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Abstract

A new sharp general Ostrowski type inequality for double integrals
is established. Some special cases are discussed.
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1. Introduction

In [1], Barnett and Dragomir proved the following inequality of Ostrowski
type for double integrals:

Theorem 1. Let f : [a, b]×[c, d]→ R be a continuous function and f
′′
x,y = ∂2f

∂x∂y

exists on (a, b)× (c, d) and is bounded, that is,

‖f ′′

x,y‖∞ = sup
(x,y)∈(a,b)×(c,d)

| ∂
2f

∂x∂y
| <∞,
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then for any x ∈ [a, b] and y ∈ [c, d]

|
∫ b
a

∫ d
c
f(s, t) ds dt− (b− a)

∫ d
c
f(x, t) dt− (d− c)

∫ b
a
f(s, y) ds

+(b− a)(d− c)f(x, y)|

≤ [1
4
(b− a)2 + (x− a+b

2
)2][1

4
(d− c)2 + (y − c+d

2
)2]‖f ′′

x,y‖∞.

(1)

In particular is the quasi-midpoint inequality

|
∫ b
a

∫ d
c
f(s, t) ds dt− (b− a)

∫ d
c
f(a+b

2
, t) dt− (d− c)

∫ b
a
f(s, c+d

2
) ds

+(b− a)(d− c)f(a+b
2
, c+d

2
)|

≤ 1
16

(b− a)2(d− c)2‖f ′′
x,y‖∞.

(2)

In [2], Barnett, Dragomir and Pearce derived a quasi-trapezoid inequality
for double integrals as follows:

Theorem 2. Under the assumptions of Theorem 1, then for any x ∈ [a, b]
and y ∈ [c, d]

|
∫ b
a

∫ d
c
f(s, t) ds dt+ f(a,c)+f(a,d)+f(b,c)+f(b,d)

4
(b− a)(d− c)

−(d− c)
∫ b
a
f(s,c)+f(s,d)

2
ds− (b− a)

∫ d
c
f(a,t)+f(b,t)

2
dt|

≤ 1
16

(b− a)2(d− c)2‖f ′′
x,y‖∞.

(3)

In this work, we will derive a new sharp inequality for double integrals
with a parameter for absolutely continuous functions whose partial derivative
of order 2 is f

′′
x,y ∈ L∞((a, b)×(c, d)), which will not only provides a sharp gen-

eralization of inequalities (1), (2) and (3), but also gives some other interesting
sharp inequalities as special cases.
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2. The Results

Theorem 3. Let f : [a, b] × [c, d] → R be an absolutely continuous function

and f
′′
x,y = ∂2f

∂x∂y
∈ L∞((a, b)× (c, d)). Then for any θ ∈ [0, 1] with

a+ θ
b− a

2
≤ x ≤ b− θb− a

2

and

c+ θ
d− c

2
≤ y ≤ d− θd− c

2

we have

|
∫ b
a

∫ d
c
f(s, t) ds dt+ (b− a)(d− c){(1− θ)2f(x, y)

+ θ(1−θ)
2

[f(a, y) + f(b, y) + f(x, c) + f(x, d)]

+ θ2

4
[f(a, c) + f(a, d) + f(b, c) + f(b, d)]}

−d−c
2

∫ b
a
[θf(s, c) + 2(1− θ)f(s, y) + θf(s, d)] ds

− b−a
2

∫ d
c

[θf(a, t) + 2(1− θ)f(x, t) + θf(b, t)] dt|

≤ {(x− a+b
2

)2(y − c+d
2

)2 + 1−2θ+2θ2

4
[(d− c)2(x− a+b

2
)2

+(b− a)2(y − c+d
2

)2] + (1−2θ+2θ2)2

16
(b− a)2(d− c)2}‖f ′′

x,y‖∞.

(4)

The inequality (4) is sharp in the sense that the constant 1
16

of the right-hand
side cannot be replaced by a smaller one.

Proof. For any fixed θ ∈ [0, 1] with a+ θ b−a
2
≤ x ≤ b− θ b−a

2
and c+ θ d−c

2
≤

y ≤ d− θ d−c
2

, we put

K(s, t) :=


[s− (a+ θ b−a

2
)][t− (c+ θ d−c

2
)], (s, t) ∈ [a, x]× [c, y],

[s− (a+ θ b−a
2

)][t− (d− θ d−c
2

)], (s, t) ∈ [a, x]× (y, d],
[s− (b− θ b−a

2
)][t− (c+ θ d−c

2
)], (s, t) ∈ (x, b]× [c, y],

[s− (b− θ b−a
2

)][t− (d− θ d−c
2

)], (s, t) ∈ (x, b]× (y, d].

