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Abstract

In this note, we define the new subclasses Ny, » (e, 5, A) and Nm,n(a, B, )
of analytic functions using the Al - Oboudi operator. For functions be-
longing to these classes we determine coefficient inequalities, extreme
points and integral means inequalities.
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1. Introduction

Let A be the class of functions f of the form

z) :z—i-Zakzk, (1.1)
k=2

which are analytic in the open unit disc U = {z € C : |z| < 1}.

Definition 1.1. /1/ Letn € N and X > 0, the Al - Oboudi operator DY : A —
A, is defined as DS f(2) = f(2), Dyf(2) = (1=\)f(2)+zf'(2) = Drf(2) and
Dy f(z) = Dx (DY f(2)) -

Further, if f(z) = z + Z 2", then we have,

k=2
DI f(z —z+z 1+ (k "ap2,  (n € Ny). (1.2)

Remark 1.2. [t is easy to observe that for A = 1, we get the Salagean operator

(8]
Definition 1.3. A function f € A is said to be in the class Ny, .(a, 5, A) if
Dy f(z Dy f(z
-1 1.
o) e e -

forsome 0 <a<1, >0, meN neNy, A>0and z € U.

The following are the special cases of the class N, ,(a, 5, A) :
1. Non(a, 8,1) = Nppn(a, B), the class introduced by Eker and Owa [3].

ii. Mo(e,B,1) =8D(a, ) and Na1(a, 5,1) = KD(«, B), the classes stud-
ied by Shams, Kulkarni and Jahangiri [9].

iii. Mpn(a,0,1) = K,n(a), the class studied by Eker and Owa [4].

iv. Mo(a,0,1) = S8*(a) and Na1(a,0,1) = K(«), the classes introduced by
Robertson [7].
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2. Coefficient Inequalities for the Class N, ,(«, 8, )

Theorem 2.1. If f € A satisfies,

Z¢(A7mvna ]{3,05,5) |ak| < 2(1 - O{) (21)

k=2

where,

v\ m,n ka,B) =[(1+a)[l+ (k—1DN"—[1+ (k—1)N"
+ (=) 1+ (k=DA"+[1+ (k—1DN™)
+2B 1+ (k= DA™ — [1+ (k= 1)A]"|

for some a(0 < a < 1), >0,m € Ny n € Ny and A > 0, then [ €
Non(a, B, N).

Proof. Let, the expression (2.1) betruefor0 <a <1, >0, meN, n €N,
and A\ > 0. Hence it suffices to show that,

|(1— @)Dy f(2) + Dy f(2) — Be” | DY f(2) — Dy f(2)]
— (1 + @)Dy f(2) — DY f(2) + B | D f(2) — Dy f(2)]] > 0.

So, we have
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(1 =)D} f(2) + DY f(2) — Be? | DY f(2) — D3 f(2)]

—|(1+a)D3f(2) = D f(2) + Be | DX f(2) — DR S(2)]]

2—a)z+> {Q—a)[1+ (k= DN"+[1+ (k— 1A} ap

_562'0

S+ Ok DAY = 14 (k= DA} st
k=2

az + i {T+a)[L+k=DN" =[1L+ (k=D az
k=2

+ e

S0 (kDA™ — (14 (k= DA} a2
k=2
> (2= el = 3101 = a) [+ (k= DA+ 1+ (b — DA™ Ja] ¢
816 SO+ (k= DA — (14 (k= DA fan] 2I¢
k=2

—aflz] = D 1+ a) [+ (k= DA = [L+ (k= DA™ Jax] |[*

=B DI+ (k= DA™ = [+ (k= DA [|ax| |=|*

>2(1—a) =) {|(1+a)[L+(k—=DA" = [T+ (k= 1A"|

+ (=) 1+ (E=DAN"+[1+ (k—1DN™)

281+ (k — DA™ — [1+ (k — DA"[} ax] = 0.
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3. Relation for Nm,n(oz, B, \)

By Theorem 2.1, we introduce the class Nm,n(aa6> A) as the subclass of
Non(a, B, X\) consisting of f satisfying

izb()\,m, n, k,a, B)|ar| <2(1 — ) (3.1)
k=2

where,
YA myn ko, B) =|(14+a)[l+ (E—1)N" =1+ (k—1)A"|
+(1—a)[1+(k=DA"+[1+ (k= 1)A]")
+2B8([1+ (k= DA™ = [1 + (k= 1)A]"|
for some a (0 <a<1),>0,meN, neNy and A > 0.

