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Institut Préparatoire de Sokra, Tunisia

and

N. Bettaibi§

Mathematics Department, College of Sciences, Qassim University,

P.O. BOX 6666 Buraydah 51452, Kingdom of Saudi Arabia

Received January 27, 2010, Accepted March 3, 2010.

Tamsui Oxford Journal of Information and Mathematical Sciences 28(3) (2012) 227-237
Aletheia University

Abstract

In this paper, a modified q-Mellin transform is introduced and stud-
ied, and a Plancherel formula as well as a Hausdorff-Young inequality
are shown. Next, new type Paley-Wiener theorems for this transform
are established, using real variable methods.
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1. Introduction

In the q-theory, (see [2] and [5]), for a real parameter q ∈]0, 1[, we write

[a]q =
1− qa

1− q
, a ∈ C,

(a; q)0 = 1, and (a; q)n =
n∏
k=0

(1− aqk), n ∈ N ∪ {∞}, a ∈ C,

and

Rq,+ = {qn : n ∈ Z}.

The q-Jackson’s integrals from 0 to a, from 0 to∞ and in a generic interval
[a, b] are defined by (see [4])∫ a

0

f(x)dqx = (1− q)a
∞∑
n=0

f(aqn)qn, (1)

∫ ∞
0

f(x)dqx = (1− q)
∞∑

n=−∞

f(qn)qn, (2)

provided the sums converge absolutely, and∫ b

a

f(x)dqx =

∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx. (3)

Using the q-Jackson’s integral, the q-Mellin transform of a function f on Rq,+

is defined in [1], by

Mq(f)(s) = Mq[f(t)](s) =

∫ ∞
0

ts−1f(t)dqt.

It is analytic on a strip 〈αq,f ; βq,f〉, called the fundamental strip, and it is a

periodic function, with period
2iπ

Logq
. Furthermore, we have

∀n ∈ N,∀s ∈ 〈αq,f ; βq,f〉,
dn

dsn
Mq(f)(s) = Mq [(Log(t))nf(t)] (s). (4)
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The inversion formula for this transform is given by

f(x) =
Log(q)

2iπ(1− q)

∫ c+ iπ
Log(q)

c− iπ
Log(q)

Mq(f)(s)x−sds, x ∈ Rq,+,

where αq,f < c < βq,f .
It was shown in [1], that for c ∈ 〈αq,f ; βq,f〉 ∩ 〈1− βq,g; 1− αq,g〉, we have

Log(q)

2iπ(1− q)

∫ c+i π
Log(q)

c−i π
Log(q)

Mq(f)(s)Mq(g)(1− s)ds =

∫ ∞
0

f(x)g(x)dqx. (5)

The aim of the present paper is to introduce and study a q-analogue of the
modified Mellin transform, that will be called modified q-Mellin transform.
In particular, we prove for this new transform a Plancherel formula and a
Hausdorff-Young inequality. Next, inspired by the ideas developed in [7], we
establish for the modified q-Mellin transform some real Paley-Wiener theorems.

This paper is organized as follows: in Section 2, we introduce the modified
q-Mellin transform and we prove a Plancherel formula and a Hausdorff-Young
inequality. In Section 3, we establish a relation between the support of a
function f on Rq,+ and differentiability properties of its modified q-Mellin
transform. We investigate then the support of a function only in terms of its
q-Mellin transform, using real variable techniques.

2. Modified q-Mellin Transform

Notation. The notation Lpq(Rq,+) will stand for the Banach space induced by

the norm ‖f‖Lpq(Rq,+) =

(∫ ∞
0

|f(t)|pdqt
) 1

p

and in the presence of a weight, we

will write ‖f‖Lpq(Rq,+,w(t)dqt) =

(∫ ∞
0

|f(t)|pw(t)dqt

) 1
p

.

Definition 1. Let f be a function defined on Rq,+. We define the modified
q-Mellin transform Mq,γ(f), γ ∈ R, of f as

Mq,γ(f)(x) =

∫ ∞
0

tγ+ix−1f(t)dqt, x ∈ R, (6)

provided the q-integral converges.
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It is clear that Mq,γ(f) is the restriction of the q-Mellin transform of f on
γ+ iR. So, Mq,γ(f) is defined on R if and only if γ is a real in the fundamental
strip of Mq(f). In the sequel, we assume that this condition holds. Moreover,

it is a periodic function, with period
2π

Logq
.