(5)
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By (5), we have

∫ b
a

∫ d
c
K(s, t)f ′′(s, t) ds dt =

∫ x
a

∫ y
c

[s− (a+ θ b−a
2

)][t− (c+ θ d−c
2

)]f ′′(s, t) ds dt

+
∫ x
a

∫ d
y

[s− (a+ θ b−a
2

)][t− (d− θ d−c
2

)]f ′′(s, t) ds dt

+
∫ b
x

∫ y
c

[s− (b− θ b−a
2

)][t− (c+ θ d−c
2

)]f ′′(s, t) ds dt

+
∫ b
x

∫ d
y

[s− (b− θ b−a
2

)][t− (d− θ d−c
2

)]f ′′(s, t) ds dt.

Integrating by parts, we obtain

∫ x
a

∫ y
c

[s− (a+ θ b−a
2

)][t− (c+ θ d−c
2

)]f ′′(s, t) ds dt

= [y − (c+ θ d−c
2

)][x− (a+ θ b−a
2

)]f(x, y) + θ b−a
2

[y − (c+ θ d−c
2

)]f(a, y)

+θ d−c
2

[x− (a+ θ b−a
2

)]f(x, c) + θ2

4
(b− a)(d− c)f(a, c)

−[y − (c+ θ d−c
2

)]
∫ x
a
f(s, y) ds− [x− (a+ θ b−a

2
)]
∫ y
c
f(x, t) dt

−θ d−c
2

∫ x
a
f(s, c) ds− θ b−a

2

∫ y
c
f(a, t) dt+

∫ x
a

∫ y
c
f(s, t) ds dt,

∫ x
a

∫ d
y

[s− (a+ θ b−a
2

)][t− (d− θ d−c
2

)]f ′′(s, t) ds dt

= −[y − (d− θ d−c
2

)][x− (a+ θ b−a
2

)]f(x, y)− θ b−a
2

[y − (d− θ d−c
2

)]f(a, y)

+θ d−c
2

[x− (a+ θ b−a
2

)]f(x, d) + θ2

4
(b− a)(d− c)f(a, d)

+[y − (d− θ d−c
2

)]
∫ x
a
f(s, y) ds− [x− (a+ θ b−a

2
)]
∫ d
y
f(x, t) dt

−θ d−c
2

∫ x
a
f(s, d) ds− θ b−a

2

∫ d
y
f(a, t) dt+

∫ x
a

∫ d
y
f(s, t) ds dt,
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∫ b
x

∫ y
c

[s− (b− θ b−a
2

)][t− (c+ θ d−c
2

)]f ′′(s, t) ds dt

= −[y − (c+ θ d−c
2

)][x− (b− θ b−a
2

)]f(x, y) + θ b−a
2

[y − (c+ θ d−c
2

)]f(b, y)

−θ d−c
2

[x− (b− θ b−a
2

)]f(x, c) + θ2

4
(b− a)(d− c)f(b, c)

−[y − (c+ θ d−c
2

)]
∫ b
x
f(s, y) ds+ [x− (b− θ b−a

2
)]
∫ y
c
f(x, t) dt

−θ d−c
2

∫ b
x
f(s, c) ds− θ b−a

2

∫ y
c
f(b, t) dt+

∫ b
x

∫ y
c
f(s, t) ds dt,

and

∫ b
x

∫ d
y

[s− (b− θ b−a
2

)][t− (d− θ d−c
2

)]f ′′(s, t) ds dt

= [y − (d− θ d−c
2

)][x− (b− θ b−a
2

)]f(x, y)− θ b−a
2

[y − (d− θ d−c
2

)]f(b, y)

−θ d−c
2

[x− (b− θ b−a
2

)]f(x, d) + θ2

4
(b− a)(d− c)f(b, d)

+[y − (d− θ d−c
2

)]
∫ b
x
f(s, y) ds+ [x− (b− θ b−a

2
)]
∫ d
y
f(x, t) dt

−θ d−c
2

∫ b
x
f(s, d) ds− θ b−a

2

∫ d
y
f(b, t) dt+

∫ b
x

∫ d
y
f(s, t) ds dt.

