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Abstract

The Srivastava-Attiya operator is used here to define a new subclass
of meromorphically multivalent functions in the punctured open unit
disk U0 = {z : 0 < |z| < 1}. For this new function class, several
inclusion relationships are established. Some interesting corollaries and
consequences of the main inclusion relationship are also considered.
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function, Hadamard product (or convolution), Srivastava-Attiya operator, Sub-
ordinate.

1. Introduction

Let Σ(p) denote the class of meromorphically multivalent functions of the form

f(z) = z−p +
∞∑
n=1

anz
n−p (p ∈ N := {1, 2, 3, · · · }), (1.1)
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which are analytic in the punctured open unit disk U0 = {z : 0 < |z| < 1}
with a pole at z = 0. The class Σ(p) is closed under the Hadamard product
(or convolution)

(f1 ∗ f2)(z) = z−p +
∞∑
n=1

an,1an,2z
n−p = (f2 ∗ f1)(z),

where

fj(z) = z−p +
∞∑
n=1

an,jz
n−p ∈ Σ(p) (j = 1, 2).

Given two functions f(z) and g(z), which are analytic in U = U0 ∪ {0},
we say that the function g(z) is subordinate to f(z) and write g ≺ f or
(more precisely) g(z) ≺ f(z) (z ∈ U), if there exists a Schwarz function
w(z), analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U) such that g(z) =
f(w(z)) (z ∈ U). In particular, if f(z) is univalent in U, we have the following
equivalence

g(z) ≺ f(z) (z ∈ U)⇔ g(0) = f(0) and g(U) ⊂ f(U).

Let A be the class of functions of the form

f(z) = z +
∞∑
n=2

bnz
n, (1.2)

which are analytic in U. A function f(z) ∈ A is said to be in the class S∗(α)
if

Re

{
zf ′(z)

f(z)

}
> α (z ∈ U) (1.3)

for some α(α < 1). When 0 ≤ α < 1, S∗(α) is the class of starlike functions of
order α in U. A function f(z) ∈ A is said to be prestarlike of order α in U if

z

(1− z)2(1−α)
∗ f(z) ∈ S∗(α) (α < 1), (1.4)

where the symbol ∗ means the familiar Hadamard product (or convolution) of
two analytic functions in U. We denote this class by R(α) (see [16]). Clearly
a function f(z) ∈ A is in the class R(0) if and only if f(z) is convex univalent
in U and

R

(
1

2

)
= S∗

(
1

2

)
.
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With a view to introducing the Srivastava-Attiya convolution operator Ls,b,
we begin by recalling a general Hurwitz-Lerch Zeta function Φ(z, s, b) defined
by (cf., e.g., [20, p.121 et seq.])

Φ(z, s, b) :=
∞∑
n=0

zn

(n+ b)s
=

1

bs
+

z

(1 + b)s
+

z2

(2 + b)s
+ · · ·

(b ∈ C\Z−0 ,Z−0 = {0,−1,−2, · · · }; s ∈ C when |z| < 1; Re(s) > 1 when |z| = 1).

Some interesting properties and characteristics of the Hurwitz-Lerch Zeta func-
tion Φ(z, s, b) can be found in the recent investigations by Choi and Srivastava
[4], Ferreira and López [5], Garg et al. [6], Lin and Srivastava [9], Lin et al.
[10], Luo and Srivastava [12], and others.

Very recently, Srivastava and Attiya [19] introduced the linear operator

Ls,b : A→ A

defined, in terms of the Hadamard product (or convolution), by

Ls,bf(z) := Gs,b(z) ∗ f(z) (z ∈ U; b ∈ C \ Z−0 ; s ∈ C),

where, for convenience,

Gs,b(z) := (1 + b)s[Φ(z, s, b)− b−s] (z ∈ U).

The operator Ls,b is called the Srivastava-Attiya operator (see [15][23]).
It is well known that the Srivastava-Attiya operator Ls,b contains, among its
special cases, the integral operators introduced and investigated earlier by (for
example) Alexander [1], Libera [8], Bernardi [2], and Jung et al. [7].