Theorem 1. Let f be a function defined on Rq,+ such that tγ−1f(t) ∈ L1
q(Rq,+).

Then Mq,γ(f) ∈ L∞
([

π
Logq

,− π
Logq

]
, dx
)

and

‖Mq,γ(f)‖L∞([ π
Logq

,− π
Logq ],dx)

≤ ‖tγ−1f(t)‖L1
q(Rq,+). (7)

Proof. For all x ∈
[

π
Logq

,− π
Logq

]
, we have

|Mq,γ(f)(x)| =
∣∣∣∣∫ ∞

0

tγ+ix−1f(t)dqt

∣∣∣∣ ≤ ∫ ∞
0

tγ−1|f(t)|dqt = ‖tγ−1f(t)‖L1
q(Rq,+).

Theorem 2. (Plancherel formula)
Let f be a function defined on Rq,+ such that tγ−1/2f(t) ∈ L2

q(Rq,+). Then

Mq,γ(f) is in L2
([

π
Logq

,− π
Logq

]
, dx
)

and

(
Logq

2π(q − 1)

) 1
2

‖Mq,γ(f)‖L2([ π
Logq

,− π
Logq ],dx)

= ‖tγ−1/2f(t)‖L2
q(Rq,+). (8)

Proof. Using (5) and the fact

∀λ ∈ C, Mq[t
λf(t)](s) = Mq(f)(λ+ s),

we obtain∫ +∞

0

|f(x)|2x2γ−1dqx =

∫ +∞

0

f(x)f(x)x2γ−1dqx

=
Logq

2iπ(1− q)

∫ γ+i π
Logq

γ−i π
Logq

Mq(f)(s)Mq(f)(2γ − s)ds

=
Logq

2π(1− q)

∫ π
Logq

− π
Logq

Mq(f)(γ + it)Mq(f)(γ − it)dt

=
Logq

2π(1− q)

∫ π
Logq

− π
Logq

|Mq,γ(f)(t)|2dt.
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Thus,

‖xγ−1/2f‖L2
q(Rq,+) =

(
Logq

2π(q − 1)

)1/2

‖Mq,γ(f)‖L2([ π
Logq

,− π
Logq ],dx)

.

We are now in a situation to state a Hausdorff-Young inequality for the mod-
ified q-Mellin transform.

Theorem 3. (Hausdorff-Young inequality)
Let f be a function defined on Rq,+ and 1 < n ≤ 2 (resp. n = 1) such

that tγ−
1
nf(t) ∈ Lnq (Rq,+). Then for m = n

n−1 (resp. m = ∞), we have

Mq,γ(f) ∈ Lm
([

π
Logq

,− π
Logq

]
, dx
)

and

‖Mq,γ(f)‖Lm([ π
Logq

,− π
Logq ],dx)

≤ C(q, n)‖tγ−
1
nf(t)‖Lnq (Rq,+). (9)

Proof. Consider the linear operator T defined by, T (f) = Mq,γ(t
−γf).

From Theorem 1, we have for all f ∈ L1
q(Rq,+,

dqx

x
),

‖T (f)‖L∞([ π
Logq

,− π
Logq ],dx)

≤ ‖f‖
L1
q(Rq,+,

dqx

x
)

and from Theorem 2, we have for all f ∈ L2
q(Rq,+,

dqx

x
),

‖T (f)‖L2([ π
Logq

,− π
Logq ],dx)

=

(
Logq

2π(q − 1)

)− 1
2

‖f‖
L2
q(Rq,+,

dqx

x
)
.

So, by the Riesz-Thorin interpolation theorem (see [3] and [6]), we obtain the

result with C(q, n) =

(
Logq

2π(q − 1)

) 1−n
n

.

3. Paley-Wiener Theorems for the Modified q-

Mellin Transform

From (4), one can see that Mq,γ(f) is a C∞-function on R and for all x ∈ R
and all n ∈ N, we have

dn

dxn
Mq,γ(f)(x) = Mq,γ[(iLogt)nf(t)](x).
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Then, for a polynomial function P (x), we have

P

(
−i d
dx

)
Mq,γ(f)(x) = Mq,γ [P (Logt)f(t)] (x). (10)

For a real positive number r, we put

ΩP,r = {t > 0 : |P (Log(t)| ≤ r}.

We begin by the following useful lemma.

