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Abstract

The paper deals with the study of growth of harmonic functions H in
R* using the LaPlacian type integral operator (and inverse). Moreover,
we have characterized the order and type of H in terms of spherical
harmonic coefficients occurring in spherical harmonic expansions which
have not been studied so far. Our results apply satisfactorily for studing
the time dependent problems in R3.

Keywords and Phrases: Spherical harmonic coefficients, Integral trans-
form, Order and type, Analytic function associate and harmonic functions in

R*.

1. Introduction

The theory in R? is well-developed. Several authors studied boundary value
problems [7], value distribution and growth and approximation [14,15,17,18,20]
of harmonic functions in R3. Some times it is reasonable and become interest-
ing when we restrict the time dependent problems in R?, it leds to the study
of harmonic functions in R*. There are only a few integral transforms avail-
able for harmonic functions in R?* ( see[6,8,12]). In this paper we study the
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growth of harmonic functions in R* using the LaPlacian type integral operator
(and inverse) which is an isometry between analytic function of three complex
variables as an associate of harmonic function in R* on suitable domains of
definition[19].

A function which is harmonic in a neighborhood of origin in R* can be
expanded as a compactly convergent series

H(r,z,(,n) = ZHszCn (1.1)

in the sphere S(rg) : | X| < ro whose radlus is the distance from the origin to
the nearest singularity. Here X be a point in R* whose spherical coordinates
(r,0, ¢, p),are defined as [7, p.98] with r=|X| and angles 0 <0 <7, 0 < ¢ <
2, =21 < p < 2.

The series (1.1) has an expansion in terms of complete set

m=k n=k

(’r z C 77 Z Z mn mn m <r727<-7n)7

m=—k n=—k
k=0,1,2,3,..., of spherical harmonic polynomials [7,p.161].It is given [23,p.123]

HE L (r2,¢n) = r?YE (2,¢n)
Yy (z,¢n) =Pk, ()",

z = cost, ( = exp(ip), n = exp(iyp),

with (mnk)e Q = {(p,q,r) : =7 < p,q <r,r =0,1,2,3,..}. TheP¥  corre-
spond to Jacobi polynomials

W _om;n—m(, k =171 _ _\(n—m)/2 (=n—m)/2 pk

(wfrm)_l [(k —m)!(k +m)!/(k —n)!(k+n)! ]1/2
where

J= k4 (4 v)/2m = (it v) /20 = (v — ) /2
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with integer parameters y = m +n and v = m — n[1; 7, p.125].

Let D be a simply connected domain about the origin in R*. A harmonic
functionH € C?(D) is a solution of Laplace’s equation [7, p.494]

[1/730, (10, + 4/7* D9 + ctg(0)0p + 1/ sin® 0(Dpg — 2c05(0)Dpy + 0pp)] )] H(X) = 0.
(1.2)
Each harmonic function H is associated with a unique analytic function

21,22,23 E hk 21,22,2’3

of three complex variables called the associate of H, where

m=k n=k

hk 21722723 E E Gmn mn 21722723)

m=—k n=—k
and
M (21, 22, 23) = 25" (21" 25™™)
for (m,n,k) € Q. The initial domain of definition of h € C? is
Devo i |21 <18/2, 20 < 75/2,1 —€ < |z3] < 1+¢,

for some sufficiently small positive e.

Construction of the ascending operator mapping W from analytic function
h(z1, z2, z3) of three complex variables onto harmonic function H(r, z,(,n) €
R* begins with the Laplace type integral formulation [7, p.147]

wh PR (2) = 1/27m'/ TS ds /5. (1.3)
I'(s)

The contour I'(s) is positively oriented upper semicircle |s|= 1 traversed
from s=-1 to s=1 and (m,n, k) € {2 with generating variables

n = 1i(z2,5) = du(2)s"? 4 igl)s ™2
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o = m(2,8) = i(2)s'? + 91 (2)s7%, 02(2) = (L £ (2))/2]/*

Using (1.3) we can express the spherical harmonics as

Hy = Wihi] = 1/2m/( (0% () ) 5, = 01,23
I'(s

Therefore the ascending operator W : h — H be defined as

H(Ta 2, C, 77) = W[h(zlv 22, ZS)]

= 1/2mi /r( | h((r2/n)1/271(z,s), (7“277)1/27'2(2, s),sC)ds/s.