Analogous to Ls,b, we now introduce the following generalized Srivastava-
Attiya operator Js,b

Js,b : Σ(p)→ Σ(p)

Js,bf(z) := Gp,s,b(z) ∗ f(z) (z ∈ U; b ∈ C \ Z−0 ; s ∈ C), (1.5)

where
Gp,s,b(z) := (1 + b)s[Φp(z, s, b)− b−s] (1.6)

and

Φp(z, s, b) =
1

bs
+

z−p

(1 + b)s
+

z−p+1

(2 + b)s
+ · · · . (1.7)
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It is not difficult to see from (1.5) to (1.7) that

Js,bf(z) = z−p +
∞∑
n=1

(
1 + b

n+ 1 + b

)s
anz

n−p. (1.8)

Let P be the class of functions h(z) with h(0) = 1, which are analytic and
convex univalent in U.

Definition. A function f(z) ∈ Σ(p) is said to be in the class Ms,b(λ;h) if it
satisfies the subordination condition

(λ− 1)

p
zp+1(Js,bf(z))′ +

λ

p(p+ 1)
zp+2(Js,bf(z))′′ ≺ h(z), (1.9)

where λ is a complex number and h(z) ∈ P .

The main object of this paper is to present a systematic investigation of the
class Ms,b(λ;h) defined above by means of the generalized Srivastava-Attiya
operator Js,b. Several inclusion relationships of the class Ms,b(λ;h) are estab-
lished. Some interesting corollaries and consequences of the main inclusion
relationship are also considered.

For our purpose, we shall need the following lemmas to derive our main
results for the class Ms,b(λ;h).

Lemma 1. (see [14]). Let g(z) be analytic in U and h(z) be analytic and
convex univalent in U with h(0) = g(0). If

g(z) +
1

µ
zg′(z) ≺ h(z), (1.10)

where Reµ ≥ 0 and µ 6= 0, then

g(z) ≺ h̃(z) = µz−µ
∫ z

0

tµ−1h(t)dt ≺ h(z)

and h̃(z) is the best dominant of (1.10).

Lemma 2. (see [16]). Let α < 1, f(z) ∈ S∗(α) and g(z) ∈ R(α). Then, for
any analytic function F (z) in U,

g ∗ (fF )

g ∗ f
(U) ⊂ co(F (U)),

where co(F (U)) denotes the closed convex hull of F (U).
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2. Properties of the Class Ms,b(λ;h)

Theorem 1. Let λ1 < λ2 ≤ 0. Then Ms,b(λ1;h) ⊂Ms,b(λ2;h).
Proof. Let λ1 < λ2 ≤ 0 and suppose that

g(z) = −z
p+1(Js,bf(z))′

p
(2.1)

for f(z) ∈ Ms,b(λ1;h). Then the function g(z) is analytic in U with g(0) = 1.
Differentiating both sides of (2.1) with respect to z and using (1.9), we have

(λ1 − 1)

p
zp+1(Js,bf(z))′ +

λ1
p(p+ 1)

zp+2(Js,bf(z))′′

= g(z)− λ1
p+ 1

zg′(z) ≺ h(z). (2.2)

Hence an application of Lemma 1 yields

g(z) ≺ h(z). (2.3)

Noting that 0 < λ2
λ1
< 1 and that h(z) is convex univalent in U, it follows from

(2.1) to (2.3) that

(λ2 − 1)

p
zp+1(Js,bf(z))′ +

λ2
p(p+ 1)

zp+2(Js,bf(z))′′

=
λ2
λ1

(
(λ1 − 1)

p
zp+1(Js,bf(z))′ +

λ1
p(p+ 1)

zp+2(Js,bf(z))′′
)

+

(
1− λ2

λ1

)
g(z)

≺ h(z).

Thus f(z) ∈Ms,b(λ2;h) and the proof of Theorem 1 is completed.

Theorem 2. Let f(z) ∈Ms,b(λ;h), g(z) ∈ Σ(p) and

Re{zpg(z)} > 1

2
(z ∈ U). (2.4)

Then
(f ∗ g)(z) ∈Ms,b(λ;h).
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Proof. For f(z) ∈Ms,b(λ;h) and g(z) ∈ Σ(p), we have

(λ− 1)

p
zp+1(Js,b(f ∗ g)(z))′ +

λ

p(p+ 1)
zp+2(Js,b(f ∗ g)(z))′′

=
(λ− 1)

p
(zpg(z)) ∗ (zp+1(Js,bf(z))′) +

λ

p(p+ 1)
(zpg(z)) ∗ (zp+2(Js,bf(z))′′)

= (zpg(z)) ∗ ψ(z), (2.5)

where

ψ(z) =
(λ− 1)

p
zp+1(Js,bf(z))′ +

λ

p(p+ 1)
zp+2(Js,bf(z))′′. (2.6)

In view of (2.4), the function zpg(z) has the Herglotz representation

zpg(z) =

∫
|x|=1

dµ(x)

1− xz
(z ∈ U), (2.7)

where µ(x) is a probability measure defined on the unit circle |x| = 1 and∫
|x|=1

dµ(x) = 1.

