Tamsui Oxford Journal of Information and Mathematical Sciences 28(1) (2012) 63-77
Aletheia University

Higher-Order Duality for Multiobjective
Programming Involving (o, p)-Invexity”

Deo Brat Ojha’
Mewar University, Rajasthan, India

Received May 3, 2010, Accepted May 6, 2011

Abstract
The concepts of (@, p)-invexity have been given by Caristi, Ferrara
and Stefanescu[32]. We consider a higher-order dual model associated to a
multiobjective programming problem involving support functions and a
weak duality result is established under appropriate higher-order (@, p)-
invexity conditions.
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1. Introduction

For nonlinear programming problems, a number of duals have been suggested
among which the Wolfe dual [35,8] is well known. While studying duality under
generalized convexity, Mond and Weir [36] proposed a number of different duals for
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nonlinear programming problems with nonnegative variables and proved various
duality theorems under appropriate pseudo-convexity/quasi-convexity assumptions.

The study of second order duality is significant due to the computational
advantage over first order duality as it provides tighter bounds for the value of the
objective function when approximations are used [10,16,24]. Mangasarian[12]
considered a nonlinear programming problem and discussed second order duality
under inclusion condition. Mond [14] was the first who present second order
convexity. He also gave in [14] simpler conditions than Mangasarian using a
generalized form of convexity. which was later called bonvexity by Bector and
Chandra [2]. Further, Jeyakumar [37,30] and Yang [24] discussed also second order
Mangasarian type dual formulation under p-convexity and generalized representation
conditions respectively. In [20] Zhang and Mond established some duality theorems
for second-order duality in nonlinear programming under generalized second-order B-
invexity, defined in their paper. In [14] it was shown that second order duality can be
useful from computational point of view, since one may obtain better lower bounds
for the primal problem than otherwise. The case of some optimization problems that
involve n-set functions was studied by Preda [38]. Recently, Yang et al. [24] proposed
four second-order dual models for nonlinear programming problems and established
some duality results under generalized second-order F -convexity assumptions. In [15]
Mishra and Rueda generalized Zhang’s Mangasarian type and Mond-Weir type
higher-order duality [28] to higher-order type | functions. Yang et al. [26] extended
this results to a class of nondifferentiable multiobjective programming problems.

They also presented an unified higher-order dual model for nondifferentiable
multiobjective programs, where every component of the objective function contains a
support function of a compact convex set, also Batatorescu et al. [33].

For ®(x,a,(y,r)) = F(x,a;y)+rd*(x,a), where F(x,a;.)is sublinear on R", the
definition of (®,p) - invexity reduces to the definition of (F,p) -convexity

introduced by Preda[29], which in turn Jeyakumar[30] generalizes the concepts of F-
convexity and p -invexity[31].

The more recent literature, Xu[21], Ojha [27], Ojha and Mukherjee [22] for
duality under generalized (F, p) -convexity, Mishra [23] and Yang et al.[24] for
duality under second order F -convexity. Liang et al. [25] and Hachimi[26] for
optimality criteria and duality involving (F,«,p,d) -convexity or generalized
{F,a, p,d) -type functions.The (F, p)-convexity was recently generalized to (®, p) -

invexity by Caristi , Ferrara and Stefanescu [32],and here we will use this concept to
extend some theoretical results of multiobjective programming.

Whenever the objective function and all active restriction functions satisfy
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simultaneously the same generalized invexity at a Kuhn-Tucker point which is an
optimum condition, then all these functions should satisfy the usual invexity, too. This
Is not the case in multiobjective programming ; Ferrara and Stefanescu[28] showed
that sufficiency Kuhn-Tucker condition can be proved under (®, p) -invexity, even if
Hanson’s invexity is not satisfied, Puglisi[34].The interested reader may
consult[1,3,4,5,6,7,9,11,13,15,17,18,19,33,39,40,41,4243,44,45,46,47.48].

Therefore, the results of this paper are real extensions of the similar results
known in the literature.

The (F, p) -convexity was recently generalized to (®, p) -invexity by Caristi,
Ferrara and Stefanescu[32], and here we will use this concept to extend some
theoretical results of multiobjective programming.

Whenever the objective function and all active restriction functions satisfy
simultaneously the same generalized invexity at a Kuhn-Tucker point which is an
optimum condition, then all these functions should satisfy the usual invexity, too. This
IS not the case in multiobjective programming ; Ferrara and Stefanescu[28] showed
that sufficiency Kuhn-Tucker condition can be proved under (®, p) -invexity, even if

Hanson’s invexity is not satisfied, Puglisi[34].