The inverse operator applies orthogonality of the surface harmonics in
terms of the functions P* [7,p,161] to define the transform

h(Zl, 29, 23) = Wﬁl[H(Tu Z, C?ﬁ)]
d¢ dn
27?2/ /C)/ HTZCU[(Uﬁ?T??)]dZCn

[0(07 T1, T2, 77) = C((Zl, 22/7"2)*; 7—1(2’ Z;C)> TQ(z7 Z;C)> (22/21)*}

The symbol * designates the complex conjugate operator. The contour
deformation method [6] produces global reprentations of H and h through
reciprocal transform linking the associated harmonic and analytic function el-
ements. These facts are summarized in

where

Theorem A. For each function H that is harmonic at origin in sphere S(ro) :
| X| < ro there is a unique W associated function h of three complex variables
analytic in the disc D, and conversely.

Using various techniques, the characterizations of order and type in terms
of the coefficients a¥,, were obtained by Fryant and Shankar [5], Srivastava [20],
Temliakow and others. More direct derivations of order and type for harmonic
functions in R? were given by Fryant [2,3,4] and Kapoor and Nautiyal [10,11].
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The growth of entire harmonic functions in R™ was considered by Veselovskaya
[22] where order and type were obtained for harmonic functions in terms of
spherical harmonic coefficients. Recently, Kumar[12] studied the growth of
entire harmonic functions in R, n > 2 and obtained various characterizations
interms of spherical coefficients and approximation error’s by harmonic poly-
nomials. However, none of them have considered this method and approach
for studying the growth of it in R*. Although, the order and type of entire
harmonic functions was studied in [3] by using Bergmann integral operator as
a principal tool. In this paper we obtain the coefficients characterizations of
order and type of harmonic function H in R*. Our results are different from
all those authors mentioned above.

2. Auxiliary Results

In this section we shall prove some auxiliary results which have been used in
the sequel.

The maximum modulus of associate h € C? is defined in complex function
theory

2 2
M(ry,72,73, h) = MAT (|2 =r,i=1,2,3 P (21, 22, 23), 71 < %0,7"2 < %0, l—e<r3<l+e
The growth of a function h, analytic in D, ,, as determined by its maximum
modulus function M(rq,re,r3, h) can be studied in several different ways. To
measure the growth of h with respect to all the variables simultaneously, the
concept of D, ,, order and D, ,, type introduced by Juneja and Kapoor[9] have

been used.
Set

MDe,ro (t, h) = mal’(rl’r?’m)@Ds’mM(T’l, 9,73, h), 0<t<l1.
We define the D, - order pp,, (h) of h as

logt log™ Mp, . (t,h)
h) = limsu =70
pDe,’r‘o( ) i1 p _ log(l _ t)

(2.1)
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if 0 < pp,,,(h) < o0, the D, - type Tp,, of his defined as

log* Mp, , (t, h
TDe,m(h) = lim sup g Mp.,,(th)

. 2.2
RTINSO 22)

We now prove

Theorem 2.1. Let h(zy, 29, 23) = S ooy SOP=F ST=F ak b, (2) be analytic

n=—=k A omn

in the polydisc D, ,, and have D, ,, order PDe,TU(h) 0< pDWO(h) < 0o. Then
h
L‘J() = limsup {log"log™a® r¥rk2ks flog(ky + ky + ks)} (2.3)
PDerg (M) + 1 by kytks oo

where ky =k —n, ky =k +n, ks =m, and left hand side is interpreted as 1 if
pDe,'rO (h) = 0.

Proof. Let us consider the function f(z1, 22, 23, w) of four complex variables
21, 29, 23, w defined by

o m=k n=k

5(21722723710) = h( 2’1722,23 Z Z Z afnnw2k+mhfm(z1,22,23)

k=0 m=—kn=—k

where |w| < 7. Set

oo m=k n=k

Py\(21, 22, 23) Z Z Z ak hE (21,29, 23), m + 2k = \.

k=0 m=—kn=—k

Then
B(z1, 22, 23, W) = Z Py(z1, 29, 23)w

is an analytic function of w in finite disc of radius ry.In view of Cauchy inequal-
ity for the coefficients of a power series of one variable, we get, for 0 < ¢ < 1
and (21, 29, 23) € De .y,
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| Py(z1, 29, 23)| < Irr|1ax 1B(21, 22, 23, w)| [P 05208 k) 4k + kg = N (2.4)

Now

max |3(z1, 22,23, w)| < max max |h(w(z1, 22, 23))|
|w|=tro |w|=tro |zi|=r;

= max ‘h(UI,UQ,Ug)’
|vi|=tr;

< max M(ry,ry,r5,h) = Mp

(r},r3,r5)etDe,r

(t, h).