Since h(z) is convex univalent in U, it follows from (2.5) to (2.7) that

(λ− 1)

p
zp+1(Js,b(f ∗ g)(z))′ +

λ

p(p+ 1)
zp+2(Js,b(f ∗ g)(z))′′

=

∫
|x|=1

ψ(xz)dµ(x) ≺ h(z).

This shows that (f ∗ g)(z) ∈Ms,b(λ;h) and the theorem is proved.

Corollary 1. Let f(z) ∈Ms,b(λ;h) be given by (1.1) and let

sm(z) = z−p +
m−1∑
n=1

anz
n−p (m ∈ N \ {1}).

Then the function

σm(z) =

∫ 1

0

tpsm(tz)dt
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is also in the class Ms,b(λ;h).

Proof. We have

σm(z) = z−p +
m−1∑
n=1

an
n+ 1

zn−p = (f ∗ gm)(z) (m ∈ N \ {1}),

where

f(z) = z−p +
∞∑
n=1

anz
n−p ∈Ms,b(λ;h)

and

gm(z) = z−p +
m−1∑
n=1

zn−p

n+ 1
∈ Σ(p).

Also, for m ∈ N \ {1}, it is known from [18] that

Re {zpgm(z)} = Re

{
1 +

m−1∑
n=1

zn

n+ 1

}
>

1

2
(z ∈ U).

An application of Theorem 2 leads to σm(z) ∈Ms,b(λ;h).

Theorem 3. Let f(z) ∈Ms,b(λ;h), g(z) ∈ Σ(p) and

zp+1g(z) ∈ R(α) (α < 1).

Then
(f ∗ g)(z) ∈Ms,b(λ;h).

Proof. For f(z) ∈Ms,b(λ;h) and g(z) ∈ Σ(p), from (2.5) we have

(λ− 1)

p
zp+1(Js,b(f ∗ g)(z))′ +

λ

p(p+ 1)
zp+2(Js,b(f ∗ g)(z))′′

=
(zp+1g(z)) ∗ (zψ(z))

(zp+1g(z)) ∗ z
(z ∈ U), (2.8)

where ψ(z) is defined as in (2.6).
Since h(z) is convex univalent in U,

ψ(z) ≺ h(z), zp+1g(z) ∈ R(α) and z ∈ S∗(α) (α < 1),
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it follows from (2.8) and Lemma 2 the desired result.
Taking α = 0 and α = 1

2
, Theorem 3 reduces to the following.

Corollary 2. Let f(z) ∈ Ms,b(λ;h) and let g(z) ∈ Σ(p) satisfy either of
the following conditions

(i) zp+1g(z) is convex univalent in U
or

(ii) zp+1g(z) ∈ S∗
(
1
2

)
.

Then
(f ∗ g)(z) ∈Ms,b(λ;h).

Theorem 4. Let G(z) ∈Ms,b(λ;h). If the function f(z) is defined by

G(z) =
µ− p
zµ

∫ z

0

tµ−1f(t)dt (µ > p), (2.9)

then
σpf(σz) ∈Ms,b(λ;h),

where

σ =

√
1 + (µ− p)2 − 1

µ− p
∈ (0, 1). (2.10)

Proof. For G(z) ∈ Σ(p), it is easy to verify that

G(z) = G(z) ∗ z−p

1− z
and zG′(z) = G(z) ∗

(
z−p

(1− z)2
− (p+ 1)

z−p

1− z

)
.