Therefore, the results of this paper are real extensions of the similar results
known in the literature.

In Section 2 we define the higher-order (®, p) -invexity . In Section 3 we

consider a class of multiobjective programming problems and for the dual model we
prove a weak duality result.

2. Notation and Preliminaries

we denote by R"the n-dimensional Euclidean space, and by R! its nonnegative
orthant . Further, R} ={x e R|x >0} .For any vector xe R",y e R", we denote

XTy:iXiyi -
i1

We consider f:R" — R",g:R" — R% are differential functions and X < R"is
an open set. We define the following multiobjective programming problem:
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(P) minimize £ =( £,(0).0cneen f, (%))
subjectto g(x) > 0x,x e X

Let X, be the set of all feasible solutions of (P) that is, X, ={xe X |g(x) > 0}.

We quote some definitions and also give some new ones.
Definition 2.1

A vector ae X, is said to be an efficient solution of problem (P) if there exit no
X e X, such that f(a)— f(x)eR"\{0}i.e, f,(x)< f.(a)forall iefl,.,.,. p}, and for
at leastone je{l,.,.,., pywe have f,(x)< f,(a).
Definition 2.2

A point 5 x, is said to be a weak efficient solution of problem (VP) if there is no
xe X such that f(x)< f(a).
Definition 2.3

A point ac X, is said to be a properly efficient solution of (VP) if it is efficient
and there exist a positive constant K such that for each xe XO and for each

ie{l2...p}satisfying f(x)<f(a) , there exist at least one ie{1,2 ...... p}suchthat
fj(a)< fj(x) and fi (@)- fi(x) < K(fj(x)— fj(a)j Denoting by WE(P), E(P) and PE(P)
the sets of all weakly efficient, efficient and properly efficient solutions of (VP), we
have PE(P) < E(P) = WE(P).

We denote by Vf(a) the gradient vector at a of a differentiable function
f :R” > R, and by V*f(a)the Hessian matrix of f at a. For a real valued twice
differentiable function y(x,y) defined on an open set in R’ xR*, we denote by
V.w(a,b)the gradient vector of y with respect to xat (a,b), and by V _w(a,b)the
Hessian matrix with respect to x at (a,b). Similarly, we may define V w(a,b),
V,w(ab)and V w(a,b) .For convenience, let us write the definitions of (o,p)-
invexity from[32], Let ¢:X, > R be a differentiable function (XS RM), X ¢ xo,
and ae Xy - An element of all (n+1)- dimensional Euclidean Space R"" is

represented as the ordered pair (z r)withzeR™ and reR,p IS @ real number and @ is
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real valued function defined on X,x X, xR™ suchthat®(x,a,.)is convex on
RN+14ng ®(x,a,(0,r))=0, for every (X'a)EXOXXO and reR+ "h:XxR"—R be

differentiable function.

Definition 2.4

A function f:X — Ris said to be higher-order (®,p) -invex at u e X with
respect to h ,both f and h are differentiable function, if for all

(x,y)e XxR" , ®:XxXxR™ >R , p is a real number, we have,
{f(x)= f()—h(u,y)+y"V h(u, y)}20(x,u; (Vf (u) +V h(u,y), p)) (2.1)
Definition 2.5

A function f:X — Ris said to be higher-order (®, p) -incave at u € X with
respect to h ,both f and h are differentiable function, if for all

(x,y)e XxR" , ®:XxXxR"™ >R , p is a real number, we  have,
{f ()= f(u)—h(u,y)+y"V h(u, y)2@(xu; (-Vf (U) -V h(u,y), p))
Definition 2.6

A function f:X —> R is said to be higher-order (®,,) -pseudoinvex at
ue X with respect to h ,both f and h are differentiable function, if for all

(X,y)e XxR",®: X x X xR"™ R, pis areal number, we have
D(x,u; (VE (u)+V,h(u, y), p))20={f (x) - F () ~h(u,y)+y'V,h(u,y)}20 (22

Definition 2.7

A function f: X — Ris said to be higher-order (®, p) -quasiinvex at u € X with
respect to h ,both f and h are differentiable function, if for all

(x,y) e XxR",®: X x X xR"™ = R, pis areal number, we have,
{f ()~ f(u)~h(u,y)+y"V,h(u, y)}=0 = d(x,u; (Vf (u) +V h(u, y), p))<0 (2.3)

Remark 2.1

(i) If we consider the case, ®(x,u;(Vf(u),p))=F(x,u;Vf()) (with F is
sublinear in third argument, then the above definition reduce to Definition 4 of
Chandra et al.[4] .
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Example 2.1

We present here a function which is higher-order (®, p) -invex. Let us consider
X =(0,00) and

f: X >R, f(xX)=xlogx,h:XxR—R,h(u,y)=-ylogu. We have
Vv, f(u)=1+logu,V f(u) :l,vyh(u, y)=—logu, ®: X xX xR™ — R, taking
u
p=0d(x,y;b)= |b|+|b|2 :
It is obvious our mapping is more generalized rather than previous ones.

