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Abstract

The object of the present paper is to investigate the majorization
properties of certain subclass of analytic and p-valent functions defined
by the generalized hypergeometric function.
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1. Introduction

Let f and g be analytic in the open unit disc U = {z € C : |z| < 1}. We say
that f is majorized by g in U (see [11]) and write

f(z) <<g(z) (z€U), (1.1)
if there exists a function ¢, analytic in U such that
lp(z)l <1 and  f(z) = ¢(2)g(2) (2 €U). (1.2)
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It may be noted that (1.1) is closely related to the concept of quasi-subordination
between analytic functions.

For f(z) and g¢(z) are analytic in U, we say that f(z) is subordinate to
g(z) written symbolically as follows:

f=g orf(z) <g(2),

if there exists a Schwarz function w(z), which (by definition) is analytic in
U with w(0) = 0 and |w(z)| < 1 (¢ € U), such that f(z) = g(w(2)) (2 €
U). Further, if the function ¢(z) is univalent in U, then we have the following
equivalent (see [12, p. 4])

f(z) < g(2) < f(0) = g(0) and f(U) C g(U).

Let A(p)denote the class of functions of the form:

f(z) =2+ Zakﬂ,zk*p (peN=1{1,2,....}), (1.3)

which are analytic and p-valent in U.

For complex parameters ay, ..., and 3y, ..., B, (B; & Zy = {0, -1, -2, ...};
Jj=1,2,....s), we now define the generalized hypergeometric function
oFslan, ..., aq By, ..., By 2) by (see, for example, [5] and [19, p. 20])

Fslar, .. o B, ..., B4 2) = — (1.4)

il
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=2
=
5
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(<s+1;q,s e Ng=NU{0};z€U),

where (), is the Pochhammer symbol defined, in terms of the Gamma function
[, by

O +v)
(0), = T0)

1 (v =10;0 € C* =C\{0}),
{ 60+ 1)...0+v—1) (reN;6eC).
(1.5)
Corresponding to the function h,(ov, ..., a4 By, ..., B 2), defined by

hy(oa, ...;aq; By, ooy By 2) = 2P (Fy(an, ..., aq; By, .., B; 2), (1.6)
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we consider a linear operator

Hp(alv --->aq§ﬁ1> aﬂsﬂz) : A(p) — A(p)a

which is defined by the following Hadamard product (or convolution):

Hy(a, oo ag; 1, s B 2) f(2) = hy(an, s ag; Brs o B3 2) % f(2). - (LT)

We observe that, for a function f(z) of the form (1.3), we have

o o N P o (oa)k...(ozq)k ak‘*’szer
Hp( 1y eeny q7ﬁly-.-,/68)f( )— +; (Bl)k(ﬂs)k ] . (1.8)

If, for convenience, we write

H,,s(a1) = Hy(o, ...,aq; By, -y By), (1.9)

then one can easily verify from the definition (1.8) that (see [5])

/

2(Hpgs(n)f(2)) = arHpgs(ar +1)f(2) = (a1 = p)Hpgs(1) f(2). (1.10)

It should be remarked that the linear operator H,, , s(1) is a generalization of
many other linear operators considered earlier. In particular, for f(z) € A(p)
we have the following observations:

(i) Hpoa(a,1;¢)f(2) = Lp(a;¢) f(2) (a € R;c € R\Z), this linear operator
studied by Saitoh [18] which yields the operator L(a,c)f(z) introduced by
Carlson and Shaffer [3] for p = 1;

(i) Hpo1(n + p,1;1)f(z) = D" 1f(z) (n € N;n > —p), this linear
operator studied by Goel and Sohi [6]. In the case when p = 1,D"f(z) is
the Ruscheweyh derivative [17] of f(z) € A(1);

(ili) Hyz1(c, A+ pya)f(z) = I)(a,¢)f(2)(a,c € N\Zy; A > —p), the Cho-
Kwon—Srivastava operator [4];

(iv) Hpo1(Lip+ Lin+p)f(2) = Lipf(2)(n € Z;n > —p), the extended
Noor integral operator considered by Liu and Noor [10];

(v) Hypor(p+ 1, L;p+1—=XN)f(2) = QgA’p)f(z) (o0 < A < p+1), the
extended fractional differintegral operator considered by Patel and Mishra
[15].