€,70

Therefore we have

Mp.,, (t h)

= (2.5)

|P\(z1, 22, 23)| < t/\r 7“ o

Since (2.5) holds for every z1, 29, 23 € D, we get

MDe,m(TOaP/\) = max M(Tlarz,rs,PA)

(r1,r2,73)€t De ry

= max max | P\(z1, 22, 23)|
(r1,r2 ,rg)etDe’TO |zi|=tr;i=1,2,3

Mp,,,(t,h)
tAphiphephs
Thus,for all t, 0 <t < 1, and every positive integer A,

MDE ,T0 (t h)
tApkiphaphs ”

Now first letp(h) = pper,(h) < 0o by the definition of p(h), it follows that
for any e > 0 and for all 0 <t < 1,

MDE,TQ(T()y P)\) (26)

logt Mpe,,(t,h) < (1 —t)- =<
or

MDe,m (ta h) < €:L‘p{(1 — t)_P(h)—e}
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using (2.6), we get
MDE 70 (TOJ P)\) < €$p{(1 - t) oth)= }t_ 1 T3 3 (27)

we now find an upper bound on the coefficients of the polynomial Py (21, 22, 23)
for k1 + ko + k3 = X and (ry,re,r3) € tD. 4y

koo M(rq,72,73, Py)

mn — k1 ko k3
1, Ty ,T3

Minimizing the right hand side of this inequality for all (11,72,73) € Dy,
it follows that, for any m,n.k with k; + ko + k3

ak S MDE,TO (TD> P)\)

combining this inequality with(2.7), we get
ak rRpbeks < erp{(1 —t)7PMm A, (2.8)

Minimizing the right hand side of(2.8), we have

k .k

ki + ko + kK
a 7"1 7"2 7“3 < exp{(l +p<h) + )(#) h)+€)/(p( )+1+6)}

p(h) +¢€
or

log* log™ (ay,, 1" r5°r5*) _ _ p(h) + e
log(ky +ka+ks) — plh)+1+e€

+o(1).

Proceeding to limits in above inequality, we obtain

lim sup {log+ log™ (ak,, ritrk2r?) o)
4k k3 — 00 log(k1 + k2 + k3) p(h) +1

If p(h) = 0o, we produced with an arbitrary large number in place of p(h) + €
and get 1 on the right hand side of(2.9).

(2.9)

To prove the reverse inequality, we let
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loot loo™ (a* k1,.k2, k3
lim sup { og  log (amnrl 7"2 703 )

k1+ko+ks—o00 log<k1 _'_ k? + k3)

}=oa.

For any € > 0, there exists a nonnegative integer A(e) such that, for ky + ks +
k3 2 )\(E)a
ak rRiebebs < expl{(ky + ky + kg)*teY.

mn

This inequality implies for 0 < ¢ < 1,

oo
k k1,.k2, ks (k1+ko+ks
Mpero(t, h) < mMaz (v, ryrs)eDero E amnr11r22r33t( 1Hkatks) (2.10)
k1+ko+k3=0
ko k1, ka ks (k1+ka+ks)
< E AT T T5°E
k1+k‘2+k‘3§)\(6)
k1+ko+k
+ E t( 1+ko+k3) exp(k:l + ky + k,g)oc-l—e
k1+ko+ks>A(e)

< at’ e+ ) (14 ) exp(A) @t
A=0

where ¢; and ¢y are constants. Now it can be shown that

F(z1, 22, 23, 1)

oo

= Z (1 + k‘l + k?g + ]{33)3 exp(k:l + k?g + k?g)a+ezflZ§2Z§3t(k1+k2+k3)
k1+ko+k3=0

is analytic in finite disc D, ,,. The order of F is (a+¢€)/(1—a—e¢). Therefore, by
the definition of order in three complex variables any € > 0 and t sufficiently
close to 1,

Mpery(t, F) < eap{(1 — ) ((e+0/0me0rey,
By (2.10), we have

MDEM (t, h) < Clt)\(e) + o+ MDE,T() (t, F)
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so that we have t sufficiently close to 1,

MDe,ro (ta h) < Clt)\(e) + co + €xp{(1 - t)f(aJre/(lfafe))Jre,}.