Hence f(x)=xlogx is higher-order (®,p) -invex at ue X , with respect to
h(u,y)=-ylogu.

3. Higher-order Mond-Weir type Symmetric Duality

We consider in this section twice differentiable functions
f,=R"xR™ 5> R,g,=R"xR"xR" > R,h =R"xR"xR™ — R, and compact convex

sets C, cR" and D, c R", for i=1,2,.,.,p.

We define the following pair of higher-order symmetric multiobjective dual
problems.

(MP)
minimize

fLOGY)+h(xy, 7)) -7 (V, (XY, 7))

fo(xY)+h (XY, 7,) =73 (V. hy (XY, 7,))

subject to

AV, i y)+V h(xy, 7)) <0 (3.1)

p
i
i=1
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P
y Y ANV, () +V, h(xy 7)) >0 (3.2)
i=1
p
i=1.,,pA1>0> 4 =1 (3.3)
i=1
(MD)
maximize

fL(U V) +0,(u v, ) = 14 (Y, 9,(U,V, 11)

fp(uiv)—i_gp(ulvuup)_/u; (V#pgp(u’v’ﬂp))

subject to

p
AV, fiuv)+V,0,(u,v, 1)) 20 (3.4)

=)
p

u' Y AV, f uVv)+V,9,uv,))<0 (3.5)
i1

i=1.,.,p,A>01"e=1 (3.6)

In the sequel we shall establish weak, strong and converse duality theorems under
(@, p) -univex type assumptions. For this, the number . p, e R,i=1,2,.,., p.Further,

we suppose that the functions @®,:R"xR"xR"™ — R and ®,:R"xR"xR"™ R
also satisfy the condition

D, (X,U; (&, p))+u' >0, forall £€R!

O,(v,y; (&, p))+y >0, forall £ Rl (3.7)
We suppose also that following conditions are satisfied:

(1) the functions f.(.,v) are higher-order (®,, p) -invex at u .

(2) f.(x,.) are higher-order (®,, p) -incave at y .
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Theorem 3.1 (Weak duality)
Let (x,¥,4,7,,7,,.,.,7,) be a feasible solution of (MP) and (u,v, 4, 14, tt5,,-, 11,,)
a feasible solution of (MD). Then the inequalities can not hold simultaneously:
() forall ie{l,2,.,.,p},
fOGY)+h 6y, ) =70 (Vo (Y 7)) < i uv) +9,(u,v, ) = 24 (V,0,(U,V, 44))
(3.8)
(ii) for at least one je{l,2,.,., p},
fOGY+h Gy, ) =2 (V (X y, 7)) < f(uv) +0,(u,v, 4) = 44 (V,9,(U,V, 44))
(3.9)
Proof.
Since, (X, ¥, 4,7, 7,,.,., 7, ) be a feasible solution of (MP) and
(U,V, A, 15,5 11,,) @ feasible solution of (MD), by (3.7) and (3.4), we get

(DO(X’u;(Zp:iI{VU fi (U’V)JFV#gi(u'V’ﬂi)}’pi))+UTZp:)“'{Vu fi(uv)+V,9,(u,v, 14)}=0
By (3.5) \Il\zlle have i1

Dy U (X ALV, £, (V) +V,0, (U v, 1)}, £) 20 (3.10)

i=1
It follows from the higher-order (@, p) -invexity of f,(.,v) at uwith respect to
g;(u,v, 1) that

{F,(v) - (U} =
CDO(X,U;(ZP:/L{VU fi(u,v)+V,0,(u,v, 1)} p))) +{gi(uivhui)_zuiTVygi(ulV!/'li)} (3.11)
Since 2>0,1"e=1, from (3.4),(3.10) and (3.11), we get

A{fi(x,v) - fi(uv)}=

p
i=1

@005 (3 A4V, )V, 8,09, )} o)+ 2 A0, 1)~ 4V, 0,0, )}

i=1
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That is

p

S AG0W) 2 A 00) + D AL0, 1)~ 4V, (v, )} (3.12)

i=1 i=1
On the other hand , from (3.1) and (3.7) we get
p P
@, (v,y; (_Zﬂfl Vv, i y)+ V. hi(x,y, 7). p)) - yTZﬂﬁ vV, i y)+V h(xy7r) 20,
i=1 i=1
which, by using (3.2), imply