Now, by making use of the operator H, , s(a1), we define a new subclass of
functions f € A(p) as follows.
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Definition 1. Let —1 < B < A < 1,p € N;j € Ny = NU{0},7 €
(C*a |7(A_B) +alB| < |C¥1| and f € A( ) Then f € pqs(I}/;al;A’ B)7 the
class of p-valent functions of complex order v in U, if and only if

1+ 1 o (Hpaq78(a1)f(z>)(]'_~_1) —p +] =< 1+ AZ7 (111>
v (Hp,q,s(al)f(z))(]) L+ B2

Clearly, we have the following relationships:

(1) Spqs(77a11 _1> Spqs(/%al)

(11) Sp71,0 (771717 ) _51]7( )7

(i) ST10 (13131, —1) = S (7) (v € C) (see [13]);

(iii) 59,1,0 (1-a;1,1,-1) = S (a) (0

Also, we note that:

(i)For j =0,g=s+1, a1 =0, =p,a; = 1(i =2,3,...,s+ 1) and §, =
1(: =2,3,...8), SI . (7;1) reduces to the class S, (7) (v € C*) of p—valently

p,q,s
starlike functions of order v (y € C*) in U, where

Sp(v) = {f(Z) € A(p) : Re (1+7 (Z]{;i)) p)) >0,p€N,7€<C*};

(ii)) Forj =0, = s+1,aq = p+1,8, = p,a; = 1(i = 2,3, ...,s+1) and 5, =
1(i = 2,3,...5), S}, (v;a1) we get the class K, (y) (y € C*) of p—valently
convex functions of order y (v € C*) in U, where,

Kp(v)z{f(Z)EA(p):Re<1 (1+ S p>)>0,p€N,veC*}.

We shall need the following lemma.

Lemma 1 [1]. Let v € C* and f € K/(v). Then f € Si(37), that is,
Ky () € 857 (v e ©). (1.12)

A majorization problem for the class S(v)(y € C*) has been investi-
gated by Altintas et al. [1]. Also, majorization problem for the class S* =
S5*(0) has been investigated by MacGregor [11]. Recently Goyal and Goswami
[8] and Goyal et al. [9] generalized these results for classes of multivalent
function defined by fractional derivatives operator and Saitoh operator, re-
spectively. In this paper we investigate majorization problem for the class

S} s (Va1 A, B) and other related subclasses.
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2. Main Results

Unless otherwise mentioned we shall assume throughout the paper that —1 <
B<A<1,7,a0€C* jeNyand peN.

Theorem 1. Let the function f € A(p) and suppose that g € Sgyw (7004, B).

If (prqu(al)f(z))(j) is magjorized by (Hqu,s(al)g(z))(j) in U, then

(Hpgs(ar + 1) f(2)Y)
where o = 1o(y, a1, A, B) is the smallest positive root of the equation

V(A — B) +ayB|r® — (2|B| + |aa|)r* — (2 + |7(A — B) + a1 B|)r + |ay| = 0.

< |Hpaslor + 09| (el <) (2)

(2.2)
Proof. Since g € S} (v; 1,4, B), we find from (1.11) that
1 (2(H G+ 1+ A
1 + = z ( p»%s(al)g<z)) 5 —p +] —_ + w(Z) ’ (23)
Y H,,s(a1)g(2))” 1+ Bw(z)

where w is analytic in U with w(0) = 0 and |w(z)| < 1 (2 € U). From (2.3),
we have

2 (Hygola)g()"™ _ (p=d)+ (A=B)+ p=j)Blw(z) .,

(Hp,q,S(O‘I)g(z))(j) 1+ Bw(z)

Also from (1.10), we have

2 (Hyq(01)9(2)) 7" = an (Hp (01 +1)g(2) Y —(en+j—p) <Hp,q,s<a1>g<<?)5(; )

From (2.4) and (2.5), we have

| (1 + | B[ |2])

ay)g(z)Y (ay SO
(Hpg,s(a1)g(2))"| < 1| — [7(A— B) + a1 B| |7] (Hp.qs(a1 +1)g(2))

(2.6)

Next, since (Hp’qu(al)f(z))(j) is majorized by (Hp,qﬁ(al)g(z))(j) in U, from
(1.2), we have

(Hpags(1) ()7 = ¢(2) (Hygs(1)g(2)? . (2.7)
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Differentiating (2.7) with respect to z and multiplying by z, we have

2 (g (00)1(2)) 5 = 20'(2) (B (01)9(2) P+ 260(2) <Hp,q,s<a1>g<z>>i?;>’

’

using (2.5) in (2.8), we have

(Hypolon + D7) = 22 (1 (a0 g(2)D40(2) (Hygs(n + 1)g(2))

31
(2.9)
Thus, by noting that ¢(z) satisfies the inequality (see [14]),
: 1- ?
o) < %ﬁ” (=€), (2.10)
— |z

and making use of (2.6) and (2.10) in (2.9), we have

[(Hp oo + 1)1 ()9

(|so<z)| p ool UL IBLED ) (Hyalon + Dg(2)?].