Hence, by (2.9), we have

f(z) =
µG(z) + zG′(z)

µ− p
= (G ∗ g)(z) (z ∈ U0;µ > p), (2.11)

where

g(z) =
1

µ− p

(
(µ− p− 1)

z−p

1− z
+

z−p

(1− z)2

)
∈ Σ(p). (2.12)

Next we show that

Re {zpg(z)} > 1

2
(|z| < σ), (2.13)
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where σ is given by (2.10). Setting

1

1− z
= Reiθ (R > 0) and |z| = r < 1,

we see that

cosθ =
1 +R2(1− r2)

2R
and R ≥ 1

1 + r
. (2.14)

For µ > p it follows from (2.12) and (2.14) that

2Re {zpg(z)} =
2

µ− p
[
(µ− p− 1)Rcosθ +R2(2cos2θ − 1)

]
=

1

µ− p
[
(µ− p− 1)(1 +R2(1− r2)) + (1 +R2(1− r2))2 − 2R2

]
=

R2

µ− p
[
R2(1− r2)2 + (µ− p+ 1)(1− r2)− 2

]
+ 1

≥ R2

µ− p
[
(1− r)2 + (µ− p+ 1)(1− r2)− 2

]
+ 1

=
R2

µ− p
(µ− p− 2r − (µ− p)r2) + 1.

This evidently gives (2.13), which is equivalent to

Re {zpσpg(σz)} > 1

2
(z ∈ U). (2.15)

Let G(z) ∈ Ms,b(λ;h). Then by using (2.11) and (2.15), an application of
Theorem 2 yields

σpf(σz) = G(z) ∗ (σpg(σz)) ∈Ms,b(λ;h).

Theorem 5. Let λ < 0, β > 0 and f(z) ∈ Ms,b(λ; βh + 1 − β). If β ≤ β0,
where

β0 =
1

2

(
1 +

p+ 1

λ

∫ 1

0

u−
p+1
λ
−1

1 + u
du

)−1
, (2.16)

then f(z) ∈Ms,b(0;h). The bound β0 is sharp when h(z) = 1
1−z .

Proof. Let us define

g(z) = −z
p+1(Js,bf(z))′

p
(2.17)
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for f(z) ∈Ms,b(λ; βh+ 1− β) with λ < 0 and β > 0. Then we have

g(z)− λ

p+ 1
zg′(z) =

(λ− 1)

p
zp+1(Js,bf(z))′ +

λ

p(p+ 1)
zp+2(Js,bf(z))′′

≺ βh(z) + 1− β.

Hence an application of Lemma 1 yields

g(z) ≺ −β(p+ 1)

λ
z
p+1
λ

∫ z

0

t−
p+1
λ
−1h(t)dt+ 1− β

= (h ∗ ψ)(z), (2.18)

where

ψ(z) = −β(p+ 1)

λ
z
p+1
λ

∫ z

0

t−
p+1
λ
−1

1− t
dt+ 1− β. (2.19)

If 0 < β ≤ β0, where β0(> 1) is given by (2.16), then it follows from (2.19)
that

Reψ(z) = −β(p+ 1)

λ

∫ 1

0

u−
p+1
λ
−1Re

(
1

1− uz

)
du+ 1− β

> −β(p+ 1)

λ

∫ 1

0

u−
p+1
λ
−1

1 + u
du+ 1− β

≥ 1

2
(λ < 0; z ∈ U).

Now, by using the Herglotz representation for ψ(z), from (2.17) and (2.18) we
arrive at

−z
p+1(Js,bf(z))′

p
≺ (h ∗ ψ)(z) ≺ h(z)

because h(z) is convex univalent in U. This shows that f(z) ∈Ms,b(0;h).
For h(z) = 1

1−z and f(z) ∈ Σ(p) defined by

−z
p+1(Js,bf(z))′

p
= −β(p+ 1)

λ
z
p+1
λ

∫ z

0

t−
p+1
λ
−1

1− t
dt+ 1− β,

it is easy to verify that

(λ− 1)

p
zp+1(Js,bf(z))′ +

λ

p(p+ 1)
zp+2(Js,bf(z))′′ = βh(z) + 1− β.
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Thus f(z) ∈Ms,b(λ; βh+ 1− β). Also, for β > β0, we have

Re{−z
p+1(Js,bf(z))′

p
} → −β(p+ 1)

λ

∫ 1

0

u−
p+1
λ
−1

1 + u
du+ 1− β

<
1

2
(z → −1),

which implies that f(z) /∈Ms,b(0;h). Hence the bound β0 cannot be increased
when h(z) = 1

1−z .
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