Since € and € are arbitrary, the above inequality gives that

p(h) <

1 -«

or
o),
p(h)+1~

Combining (2.9) and (2.11), the proof is completed.

(2.11)

Theorem 2.2. Let h(z1,22,23) = Y o Ome—k an—k khE (21, 20,23) by
analytic in the polydisc D.,,, have order p(h)(0 < p(h) < o0) and type

Tp.,,(h)(0 <Tp,, (h) < o00), then

(p(h) +1 p(h)HTD (h) = limsup {<10ng ) (h)H} (2.12)
p(h)p(h) “To k1+ko+kz—>o00 (kl + k2 + k?))p(h ' '

Proof. Following the techniques employed in the proof of the Theorem 2.1,
we get

Q11 15°75" < exp{(T(h) +€)(1 — 1) "W}t T(h) = Tp,, (h).
Minimizing the right hand side of above inequality, we get

ak 7"1“7"2 7’3 < exp{(

T(h)+e

0 )1/(p(h)+6)}(p(h) + 1) (ky + ko + k3>p(h)/(p(h)+1)
p

which gives

p(h)+1 ki ko p(h)+1
(p(h) +1) T(h)> limsup {(108? (ak,,riri2ri?))

. 2.13
(p(h))p(h) " kitkatha—oo (kl + ko + kS)P(h } ( )
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To prove the reverse inequality, let

(log™* (a}, r’flr’;"r’;?’)) .

klfgfkggoo{ (ky + ko + ks)r(h }=4.
By Considering
F'(21, 2, 23, )
- i exp{ (0 + &)Y WD () + oy + kg )P/ PIFDY Sk ke sy (o ths)
k1 +ka+ks=0

in place of F(zi,29,25,t)in Theorem 2.1. Now using [9, Lemma 2.2] with
D = p(h)/1+ p(h) and ¢ = (0 + €)Y/ P+ e have for all t sufficient close to
L,

, p(h)
log Mp,, (¢, F') < (p(}(g(i)l)p(im (0 +¢) +0(1)(1 — t)=™),

Thus, we have

(p(h))"™

(p(h) + 1)r)+1 (0+¢2)+0(1)(1 —t) """}

MD&TO (t, h) < Cltk(e) + Cco + eXp{(

or

log" Mp,,,(t,h) _ (p(l))"®
= 1 v <
T =B = —m— = (o) + 10

)+1(«9+5).

Since € is arbitrary, it follows that

p(h)+1
. (p(f(lg(;zﬁz(h) — T(h). (2.14)

On combining (2.13) and (2.14) we get the required result i.e.,(2.12).

Now if T(h) = 0, then h(zy, 22, 23) is of order at most p(h) its growth
(p(h),0). Similarly if T(h) = oo, its growth (p(h),o00) This completes the
proof of the theorem.
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3. Main Results

Theorem 3.1. Let H is harmonic function in R* with W associate h(z1, 29, 23).
Then orders and types of H and h respectively are equal.

Proof. The nonnegativity and normalization of the measure lead directly
from relation (1.4) to the bound

M(r,H) < M(rq,79,73,h) (3.1)
where

M(r,H) :rand?xH(r,H,ng),r: 1 X[,0<0<7m0<¢<2m 21 < p <27,
77<p

The inverse relation
h(zla 292, 23) = W_l[H(Ta Z, C) 77)]

leads to the bound

(21,22 23)| < M(r. H)N(0),0 = <(21;22)2>*
and
N(o) = max{C(o;71,72,n) : |ori/n| < 1,|omn| < 1}.
It gives
M(ry,re,13,h) =< M(r, H)N (o).
For
2 = ere’s, 2y = ere’,

we have

M(ry,r9,73,h) < M(e7'r, HYN(&?). (3.2)

From the inequalities (3.1) and (3.2) with the definition of order and type
of analytic function h of three complex variables we get the requisite conclu-
sions to complete the proof of the Theorem 3.1.
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Theorem 3.2. Suppose

[e's) k k

k=0 m=—kn=—k

where

1
; kook 1mFhoths — —
hm Sup [wmnamn] 1zt = .

k1+ko+ks—o00 To
Then the order p(H) of H in the sphere S(ro) : | X| < r¢ is given
ak k1+k2+k3)

p(H) : lOng lOg ( Wi CmnTo
———— = limsup {
P(H) + 1 kfhotks—oo log(k1 + ko + k3)

}

and the type T(H) of H in the sphere S(ry) is given by

F\e(H) 1 aF  pkitkatkay PUD
p( ) hIIlSllp {Og ( Wi CmnT0 ) }p(H)

T(H) =
H) = oty + oo, Bmsee U S Ry

Here ky, ko, k3 are defined as earlier.