<

1— 2> leu| = [v(A—B) + a1 B|z]]

(2.11)
which upon setting
|zl =7 and [p(z)]=p (0<p<1),
leads us to the inequality
(Hp,g,s(c1 + 1)f(2))(j) <
¥(p) )
H,,(a;+1 D
(= )] — (A=~ B T arB]y) | raslen 09D
where
U(p) = —r(1+|Blr)p*+ (1 —1*)(laa| = 7(A = B) + au B|r)p

+r(1+[B|r), (2.12)
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takes its maximum value at p = 1, with ry = ro(7, a1, A, B), where ro(7y, a1, A, B)
is the smallest positive root of (2.2), then the function ®(p) defined by

®p) = —o(1+[Blo)p’+ (1 —0")[Jas| = [7(A—B) +a1Blo]p
+o (14 |B|o) (2.13)

is an increasing function on the interval 0 < p <1, so that

®(p) < ©(1) =(1—0")(ai| = [7(A - B) + 1B o)
0<p<1,0<0<rypy,a01,A B)). (2.14)

Hence upon setting p = 1 in (2.13), we conclude that (2.1) holds true for |z| <
ro = 1o(7, a1, A, B), where 1¢(y, a1, A, B) is the smallest positive root of (2.2).
This completes the proof of Theorem 1.

Putting A = 1 and B = —1 in Theorem 1, we obtain the following corollary.
Corollary 1. Let the function f € A(p) and suppose that g € SJ . (v;aq). If

p?q?s

(Hmys(al)f(z))(j) is majorized by (Hp,q,s(al)g(z))(j) in U, then

(Hpgs(on + 1) f(2))

< | (Hpaolor + g (l2l <o),

where ro = 1o(y; ) 18 given by

k—\/k?— 412y — ai]|as]
2|12y — aq|

To = 7"0(’7; Oél) =

Y

where (k =2+ |a1| + 27 — a4, 7,04 € C¥).

Puttingg=s+1, a1 =y =p,a; = 1(i =2,3,...,s+ 1) and g, = 1(i =
2,3,...s) in Corollary 1, we obtain the following corollary.

Corollary 2 [1, Theorem 1]. Let the function f € A(p) and suppose that
g € Si(v). If f9(z) is majorized by gV (z) in U, then

[fUD ()] < [gUH(2)] (2l <o),
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where o = ro(7Y,p,J) 18 given by

k— /K —4p[2y —p + |
2|2y —p+ /|

ro =710(7,p,J) =

I

where (k=2+p—j+ 2y —p+j|l,peN,j €Ny, yeC).

Putting 7 = 0 in Corollary 2, we obtain the following corollary.

Corollary 3. Let the function f € A(p) and suppose that g € S,(7y). If f(z)
is magorized by g(z) in U, then

1F(2)] < g'(2)] (2] <o),

where ro = ro(y,p) is given by

k—/k*—4p |2y —p|
2(2y —p|

To = 7‘0(%]7) =

where (k =2+ p+ 12y —p|,p € N,y € C*).

Putting j = 0,¢ = s+ 1,aqn = p+ 1,8, = p,a; = 1(i = 2,3,...,8 +
1) and 3, = 1(i = 2,3, ...s), in Corollary 1, with the aid of Lemma 1 (with
j = 0), we obtain the following corollary.

Corollary 4. Let the function f € A(p) and suppose that g € K, (7). If f(2)
is majorized by g(z) in U, then

1F(2) < 1g'(2)] (I2l <o),

where ro = 1ro(7y,p) s given by

k— /K2 —4dp|y —p|
2|y —pl

To = 7“0(%17) =

?

where (k=2+p+ |y —p|l,p e N,y €C).

PuttingA=1,B=—-1,p=1,7=0andgq=2,s=1, a1 =ay =, =1,in
Theorem 1, we obtain the following corollary.
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Corollary 5 [2, Theorem 1]. Let the function f € A and suppose that g €
S(v). If f(2) is majorized by g(z) in U, then

() < 1g'(2)] (2l <o),

where ro = 1o(7y) 18 given by

k=R =42y —1]
B 22y — 1] ’

ro = 1o(7)

where (k=34 |2y — 1|,y € C*).

Letting v — 1 in Corollary 5, we obtain the following corollary.

Corollary 6 [11]. Let the function f € A and suppose that g € S*. If f(z) is
magorized by g(z) in U, then

1F(2) < 1g'(2)] (2l <o),

where 1y is given by

7’0:2—\/§.

Remarks. (i) Putting¢=2,s=1,a0 =p+1l,as=1land f, =p+1— A, in
Theorem 1 we obtain the result obtained by Goswami and Wang [7, Theorem
1J;

(ii) Putting A =1,B = -1, =2,s = 1,01 = p+ l,ap = 1 and 3, =
p+1— A\, in Corollary 1 we obtain the result obtained by Goyal and Goswami
8, Theorem 1];

(iii) Putting ¢ =2,s = 1,4 € R,as = 1 and ; € R\Z,, in Theorem 1 we
obtain the result obtained by Goyal et al. [9, Theorem 1J;

(iv) Also by specializing the parameters p,a;(i = 1,2,...,q) and 3;(j =
1,2,...,s), we obtain various results corresponding to various operators defined
in the introduction.
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