Thus

∫ b
a

∫ d
c
K(s, t)f ′′(s, t) ds dt =

∫ b
a

∫ d
c
f(s, t) ds dt

+(b− a)(d− c){(1− θ)2f(x, y) + θ(1−θ)
2

[f(a, y) + f(b, y) + f(x, c) + f(x, d)]

+ θ2

4
[f(a, c) + f(a, d) + f(b, c) + f(b, d)]}

−d−c
2

∫ b
a
[θf(s, c) + 2(1− θ)f(s, y) + θf(s, d)] ds

− b−a
2

∫ d
c

[θf(a, t) + 2(1− θ)f(x, t) + θf(b, t)] dt.
(6)
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Observe that

∫ r
p
|u− q|du =

∫ q
p

(q − u) du+
∫ r
q

(u− q) du

= 1
2
[(q − p)2 + (r − q)2] = 1

4
(r − p)2 + (q − p+r

2
)2

for all p, q, r such that p ≤ q ≤ r, it is easy to find that

∫ x

a

|s− (a+ θ
b− a

2
)| ds =

1

4
(x− a)2 + [(a+ θ

b− a
2

)− a+ x

2
]2,

∫ b

x

|s− (b− θb− a
2

)| ds =
1

4
(b− x)2 + [(b− θb− a

2
)− x+ b

2
]2,

∫ y

c

|t− (c+ θ
d− c

2
)| dt =

1

4
(y − c)2 + [(c+ θ

d− c
2

)− c+ y

2
]2,

and ∫ d

y

|t− (d− θd− c
2

)| dt =
1

4
(d− y)2 + [(d− θd− c

2
)− y + d

2
]2.

Hence, ∫ b
a

∫ d
c
|K(s, t)| ds dt

= (x− a+b
2

)2(y − c+d
2

)2 + 1−2θ+2θ2

4
[(d− c)2(x− a+b

2
)2

+(b− a)2(y − c+d
2

)2] + (1−2θ+2θ2)2

16
(b− a)2(d− c)2

(7)

From (6) and (7), we can easily get (4).

Now we prove that the inequality (4) is sharp in the sense that the constant
1
16

of the right-hand side cannot be replaced by a smaller one. In fact, we may
suppose that (4) holds with a constant C > 0 as
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|
∫ b
a

∫ d
c
f(s, t) ds dt+ (b− a)(d− c){(1− θ)2f(x, y)+

θ(1−θ)
2

[f(a, y) + f(b, y) + f(x, c) + f(x, d)]

+ θ2

4
[f(a, c) + f(a, d) + f(b, c) + f(b, d)]}

−d−c
2

∫ b
a
[θf(s, c) + 2(1− θ)f(s, y) + θf(s, d)] ds

− b−a
2

∫ d
c

[θf(a, t) + 2(1− θ)f(x, t) + θf(b, t)] dt|

≤ {(x− a+b
2

)2(y − c+d
2

)2 + 1−2θ+2θ2

4
[(d− c)2(x− a+b

2
)2

+(b− a)2(y − c+d
2

)2] + C(1− 2θ + 2θ2)2(b− a)2(d− c)2}‖f ′′
x,y‖∞.

(8)

Take x = a+b
2

, y = c+d
2

and an absolutely continuous function

f : [a, b]× [c, d]→ R

as

f(s, t) :=


|s− (a+ θ b−a

2
)||t− (c+ θ d−c

2
)|, (s, t) ∈ [a, a+b

2
]× [c, c+d

2
],

|s− (a+ θ b−a
2

)||t− (d− θ d−c
2

)|, (s, t) ∈ [a, a+b
2

]× ( c+d
2
, d],

|s− (b− θ b−a
2

)||t− (c+ θ d−c
2

)|, (s, t) ∈ (a+b
2
, b]× [c, c+d

2
],

|s− (b− θ b−a
2

)||t− (d− θ d−c
2

)|, (s, t) ∈ (a+b
2
, b]× ( c+d

2
, d].
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It follows that

f
′′
s,t(s, t) =



1, (s, t)

∈ (a, a+ θ b−a2 )× (c, c+ θ d−c2 ) ∪ (a, a+ θ b−a2 )× ( c+d2 , d− θ d−c2 ),
−1, (s, t)
∈ (a, a+ θ b−a2 )× (c+ θ d−c2 , c+d2 ) ∪ (a, a+ θ b−a2 )× (d− θ d−c2 , d),
−1, (s, t)
∈ (a+ θ b−a2 , a+b2 )× (c, c+ θ d−c2 ) ∪ (a+ θ b−a2 , a+b2 )× ( c+d2 , d− θ d−c2 ),
1, (s, t)