Lemma 1. Let p > 0, F and Q be two functions defined on Rq,+, such that
QnF ∈ Lpq(Rq,+) for all n = 0, 1, 2, ..., then

lim
n→+∞

‖QnF‖
1
n

Lpq(Rq,+)
= sup

t∈supp(F )∩Rq,+
| Q(t) | .

Proof. The case F = 0 is trivial, since in this case supp(F ) = Ø. Suppose
now that F 6= 0 and define a measure µ on Rq,+ by

dµ = ‖F‖−p
Lpq(Rq,+)

|F (x)|pdqx.

We have : µ(Rq,+) = 1 and

‖QnF‖
1
n

Lpq(Rq,+)
= ‖F‖

1
n

Lpq(Rq,+)
‖Q‖Lpnq (Rq,+,dµ).

On the other hand, we have

lim
n→+∞

‖Q‖Lpnq (Rq,+,dµ) = ‖Q‖L∞q (Rq,+,dµ)

and
‖Q‖L∞q (Rq,+,dµ) = sup

t∈supp(µ)
|Q(t)| = sup

t∈supp(F )∩Rq,+
|Q(t)|.

Then, the result follows from the fact that lim
n→+∞

‖F‖
1
n

Lpq(Rq,+)
= 1.

Theorem 4. Let f be a function defined on Rq,+ such that
(1 + |Logt|)ktγ−1/2f(t) ∈ L2

q(Rq,+) for all k = 0, 1, 2.... Then

lim
k→+∞

∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥1/k
L2([ π

Logq
,− π

Logq ],dx)
= sup

t∈supp(f)∩Rq,+
|P (Logt)|. (11)
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In particular, supp(f) ∩ Rq,+ ⊂ ΩP,r if and only if

lim
k→+∞

∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥1/k
L2([ π

Logq
,− π

Logq ],dx)
≤ r. (12)

Proof. On the one hand, from the relation (10) and the Plancherel formula,
we have (

Logq

2π(q − 1)

) 1
2
∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥
L2([ π

Logq
,− π

Logq ],dx)

= ‖tγ−1/2P k(Logt)f(t)‖L2
q(Rq,+).

On the other hand, Lemma 1 gives

lim
k→+∞

∥∥∥∥P k

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/k
L2
([

π
Logq

,− π
Logq

]
,dx
)

= lim
k→+∞

‖tγ−1/2P k(Logt)f(t)‖1/k
L2
q(Rq,+)

= sup
t∈supp(tγ−1/2f)∩Rq,+

|P (Logt)|

= sup
t∈supp(f)∩Rq,+

|P (Logt)|.

Finally, the fact that supp(f) ∩ Rq,+ ⊂ ΩP,r if and only if

sup
t∈supp(f)∩Rq,+

|P (Logt)| ≤ r

completes the proof.

In the particular case P (t) = t, we have the following result.

Corollary 1. A function F is the modified q-Mellin transform Mq,γ(f) of
a function f ∈ L2

q(Rq,+) with support in the interval [e−r, er] if and only if

dk

dxk
F ∈ L2

([
π

Logq
,− π

Logq

]
, dx

)
for all k = 0, 1, . . . and

lim
k→+∞

∥∥∥∥ dkdxkF (x)

∥∥∥∥1/k
L2([ π

Logq
,− π

Logq ],dx)
≤ r.
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Owing to the Hausdorff-Young inequality, the previous theorem can be
generalized by the substitution of the L2 norm by an Lp norm, 2 ≤ p ≤ ∞.
This is the aim of the following result.

Theorem 5. For 2 ≤ p ≤ ∞, we have for all polynomial function P with real
coefficients

lim
k→+∞

∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥1/k
Lp([ π

Logq
,− π

Logq ],dx)
= sup

t∈supp(f)∩Rq,+
|P (Logt)|. (13)

Proof. For 2 ≤ p ≤ ∞, we note p′ its conjugate number (i.e. 1
p

+ 1
p′

= 1).

If 2 ≤ p <∞, then from the Hausdorff-Young inequality and the relation (10),
we have∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥
Lp([ π

Logq
,− π

Logq ],dx)
≤ C(q, p)‖P k(Logt)tγ−1/p

′
f(t)‖

Lp
′
q (Rq,+)

.

So, by Lemma 1, we get

lim sup
k→+∞

∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥1/k
Lp([ π

Logq
,− π

Logq ],dx)

≤ lim sup
k→+∞

C(q, p)1/k‖P k(Logt)tγ−1/p
′
f(t)‖1/k

Lp
′
q (Rq,+)

= sup
t∈supp (tγ−1/p′f)∩Rq,+

|P (Logt)| = sup
t∈supp(f)∩Rq,+

|P (Logt)|.