0,0, Y: (X AV, £, )+ V (% Y,7), £) 20 (319

Now, using the fact that f,(x,.) is higher-order (®,,p) -incavity at y , with
respect to —h(x,y,7),i=12,.,., p, we have,

(V) = fi(x y)k=

@, (v, y; (_Zf:ﬂf. (vy oG Y)+V (XY, m), p)) + {-h(X Yv”i)"‘”iTvzzhi Xy, 7)}

(3.14)
Since 1>0,4"e=1, from (3.13)and (3.14) , we get
p p p
4 fi(xv) < Zﬁﬁ fi(x.y) + Zﬂi{hi(xl y,”i)_”iTV;rhi(x, Y, 7))} (3.15)
i=1 i=1 i1

from (3.12) and (3.15) we obtain
L A{f (u,v) + gi(U,VuUi)_,UiTvygi(quvﬂi)} < i/ll[fi(xv y)+h(x, Yv”i)_”iTV”hi(xv Y, ;)]

which proves the assertion of the theorem.

Remark 3.2.

Following the same lines as in the previous proof, we easily can prove other
variants of Theorem 3.1 under the same assumptions, but replacing in the statement
the corresponding conditions by those below:
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(1) the functions f.(.,v) are higher-order (®,, p) -pseudoinvex at u, with respect
to g,(u,v,),1=12,.,.,p;

(2) f.(x,.) are higher-order (®,, p) -incave at y, with respect to
-h(x,y,7),1=12,.,., p; respectively

(3) the functions f.(.,v) are higher-order (®,, p) -pseudoinvex at u, with respect
to g,(u,v,),1=12,.,.,p;

(4) f.(x,.) are higher-order (®,, p) -incave at y, with respect to
-h(x,y,7),1=12,.,., p; respectively

Now, under appropriate conditions, we state a strong duality and a converse
duality theorem relative to problems, (MP) and (MD).

Theorem 3.2 ( Strong duality)

Let (x',y', A, 7], 7;,., 7 ;) be a feasible solution of (MP) and assume that
() forall ie{L?2,.,., p}we have

h(x,y,0)=0,g,(x,y,0)=0,V_h(x'y,0) =0,
Vyhi (X” y"o) = 01Vxhi (X,l y”O) = vﬂgi (X’a y',o) :

(ii) for all ie{l,2,.,., p}the Hessian matrix V__h.(x',y’,z]) is positive or
negative definite ;

(iii) the vectors V f. (X, y)+V _h(X,y' 7)), i=12,. p,are linearly independent;
(iv)forany peR’,p#0,and 7, eR", 7z, #0,i=12,.,., p, we have
p
Z,Biﬂf{vy f.(X,y)+V_h(X,y', z)}=0, then
i=1
(a')ﬂ-i, = O’I :112!-1'1 p ;

(b) there exist w; € C;such that (x',y’,4',0,,0,,.,.,0,) is a feasible solution of
(MD).
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Furthermore, if the assumptions of Theorem 3.1 are satisfied and the functions
b (X,y,u',v)>0,i=12,,,p , then (x,y’,4,0,,0,,.,,0,) is a properly efficient
solution of (MD) and the values of both problems are equal.

Theorem 3.3 (Converse duality)

Let (U',V', A", 44, 145,., p1,) be a properly efficient solution of (MD) and assume
that

(Dfor all iedL2,.,., p}we have h(u',v,0)=0,g;(’V,0)=0,V g;(’,Vv',0)=0,
V,9,(U,v,0)=0,V g,(u',v,0)=V_h('Vv,0) ;

(i) for all ie{l2,.,.,p}the Hessian matrix V  g;(u’,v' ) is positive or
negative definite ;

(iii)the vectors V f (u',V)+V g,(U",V', 4),i=12,. p, are linearly independent;
(ivforany peRP,fp#0,and & eR", 1 #0,i=1,2,.,., p, we have

p

Zl‘,ﬂ.#.T{Vx (U, V)+V, 0,V 14)}=0, then

@, =0,1=12,,,p;

(b) there exist z{ € D;such that (u',v',4',0,,0,,.,.,0,) is a feasible solution of
(MP).

Furthermore, if the assumptions of Theorem 3.1 are satisfied and the functions
b (X,y,u',v)>0,i=12,,,p, then (u',Vv,1,0,,0,,.,.,0,) is a properly efficient
solution of (MP) and the values of both problems are equal.
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