Proof. By Theorem A, the harmonic function H in R* is analytic if the as-
sociate h € C? is analytic. Now applying Theorem 3.1 with Theorem 2.1 and
2.2 the proof of the theorem is completed.
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124

1]

[10]

[11]

[12]

[13]

D. Kumar

References

R. Askey, Orthogonal Polynomials and Special Functions, Regional Con-
ference Series in Applied Mathematics, STAM, Philadelphia, 1975.

A. J. Fryant, Growth of entire harmonic functions, in R3. J. Math. Anal.
Appl., 66 (1978), 599-605.

A. J. Fryant, Spherical harmonic expansions, Pure App. Math. Sci., 22
(1985), 25-31.

A. J. Fryant, Bounds on the Legendre functions, Pure Appl. Math. Sci.,
23 (1986), 63-68.

A. J. Fryant and H. Shankar, Bounds on the maximum modules of har-
monic functions, The Math Student, 55 no 2-4 (1987), 103-116.

R. P. Gilbert, Function theoretic methods in partial differential equations,
Math. Sci. Engrg., 54 (1969).

R. P. Gilbert, Constructive Methods for Elliptic Equations in ”Lecture
Notes in Mathematics,” Vol 365, Springer - Verlag, New York, 1974.

R. P. Gilbert, Multivalued harmonic functions of four variables, J. Analyse
Math., 15 (1965), 305-323.

O. P. Juneja and G. P. Kapoor, Analytic Functions- Growth Aspects ,
Research Notes in Mathematics, Pitman Advanced Publishing Program
Boston -Londan Melbourne, 1985.

G. P. Kapoor and A. Nautiyal, Approximation of entire harmonic func-
tions in R3, Indian J. Pure Appl. Math., 13 (1982), 1024-11.

G. P. Kapoor and A. Nautiyal,On the growth of harmonic functions in
R3, Demonstratio Math., 16 (1983), 811-819.

M. Kracht and E. O. Kreyszing, Methods of complex analysis in par-
tial deferential equations with application, Canad. Math. Soc. Ser. Mono-
graphs Adv. Texts (1988).

D. Kumar, Growth and approximation of entire harmonic functions in
R™ n >3, Georgian Math. J., 15 no.1 (2008), 99-110.



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

Growth of Harmonic Functions in R* 125

D. Kumar and H. S. Kasana, Approximation of harmonic functions in
R%*n LP- norms, Fasciculi Math., 34 (2004), 55 -64.

D. Kumar, G. S. Srivastava , and H. S. Kasana, Approximation of entire
harmonic functions in R? having index - pair (p, q), Anal Numer. Theory
Approz, 20 no. 1-2 (1991), 47-57.

M. Marden, Axisymmetric harmonic interpolation polynomials in R*,
Trans. Amer. Math. Soc., 196 (1974), 385-402.

P. A. McCoy, Best L approximates of generalized biaxially symmetric
potentials, Proc. Amer. Math. Soc., 76 (1980), 435-440.

P. A. McCoy, Approximation of pseudoanalytic functions on the unit disk,
Complex Variables Theory Appl., 6 (1986), 123-133.

P. A. McCoy, Representation of harmonic functions in R*, J. Math. Anal.
Appl., 154 (1991), 43-54.

G. S. Srivastava, On the coefficients of entire harmonic functions in R3,
Ganita Vol 51 no. 2 (2000), 169-178.

A. Temliakow, Zu dem Wachstum problem der harmorchen function des-
drei dimensional Raumes, Recueil Math., 42 (1935).

O. Veselovskaya, Growth of entire functions which are harmonic in R",
Isvestiya Matematica, 27 (1983), 13-17.

N. Vilenkin, Special functions and the theory of group representations,
Transl. Math., Monographs 22 (1968).