(14)

If p =∞, then we have from Theorem 1 and the Hölder’s inequality

‖Mq,γ(f)‖L∞([ π
Logq

,− π
Logq ],dx)

≤ ‖tγ−1f‖L1
q(Rq,+)

=

∫ ∞
0

(1 + t2)−1|(1 + t2)tγ−1f(t)|dqt

≤ ‖(1 + t2)−1‖L2
q(Rq,+)‖(1 + t2)tγ−1f(t)‖L2

q(Rq,+)

≤ C‖(1 + t2)tγ−1f(t)‖L2
q(Rq,+).

Therefore,∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥
L∞([ π

Logq
,− π

Logq ],dx)
≤ C‖P k(Logt)(1 + t2)tγ−1f(t)‖L2

q(Rq,+).
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Also, the use of Lemma 1 gives

lim sup
k→+∞

∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥1/k
L∞([ π

Logq
,− π

Logq ],dx)
≤ sup

t∈supp (1+t2)tγ−1f∩Rq,+
|P (Logt)|

= sup
t∈supp(f)∩Rq,+

|P (Logt)|.

(15)

On the other hand, since Mq,γ(f) is a
2π

Logq
periodic function, then some

integrations by parts give∫ − π
Logq

π
Logq

P k

(
−i d
dx

)
Mq,γ(f)(t)P k

(
i
d

dx

)
Mq,γ(f)(t)dt =∫ − π

Logq

π
Logq

Mq,γ(f)(t)P 2k

(
−i d
dx

)
Mq,γ(f)(t)dt.

So, by the Hölder’s inequality, we obtain∥∥∥∥P k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥2
L2([ π

Logq
,− π

Logq ],dx)
≤

‖Mq,γ(f)‖Lp′([ π
Logq

,− π
Logq ],dx)

∥∥∥∥P 2k

(
−i d
dx

)
Mq,γ(f)

∥∥∥∥
Lp([ π

Logq
,− π

Logq ],dx)
.

(16)

But, from Theorem 4, we have

sup
t∈suppf∩Rq,+

|P (Logt)| = lim
k→+∞

∥∥∥∥P k

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/k
L2
([

π
Logq

,− π
Logq

]
,dx
)

≤ lim
k→+∞

‖Mq,γ(f)‖1/2k
Lp′
([

π
Logq

,− π
Logq

]
,dx
)

lim inf
k→+∞

∥∥∥∥P 2k

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/2k
Lp
([

π
Logq

,− π
Logq

]
,dx
)

= lim inf
k→+∞

∥∥∥∥P 2k

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/2k
Lp
([

π
Logq

,− π
Logq

]
,dx
) .
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Now, replacing Mq,γ(f) by P (−i d
dx

)Mq,γ(f) in formula (16), we obtain∥∥∥∥P k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥2
L2
([

π
Logq

,− π
Logq

]
,dx
)

≤
∥∥∥∥P (−i ddx

)
Mq,γ(f)

∥∥∥∥
Lp
′
([

π
Logq

,− π
Logq

]
,dx
)∥∥∥∥P 2k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥
Lp
([

π
Logq

,− π
Logq

]
,dx
) .

Therefore

sup
t∈suppf∩Rq,+

|P (Logt)| = lim
k→+∞

∥∥∥∥P k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥ 1
k+1

L2
([

π
Logq

,− π
Logq

]
,dx
)

= lim
k→+∞

∥∥∥∥P k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥ 2
2k+1

L2
([

π
Logq

,− π
Logq

]
,dx
)

≤ lim
k→+∞

‖Mq,γ(f)‖1/2k+1

Lp′ ([ π
Logq

,− π
Logq

])

lim inf
k→+∞

∥∥∥∥P 2k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/2k+1

Lp
([

π
Logq

,− π
Logq

]
,dx
)

= lim inf
k→+∞

∥∥∥∥P 2k+1

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/2k+1

Lp
([

π
Logq

,− π
Logq

]
,dx
) .

Thus,

lim inf
k→+∞

∥∥∥∥P k

(
−i d

dx

)
Mq,γ(f)

∥∥∥∥1/k
Lp
([

π
Logq

,− π
Logq

]
,dx
) ≥ sup

t∈supp(f)∩Rq,+
|P (Logt)|.

Finally, the result follows from this relation and formulas (14) and (15).
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