Theorem 3.1. If f € A, then Nmm(a,ﬂg,)\) C N’m,n(aaﬁla)\) for some [y
and Py, such that
0< B < B

Proof. For 0 < ; < 35, we have

Zw(k,m, n, k,a, 1) |ag] < Zw(k,m, n, k,a, o) |ag| -

[o¢]
k=2 k=2

Therefore, if f € Nin(cv, B2, A), then f € Nyp(a, B1, A).

4. Extreme Points

The determination of the extreme points of a family F of univalent functions
enables us to solve many external problems for F.

Theorem 4.1. Let fi(z) =z and

2(1 —
( Q)ey, Lk

¢(A,m,n’k’a75) ) ( y & ; ‘éfk‘ )

fk(Z) =z +
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Then, f € Nmm(a, B, A) if and only if it can be expressed in the form
= Mfil2)
k=1

where, A\, > 0 and Z A = 1.

k=1

Proof. Let f(z Zkkfk A >0, k=1,2,., with ) A\ = L. Then,
k=1
we have

- 2(1 — a)ey, k
z) = Mefie(z) =Xz+ ) A z
; Rk Z k( YA\, m,n, k,a, ) )

2(1 —
:Z+Z>‘k ( e 2.

That is,

> (A m,n,ka
k=2

B) )wkmnkaﬁ)
=2(1-a)(1—X) <2(1-a),

which is the condition ( 3.1) for f Z Aefr(2). Thus, f € Noa(a, B, \).

Conversely, let f € N,,.(a, 3,\). Since

2(1 — )
< k=2
S S ka gy PR
we put
¢(A7 m7 n? k? a? /B)
Ak = =1
and
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Then,
f(z) = Z)\kfk(z>‘
k=1

Corollary 4.2. The extreme points Ome,n(a, B, A) are the functions fi1(z) =
z and

2(1 — Oé)&?k Zk
¢(A7 m7 n? k? a? B) ’

fe(z) =2+ (k=2,3,....; |ex] = 1).

5. Integral Means Inequalities

For any two functions f and ¢ analytic in U, f is said to be subordinate to ¢ in
U, denoted by f < g if there exists an analytic function w defined U satisfying
w(0) =0 and |w(z)| <1 such that f(z) = g(w(z)), z €U.

In particular, if the function ¢ is univalent in U, the above subordination is
equivalent to f(0) = ¢g(0) and f(U) C g(U). In 1925, Littlewood [6] proved
the following Subordination Theorem.

Theorem 5.1. [6] : If f and g are any two functions, analytic in U, with
f =g, then for p >0 and z = re??, (0 <r <1),

/0 T o < / ") do.

Theorem 5.2. Let f € Ny(a, 3, \) and f;, be defined by

2(1 — a)ey, k
YA mn ko, )

If there exists an analytic function w(z) given by

Je(2) = 2+ (k=2,3,....; |lex| = 1).

_ v\ m,n, k,a, B) e _
) SO

k=2

then for z =re? and 0 <r <1,

21 ) 21 )
/ Fre®)|" db < / f(re™) " o, (u> 0).
0 0
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Proof. We have to prove that

27 21
/ 1+Zakz “1de < /
0

By Theorem 5.1, it suffices to show that

g 261 —a)er o q|"

mn ke .| ™

1+

- 20b|(1 —
1+ Zakzk_l <1+ 1BI( @)k k1
k=2

¢(>\7 m? n? k? OZ, /8)
By taking
= ~ 2(1 — a)ey fe1
1 |
F et = e e W)
we get

Clearly, w(0) = 0. By ( 3.1), we have

k-1 ¢(A7mvnakaa>5) = k-1
Gl = [ EST T e

¢(Amnka b1
< |ax] ||
2(1 — ) |ex| Z

< |zl < 1.
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