2)) € S5 (m:9),

Lo ')

that F.. ( ) € Sy (M), or

2f'(z)\ _ = AY e S50
F( : ) =2 (Buf(2)) € Sl

that is
IS

DA 1

2 (Fyef(2)"\ _ % /s -
(pT = ]_) (Ip;)\,u Fp§Cf(Z)) € Sp(na SO)
Using (1.1), this is equivalent to I}, , F..(f) € Ky(n;p), ie. Fp(f) €
K, 5..(m;¢), which proves the theorem.

From Theorem 3.1 and Theorem 3.2, we have the following:

Corollary 3.1. Let s € R, A > 0, ¢ > —p, and c+n > 0. Suppose that
—1<B<A<1l,and0<a<1.

1 If f € Spau(m A, Bsa), then Foo(f) € S;., (0 A, B;a), whenever

oo Fpie(f)(2) # 0 for all 2 € U.
2. If f € K, (A, B;a), then F.(f) € K,

A
o Fpic (pr(z>) £ 0, for all z € U.

DA 1

(n; A, B; o), whenever

Finally, we will prove that the operator F},. preserves the classes C; , (1, 6; ¢, %)
of p—valent generalized p—starlike of order 7.

Theorem 3.3. Let s € R, A\ > 0, ¢ > —p, and c+n > 0. If f €
oo, 050,0) related to g € Sy, (n;59), then Fpo(f) € Cpy (0,0 go,zb)
related to Fy,..(g) € S5 (05 ), whenever I}y | Fp,..(9)(2) # 0, for all z € U.

Proof. If f € C;, ,(n,d;p,1), then in view of the Definition 1.1, there exists
a function g € S, ,(7; ¢) such that

1 (Z(I;;Aw F,.f(2))
b— 0 I;;)\“u g(Z)

- 5) < 0(2). (3.6)
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Thus, if we set

L (aE FDE)
=5 (R 0):
then ¢ is analytic in U, with ¢(0) = 1. Using (3.3), we have

(c+p) L, f(2) = [0 —0)a(z) + 0] Fine(9)(2) + e 1\, Fpie(F)(2),

and taking the logarithmic derivative of this identity and multiplying by z, we
have

(c+p)z (T, £(2) = (0= 0)24'(2) T, Freelg) (2) +
[(p = 8)a(z) + 0] 2 (Tonu Fre(9)(2)) + ez (G, Fel )(2)) (B.7)

Letting
1 Do Fp !
Q(Z) _ < ( DI, L (g)(Z)) _ 7]) 7
p—n\ L., Fp;c(g)(Z)
since g € Sy ,(1;¢), from Theorem 3.1 we have that Fj,..(g) € S, . (n;¢),

MUK
hence Q(2) < ¢(2).
Using again (3.3), we obtain

(c+p) 5w g(z) = [(p = mQ(2) + ¢+ ] Ly Fre(9)(2), (3.8)
and then, from (3.7) and (3.8), we deduce that
2q'(z) 1 2( P Fpcf(2)) B
R T T EErar A e G e e |

Combining this last identity together with the subordination (3.6), we deduce
that
1

q(z) + w(2)zq'(z) < ¥(z), where w(z) = TR IEETETS

Since p > n, c+n > 0 and Q(2) < ¢(z) € M, then Rew(z) > 0 for all
z € U. Using Lemma 2.2, the subordination (3.9) implies that ¢(z) < ¥(2),

where F},..(9) € Sy (05 0), 1e. Fpo(f) € Gy (0,650,9).
Remark 3.1. Putting p = 1 in the above results we obtain the results of [5].

Acknowledgment The authors wish to thank to Prof. M. K. Aouf for his
kind encouragement and help in the preparation of this paper.
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