∈ (a+ θ b−a2 , a+b2 )× (c+ θ d−c2 , c+d2 ) ∪ (a+ θ b−a2 , a+b2 )× (d− θ d−c2 , d),
1, (s, t)

∈ (a+b2 , b− θ b−a2 )× (c, c+ θ d−c2 ) ∪ (a+b2 , b− θ b−a2 )× ( c+d2 , d− θ d−c2 ),
−1, (s, t)
∈ (a+b2 , b− θ b−a2 )× (c+ θ d−c2 , c+d2 ) ∪ (a+b2 , b− θ b−a2 )× (d− θ d−c2 , d),
−1, (s, t)
∈ (b− θ b−a2 , b)× (c, c+ θ d−c2 ) ∪ (b− θ b−a2 , b)× ( c+d2 , d− θ d−c2 ),
1, (s, t)

∈ (b− θ b−a2 , b)× (c+ θ d−c2 , c+d2 ) ∪ (b− θ b−a2 , b)× (d− θ d−c2 , d).
(9)

By (5)-(9), it is not difficult to find that the left-hand side of the inequality
(8) becomes

L.H.S.(8) =
1

16
(1− 2θ + 2θ2)2(b− a)2(d− c)2 (10)

and the right-hand side of the inequality (8) is

R.H.S.(8) = C(1− 2θ + 2θ2)2(b− a)2(d− c)2. (11)

From (8), (10) and (11), we find that C ≥ 1
16

, proving that the constant 1
16

is
the best possible in (4).

Corollary 1. Let the assumptions of Theorem 3 hold. Then for any θ ∈ [0, 1]
we have
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|
∫ b
a

∫ d
c
f(s, t) ds dt+ (b− a)(d− c){(1− θ)2f(a+b

2
, c+d

2
)

+ θ(1−θ)
2

[f(a, c+d
2

) + f(b, c+d
2

) + f(a+b
2
, c) + f(a+b

2
, d)]

+ θ2

4
[f(a, c) + f(a, d) + f(b, c) + f(b, d)]}

−d−c
2

∫ b
a
[θf(s, c) + 2(1− θ)f(s, c+d

2
) + θf(s, d)] ds

− b−a
2

∫ d
c

[θf(a, t) + 2(1− θ)f(a+b
2
, t) + θf(b, t)] dt|

≤ (1−2θ+2θ2)2

16
(b− a)2(d− c)2‖f ′′

x,y‖∞.

(12)

Proof. We set x = a+b
2

and y = c+d
2

in (4) to get (12).

Remark 1. If we take θ = 0 and θ = 1 in (12), we recapture the quasi-
midpoint inequality (2) and the quasi-trapezoid inequality (3) with the sharp-
ness which have not been proved in [1] and [2], respectively.

If we take θ = 1
3

in (12), we get a sharp quasi-Simpson type inequality as

|
∫ b
a

∫ d
c
f(s, t) ds dt+

f(a, c+d
2

)+f(a+b
2
,c)+f(a+b

2
,d)+f(b, c+d

2
)+4f(a+c

2
, b+d

2
)

9

+f(a,c)+f(a,d)+f(b,c)+f(b,d)
36

− d−c
6

∫ b
a
[f(s, c) + 4f(s, c+d

2
) + f(s, d)] ds

− b−a
6

∫ d
c

[f(a, t) + 4f(a+b
2
, t) + f(b, t)] dt|

≤ 25
1296

(b− a)2(d− c)2‖f ′′
s,t‖∞.

(13)

and if we take θ = 1
2

in (12), we get a sharp quasi averaged midpoint-trapezoid
inequality as
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|
∫ b
a

∫ d
c
f(s, t) ds dt+

f(a, c+d
2

)+f(a+b
2
,c)+f(a+b

2
,d)+f(b, c+d

2
)+2f(a+b

2
, c+d

2
)

8

+f(a,c)+f(a,d)+f(b,c)+f(b,d)
16

− d−c
4

∫ b
a
[f(s, c) + 2f(s, c+d

2
) + f(s, d)] ds

− b−a
4

∫ d
c

[f(a, t) + 2f(a+b
2
, t) + f(b, t)] dt|

≤ 1
64

(b− a)2(d− c)2‖f ′′
s,t‖∞.

(14)

It is interesting to notice that the smallest bound for (4) is obtained at
x = a+b

2
, y = c+d

2
and θ = 1

2
. Thus the sharp quasi averaged midpoint-

trapezoid inequality (14) is optimal.

Remark 2. If we take θ = 0 in (4), then the Ostrowski type inequality (1) is
recaptured with the sharpness which has not been proved in [1].
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